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Fig. 1. Our multilevel box-constrained convex QP solver, SAAMG-MPRGP, efficiently enforces fluid incom-
pressibility while satisfying non-negative pressure constraints for separating solid boundary conditions.
Using our solver, liquid in a moving sphere is simulated without suffering from artificial suction to the solid
boundary. This scene used a grid resolution of 1923 and 1.0M particles, and on average required 29.2 seconds
per frame for the entire pressure solve.

Efficiently solving large-scale box-constrained convex quadratic programs (QPs) is an important computational
challenge in physical simulation. We propose a new multilevel preconditioning scheme based on the active-set
method and combine it with modified proportioning with reduced gradient projections (MPRGP) to efficiently
solve such QPs arising from pressure Poisson equations with non-negative pressure constraints in fluid
animation. Our method employs a purely algebraic multigrid method to ensure the solvability of the coarser
level systems and to merge only algebraically-connected components, thereby avoiding performance degrada-
tion of the preconditioner. We present a filtering scheme to efficiently apply our multilevel preconditioning
only to unconstrained subsystems of the pressure Poisson system while reusing the hierarchy constructed
per simulation step. We demonstrate the effectiveness of our method over previous approaches in various
examples.

CCS Concepts: » Computing methodologies — Physically-based simulation.
Additional Key Words and Phrases: Fluid simulation, quadratic program, multigrid

ACM Reference Format:

Tetsuya Takahashi and Christopher Batty. 2023. A Multilevel Active-Set Preconditioner for Box-Constrained
Pressure Poisson Solvers . Proc. ACM Comput. Graph. Interact. Tech. 6, 2, Article 1 (August 2023), 22 pages.
https://doi.org/10.1145/3606939

Authors’ addresses: Tetsuya Takahashi, Unaffiliated, USA, tetsuya@cs.unc.edu; Christopher Batty, University of Waterloo,
Canada, christopher.batty@uwaterloo.ca.

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee
provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the
full citation on the first page. Copyrights for components of this work owned by others than the author(s) must be honored.
Abstracting with credit is permitted. To copy otherwise, or republish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee. Request permissions from permissions@acm.org.

© 2023 Copyright held by the owner/author(s). Publication rights licensed to ACM.

2577-6193/2023/8-ART1 $15.00

https://doi.org/10.1145/3606939

Proc. ACM Comput. Graph. Interact. Tech., Vol. 6, No. 2, Article 1. Publication date: August 2023.



https://doi.org/10.1145/3606939
https://doi.org/10.1145/3606939

1:2 Tetsuya Takahashi and Christopher Batty

1 INTRODUCTION

Enforcing fluid incompressibility while supporting separating solid boundary conditions in grid-
based fluid simulation is essential to generate natural liquid behaviors in many practical scenarios
[Batty et al. 2007; Chentanez and Miuller 2012; Lai et al. 2020]. While incompressibility with
standard boundary conditions can be achieved efficiently by solving Poisson problems involving
only systems of linear equations [Bridson 2015], separating solid boundary conditions impose non-
negative pressure constraints, i.e., inequality constraints. This modification raises computational
issues because the underlying numerical task becomes a linear complementarity problem (LCP)
or, equivalently, a box-constrained convex quadratic program (QP) [Batty et al. 2007; Narain et al.
2010]. While standalone multigrid solvers have been investigated to efficiently solve this LCP
[Chentanez and Miiller 2012; Lai et al. 2020], it has been observed that instead using multigrid as a
preconditioner for iterative Krylov solvers (e.g., conjugate gradient (CG) [Shewchuk 1994]) can
improve robustness and efficiency [McAdams et al. 2010]. As such, considering that Krylov solvers
are designed to minimize quadratic objectives, we aim to efficiently solve the box-constrained
convex QP via a multigrid-preconditioned Krylov solver.

In this paper, we propose a new multilevel active-set preconditioning scheme and combine it
with an active-set Krylov solver, specifically modified proportioning with reduced gradient projections
(MPRGP) [Dostal and Schoberl 2005; Dostl 2009], to efficiently solve box-constrained symmetric
positive-definite (SPD) QPs. In particular, we focus on the large-scale sparse QP which arises from
pressure projection with non-negative pressure constraints to enforce fluid incompressibility with
separating solid boundary conditions. We employ a purely algebraic multigrid method, known as
smoothed aggregation algebraic multigrid (SAAMG) [Vanek et al. 1996], to establish the hierarchy
while ensuring solvability and effectiveness at the coarser levels. In addition, we propose a filtering
scheme which enables us to efficiently apply SAAMG preconditioning only to unconstrained
subsystems while mitigating the overhead for preconditioning preparation as much as possible.

2 RELATED WORK
2.1 Multigrid for Fluid Simulation

Multigrid (MG) has been extensively used in various fields due to its efficiency, scalability, and
parallelizability; we refer the reader to relevant textbooks [Briggs et al. 2000; Trottenberg et al.
2000] for MG basics. We focus on MG in the fluid simulation context below.

Conceptually, one of the simplest MG schemes is geometric multigrid (GMG) based on geometric
coarsening and re-discretization of the fluid systems (e.g., using the 8-to-1 averaging scheme for
geometry) [Chentanez and Miiller 2012; Weber et al. 2015]. While GMG may work with simple
boundary conditions, it can easily diverge, stagnate, and fail to converge with more complex
boundary conditions and geometry that arise commonly in fluid simulation, particularly if GMG
is used as a standalone solver [McAdams et al. 2010]. Using GMG as a preconditioner for CG
instead can significantly improve robustness, but it is still typically necessary to perform extra
smoothing over the boundaries, at a non-negligible additional cost [McAdams et al. 2010]. This
vulnerability is due to the discrepancy between the coarser level geometries and the original finest
level system. Unfortunately, it is generally not possible to avoid this discrepancy in practical liquid
simulation scenarios. One reason is that geometric coarsening is often performed in a topology-
oblivious way, merging topologically disconnected components. Ferstl et al. [2014] and Dick et al.
[2016] presented geometry-aware coarsening strategies featuring cell duplication to mitigate such
geometric discrepancies, although this modification compromises the simplicity and efficiency of
GMG. Another key factor is that Dirichlet boundaries need to be preserved to ensure solvability at
each coarser level while avoiding unsolvable rank-deficient systems due to the lack of a Dirichlet
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boundary. However, preserving the Dirichlet boundaries often makes them excessively dominate
the system at coarser levels, leading to deviation from the original finest level system. While
GMG inherently suffers from this discrepancy issue, its purely geometric nature makes it easier to
combine with spatial adaptivity [Aanjaneya et al. 2017; Ferstl et al. 2014; Setaluri et al. 2014] and
domain decomposition [Liu et al. 2016], as well as to extend it to viscosity systems [Aanjaneya
et al. 2019] and material point method (MPM) frameworks [Wang et al. 2020].

To avoid the discrepancy issue of GMG while simultaneously ensuring solvability, algebraic MG
(AMG) forms the coarser levels based on Galerkin coarsening with prolongation and restriction
operators. As such, AMG has been an attractive alternative. However, given the difficulty of
efficiently building effective prolongation and restriction operators in a purely algebraic way, recent
approaches that use Galerkin coarsening often still exploit the geometry of the regular grid structure
to assemble the two operators, e.g., using the 8-to-1 averaging scheme for matrix entries [Cai et al.
2014; Lai et al. 2020; Shao et al. 2022; Zhang 2015]. While these geometry-inspired AMG approaches
can ensure solvability, typically with systems sparser than those generated by purely algebraic MG
schemes [Briggs et al. 2000], these schemes are unfortunately topology-oblivious and can merge
algebraically-disconnected components (conceptually similar to merging of disconnected cells in
GMG [Dick et al. 2016; Ferstl et al. 2014]), making the coarser levels less effective [Krishnan et al.
2013].

A purely algebraic MG formulation is free of these issues because it utilizes only algebraic
connectivities to form the prolongation and restriction operators (which can be especially useful
for unstructured meshes [Chentanez et al. 2007]) and never merges algebraically-disconnected
components. We therefore adopt the purely algebraic approach with smoothed aggregation for
further efficiency [Vanek et al. 1996]; our SAAMG preconditioning for MPRGP thus enables efficient
handling of box-constrained convex QPs.

2.2 Separating Solid Boundaries

In Eulerian liquid simulation, it is often essential to enforce separating solid boundary conditions
to avoid an exaggerated suction effect of liquids clinging to solid boundaries [Batty et al. 2007;
Chentanez and Miiller 2012; Lai et al. 2020]. For this task, Batty et al. [2007] proposed a box-
constrained QP formulation (which is equivalent to the linear complementarity problem (LCP)
formulation [Dostl 2009; Erleben 2013]) and solved this QP via the PATH solver [Ferris and Munson
2000], although their application was limited to small problems due to the expensive solver cost. To
improve the efficiency of solving this box-constrained QP (or equivalent LCP), various approaches
have since been investigated. Narain et al. [2010] and Gerszewski and Bargteil [2013] employed
modified incomplete Cholesky (MIC) [Bridson 2015] preconditioning with MPRGP [Dostal and
Schoberl 2005; Dostl 2009], which we call MIC-MPRGP. Chentanez and Miiller [2012] presented
standalone multigrid solvers accounting for non-negative pressure constraints, and Lai et al. [2020]
augmented their approach using the full approximation scheme (FAS-MG) to achieve convergence
rates independent of grid resolution. Andersen et al. [2017] presented a nonsmooth Newton method
with line search. Inglis et al. [2017] presented a primal-dual solver, a variant of the alternating
direction method of multipliers (ADMM). Lesser et al. [2022] proposed using projected Gauss-Seidel
(PGS) with an initialization given via linear solves, as PGS itself is slow to converge.

Our method employs MPRGP, which has previously been used with MIC preconditioning by
Narain et al. [2010] and Gerszewski and Bargteil [2013]; however, instead of MIC, we develop an
efficient and effective SAAMG preconditioning approach specifically designed for MPRGP.
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3 FLUID SOLVER

We simulate inviscid liquids based on the incompressible Euler equations on a staggered grid

discretization [Bridson 2015], employing the affine particle-in-cell (APIC) framework [Jiang et al.

2015] and particle-level position correction for better volume preservation and particle distributions

[Takahashi and Lin 2019]. We enforce fluid incompressibility with separating solid boundary

conditions via a minimization over pressure with non-negativity constraints, similar to prior work

[Batty et al. 2007; Gerszewski and Bargteil 2013; Narain et al. 2010; Takahashi and Batty 2021].
Let the discrete fluid velocity update due to pressure be

u=u"- AtM}le, (1)

where u and u* denote fluid velocity after and before pressure force application, respectively, At
timestep size, My diagonal fluid mass matrix, G discrete gradient operator, and p pressure. Then an
objective function, E¢(p), for pressure projection on the fluid can be defined as

1 2

Ep(p) = ; | - armz'Gp| 2

r(P) = || 7 OPlly,, @)

Given the set of indices & for the pressure cells in contact with solids [Lai et al. 2020], we can
define the separating boundary constraint function for pressure s(p) as

s(p)=pi=0,ified. (3)

Alternatively, we can uniformly enforce non-negative pressures (i.e., throughout the entire liquid
volume) to capture a splashy liquid effect [Gerszewski and Bargteil 2013] using

s(p)=p =0. (4)
Then, our goal is to solve the following box-constrained convex QP on pressure:

. 3 1
p=argminEf(p), Ef(p) = EPTAP -p'c, ()
s(p)es

1
A=G'M;!G, c=—
f T Ar

where S denotes sets of vectors satisfying the separating solid boundary constraints, and we define

Gu", (6)

Ef(p) for simplicity and better numerical conditioning as Ef(p) = (Ef(p) - % ||U*||12v1f) /At If
there are no non-negative pressure constraints (e.g., for fluids without free surfaces), this quadratic
objective (5) can simply be optimized via a single linear solve, e.g., using SAAMG preconditioned
CG (SAAMG-CQG).

To solve (5), we employ an active-set method, MPRGP [Dostal and Schoberl 2005; Dostl 2009]
(we refer the reader to the MPRGP implementation by Narain et al. [2010] for details.), since
box-constrained convex QPs can be efficiently solved with active-set methods without performing
Newton iterations [Takahashi and Batty 2021]. In addition, we accelerate MPRGP by combining it
with an efficient active-set expansion technique [Kruzik et al. 2020; Takahashi and Batty 2021] and
using warmstarting. Furthermore, similar to CG, we use SAAMG preconditioning to accelerate the
convergence of MPRGP, as detailed in Sec. 4.

4 SAAMG PRECONDITIONING FOR MPRGP

MPRGP [Dostal and Schoberl 2005; Dostl 2009] is an active-set Krylov method based on CG and
can be similarly accelerated with preconditioning, e.g., using MIC. While MIC is still a popular
and effective preconditioner for MPRGP [Gerszewski and Bargteil 2013; Narain et al. 2010], it
has limitations in our context. MIC preconditioning is inherently serial and difficult to further
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accelerate via parallelization during both preparation (incomplete factorization) and application
(triangular solve). We have tested parallel left-looking incomplete Cholesky factorization and
triangular solves [Naumov 2011, 2012]. However, we found it to be at least 3x slower than the
efficient serial implementation by Bridson and Miiller [2007] on an 8-core desktop machine, because
the number of variables that can be processed in parallel is small (even compared to multicolored
GS), thus failing to take full advantage of the parallel architecture [Wu et al. 2022]. In addition,
MIC becomes less effective at higher resolutions and the number of required MPRGP iterations can
increase significantly. While symmetric successive over-relaxation (SSOR) preconditioning [Saad
2003] can address the parallelizability limitation via red-black coloring, SSOR is essentially less
effective for M-matrices compared to MIC. Thus, to address the limitations above, we present a
more effective multilevel preconditioner for MPRGP.

4.1 Preconditioning Strategy

We employ a purely algebraic, topology-aware MG approach known as smoothed aggregation AMG
(SAAMG) [Vanek et al. 1996] which lets us ensure solvability at coarse levels while merging only
algebraically-connected components. Based on the Galerkin principle, we algebraically assemble
the coarser levels with prolongation operators P and restriction operators R (typically set as R = PT),
defining the coarser level matrix A, by A, = PTAfP given a finer level matrix Ay. (For details, see
the AMGCL implementation [Demidov 2019].) To precondition MPRGP, we use a single SAAMG V-
cycle [Briggs et al. 2000; Trottenberg et al. 2000] since performing more outer iterations is typically
more efficient than spending more time for preconditioning [Aanjaneya 2018].

Unlike preconditioning for CG, however, directly applying preconditioning to the entire sys-
tem for MPRGP can transform the box constraints into general linear constraints [Dostl 2009],
which are much more difficult to handle efficiently. One approach to precondition the QP while
retaining the box constraints is to apply preconditioning only to the unconstrained subsystem
and ignore the constrained variables. Naively employing this approach requires one to reassemble
the unconstrained subsystem and recompute any data needed for the preconditioner (e.g., MIC
preconditioning requires refactorizing the unconstrained subsystem) in each MPRGP iteration due
to the changing active-sets. However, this method is too costly to perform. Narain et al. [2010]
avoided reassembling and refactorizing the unconstrained subsystem in their implementation for
MIC preconditioning. Specifically, their method factorizes the entire system once in each simula-
tion step and reuses the Cholesky factors by skipping constrained variables within the triangular
solves (we observed that refactoring the unconstrained subsystem is only slightly more effective,
achieving around 10% fewer outer iterations). Similarly, given the high expense of preparing the
SAAMG preconditioner (i.e., building P and P followed by assembly of A, via sparse matrix-matrix
multiplications at all the coarser levels), we prepare the system hierarchy only once per simulation
step and reuse it, skipping the constrained variables in each MPRGP iteration. Below, we detail our
preconditioning method applied to the linear preconditioning system Ax = b (within the Krylov
iterative solvers), which corresponds to the linear equation Ap = c derived from the quadratic
objective (5).

4.2 Prolongation, Restriction, and Coarsening with an Active Set

To construct the hierarchy for the entire system (without distinguishing constrained and uncon-
strained variables) once at each simulation step, we follow the approach of Vanek et al. [1996],
repeatedly forming P, P”, and A, until P cannot be generated due to the lack of algebraically-
connected components in the aggregation. Here, while we could use Eigen’s sparse matrix-matrix
multiplication [Guennebaud et al. 2010], we found that Eigen’s implementation can be inefficient
due to its specialized matrix format and serial operations. Instead, we use parallel matrix-matrix
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multiplication storing the matrices in the compressed sparse row (CSR) format [Saad 2003], as this
approach is around 5% to 15X faster in our experiments. Then, we reuse these computed matrices
to process only the unconstrained subsystem in the V-cycle by filtering the components from the
constrained subsystem (see Algorithm 1).

4.2.1 Active Set and Selection Matrix. Considering the linear preconditioning system Ax = b, we
define an active set a to represent whether x; is constrained or not, using the element index i such
thata; = 1 ora; = —1if p; in (5) is constrained by its lower or upper bound, respectively, and a; = 0
otherwise. (While the formulation of our specific application has lower bounds only, we consider
the general case since, e.g., frictional forces in granular media need both bounds [Andrews et al.
2022; Narain et al. 2010].) We can compute the active set a in each MPRGP iteration [Dostal and
Schoberl 2005; Dostl 2009]. If we define a diagonal selection matrix S by S;; = 1 — |a;| and grouping
the unconstrained and constrained variables separately in that order, we have

| L O
s=| " o | )
where I,,;, denotes the identity matrix with size equal to the number of unconstrained variables.

We note that while S is constant during each V-cycle, S can change between MPRGP iterations, if
different variables have become constrained or unconstrained.

4.2.2  Residual Computation. Given the residual r for the entire system computed by r = b — Ax, we
can rearrange b, A, and x (for expositional clarity) and compute the residual for the unconstrained

variables 1, and constrained variables r. (r = [rL,r]]7) as

r = Sb— STASx, (8)

b A A X
b= u A= uu uc x= u i 9
[ bC ] |: Acu ACC XC ( )
and r. = 0. This procedure essentially works as a filtering mechanism and is also used in (11),
(12), and (13) to eliminate any constraint violation by construction; related techniques have been

proposed in prior work to preprocess collision handling in cloth [Ascher and Boxerman 2003; Baraff
and Witkin 1998; Tamstorf et al. 2015].

where

4.2.3 Active-Set Restriction. Considering the changing active set at the finest level ar in each
MPRGP iteration, we recompute the coarser level active set a, based on ar. As the coarser level
solution x, must be treated as constrained to ensure convergence if an element in x is related to
any constrained elements in the finer solution xf via the restriction operator PT, we define the
coarser level active-set a, by

1 ifo< (PM)ay,
ac; =1-1 if 0> (PM)ay, (10)
0 otherwise,
where a.; denotes the ith element of a., and (PT); the ith row of PT. While we can simplify the
computation (10) to determine a. since our formulation has lower bounds only, this definition

enables us to naturally handle both lower and upper bounds. Once we set the coarser level active
set a., we can compute the coarser level selection matrix S, as done for S f-
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4.24 Residual Restriction. The residual computed at a finer level r¢ can be restricted to the right
hand side vector at the coarser level (i.e., b.), by multiplying the restriction operator PT while
filtering the constrained variable at both levels using

b, = S.P’Sry. (11)

4.2.5 Error Correction via Prolongation. Similarly, the coarser level solution x, can be interpolated
via the prolongation operator P to correct the solution at the finer level x¢ while filtering the
constrained variables at both levels using

Xf =X+ SfPSCXC. (12)

4.3 Smoother

For smoothing, we adopt an approach based on sparse approximation inverses (SPAI) [Grote and
Huckle 1997]. In particular, we employ SPAI-0 as a smoother [Broker et al. 2001]; since this variant
uses a diagonal matrix, it is embarrassingly parallel (like damped Jacobi), and Broker et al. [2001]
showed it to be more effective than damped Jacobi even with an optimal damping parameter. This
parallelizability is essential because SAAMG sacrifices the regular grid structure (which enables
the simple red-black coloring used in red-black GS (RBGS)) and would require expensive coloring
at the coarser levels for GS-type smoothers, although in practice we did not observe a noticeable
convergence advantage of multicolored GS over SPAI-0 for SAAMG.

The update of the SPAI-0 smoother (and other stationary iterative methods) can be written in the
form x**! = x* + wW (b — Ax¥), where k denotes an iteration index, w a relaxation factor (v = 1
for SPAI-0), and W a sparse inverse approximation of A [Broker et al. 2001]. Thus, we can perform
the smoothing for the unconstrained variables at each level as

1 = x* + wW(Sb — STASxY). (13)

As the smoothing operation includes the form of the residual, we can also write (13) as x**! =

x*+wWr* using the residual computation (8). Note that constraints on x are automatically addressed
by the filtering mechanism and actual values of x are not bounded by the box constraints on p. At
the coarsest level, we perform SPAI-0 smoothing similar to the other levels.

As we use SAAMG as a preconditioner for MPRGP, we need to set our initial guess as 0 at each
level in the V-cycle [McAdams et al. 2010; Tatebe 1993] and utilize this fact and parallelizability
of SPAI-0 to save the smoothing cost by removing the first matrix-vector multiplication in the
pre-smoothing [Adams et al. 2003; McAdams et al. 2010].

For smoothing, we perform only one pre- and post-smoothing at each level because more
smoothing did not improve the total computational time for convergence if the V-cycle is used as a
preconditioner, although the total number of outer iterations decreases [Dick et al. 2016]. While
there are other embarrassingly parallel smoothers, e.g., scheduled relaxed Jacobi (SR]) [Yang and
Mittal 2017] and polynomial Chebyshev [Adams et al. 2003], these approaches are defined only with
more than one smoothing iteration (as a single smoothing iteration corresponds to damped Jacobi),
and hence spend more time for smoothing. In practice, performing more smoothing iterations
sacrifices the opportunity to utilize the zero-initialization, and we observed that SPAI-0 is more
efficient than these smoothers. Table 1 shows performance evaluations for various smoothers.

4.4 Our Preconditioning Algorithm

Algorithm 1 shows our procedure for SAAMG V-cycle preconditioning for MPRGP. As the active
set a and thus S change in each MPRGP iteration (i.e., in each V-cycle, since we use only one
V-cycle for preconditioning), we handle S-related computations in (8), (11), (12), and (13) on the fly
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without explicitly forming S-related terms and rearranging b, A, and x, given the expensive cost of
rearranging A in the CSR format. We also provide illustrative operation examples for (8) and (10)
in Appendix B.

Algorithm 1 V—cycle(Af, xf, by, ar)

1: Initialize x¢ = 0

2: if Coarsest

3. Pre- and post-smoothing with (13)

4: else

5. Pre-smoothing with (13)

6:  Compute a, with (10) and b, with (8) and (11)
7. V-cycle(Ag, x., b, ac)

8

. Update x¢ with (12)
9:  Post-smoothing with (13)
10: end if

5 RESULTS AND DISCUSSIONS

We implemented and parallelized our method in C++ with OpenMP. All examples used 60 frames
per second and adaptive timestepping with CFL numbers between 3.0 and 5.0 (empirically chosen
per scene based on energy preservation and visual quality). In the preconditioning evaluations
using fluids without free surfaces, i.e., pure Neumann boundary problems (Figures 2 and 3), we
ensure the compatibility condition (which is automatically satisfied unless the simulation settings
are incompatible) [Bridson 2015] and eliminate the null space by explicitly removing (pinning)
one pressure degree of freedom to guarantee solver convergence. In our experiments for fluids
with free surfaces, we use (3) for separating solid boundary conditions, unless otherwise stated. We
use an absolute or relative residual tolerance of 1078 as our termination criteria, unless otherwise
stated. To visualize fluids without free surfaces, we render traces of passively advected particles
over 5-10 frames. We executed all the simulations on a desktop machine with an Intel Core i7-9700
(8 cores) with 16GB RAM.

5.1 Evaluation of Smoothers

We evaluate various smoothing schemes to justify our use of the SPAI-0 smoother [Broker et al.
2001] within SAAMG-CG, using a 3D cubic domain, where a source term is placed on the domain
center while the outermost boundaries are fixed with a zero pressure Dirichlet boundary condition.
We compare the following schemes:

(1) Damped Jacobi (1 iter): [Trottenberg et al. 2000];

(2) Damped Jacobi (2 iters);

(3) SPAI-0 (1 iter): [Broker et al. 2001];

(4) SPAI-0 (2 iters);

(5) Chebyshev (2 iters): [Adams et al. 2003];

(6) SRJ (2 iters): scheduled relaxed Jacobi [Yang and Mittal 2017];

(7) RBGS + SPAI-0 (1 iter).
We use the same number of pre- and post-smoothing steps, as noted above in the parentheses
beside each scheme. For damped Jacobi, we use the optimal parameter « = 6/7 [Briggs et al. 2000;
Trottenberg et al. 2000]. For Chebyshev, we evaluate the spectral radius based on the Gershgorin
circle theorem. For RBGS + SPAI-0, we use RBGS for the finest level utilizing the regular grid
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Table 1. Evaluation of smoothers within SAAMG-CG. Numbers represent the hierarchy construction time +
CG solve time (CG iteration count) in seconds. SPAI-0 (1 iter) is most efficient, as emphasized in bold.

Smoother \ Resolution ‘ 643 1283 256°

Damped Jacobi (1 iter) | 0.06+0.12 (17) 0.56+1.16 (19)  3.89+11.77 (23)
Damped Jacobi (2 iters) | 0.06+0.13 (13) 0.51+1.40 (15) 3.76+13.32 (17)

SPAI-0 (1 iter) 0.06+0.11 (16) 0.52+1.10 (18) 3.76+11.12 (22)
SPAI-0 (2 iters) 0.06+0.11 (12) 0.51+1.33 (14) 3.87+13.31 (17)
Chebyshev (2 iters) 0.06+0.19 (17) 0.51+2.01 (19) 3.83+17.64 (19)
SRJ (2 iters) 0.07+0.13 (12) 0.52+1.31(14) 3.73+12.50 (16)

RBGS + SPAI-0 (1 iter) | 0.06+0.14 (16) 0.51+1.46 (18) 3.80+14.29 (21)

structure and SPAI-0 for the coarser levels. We use a termination relative residual of 1071, Table 1
summarizes the evaluation settings and results.

In our experiments, while most smoothers performed comparably, SPAI-0 (1 iter) was most
efficient, and this result agrees with the claim that parameter-free SPAI-0 is more effective than
damped Jacobi with optimal damping parameter [Broker et al. 2001]. The Chebyshev smoother
was less effective due to the relatively expensive operations required, and the iteration count was
not sufficiently reduced due to the inaccurate spectral radius estimation. Although SRJ can reduce
the number of iterations more than SPAI-0 can, SR] was not fastest due to the need for at least 2
smoothing iterations. It is typically more efficient to perform more CG iterations with minimal
time spent on preconditioning [Aanjaneya 2018]. In addition, more smoothing iterations spoil the
opportunities to take advantage of zero-initialization (e.g., we can save 50% of the smoothing cost
with one smoothing iteration vs. only 25% with two smoothing iterations). RBGS + SPAI-0 was also
not faster than SPAI-0 because using RBGS only at the finest level did not particularly improve the
convergence and also reducing opportunities to take advantage of zero-initialization [Adams et al.
2003].

5.2 Evaluation of Aggregation Schemes

To justify our choice of purely algebraic smoothed aggregation [Vanek et al. 1996], we evaluate
multiple aggregation schemes for MG-preconditioned CG. We consider fluids without free surfaces
in a maze-like domain (with purely Neumann boundaries) with continuously added external forces
from the bottom, discretized with a grid resolution of 1283, as shown in Figure 2. We compare the
following aggregation schemes, along with the baseline MICCG (which is more efficient than ICCG
for Poisson equations [Bridson 2015; Dick et al. 2016]):

(1) MICCG: baseline [Bridson 2015];

(2) GIUA: geometry-inspired unsmoothed aggregation [Shao et al. 2022; Zhang 2015];
(3) PAUA: purely algebraic unsmoothed aggregation (e.g., [Chentanez et al. 2007]);
(4) PASA (ours): purely algebraic smoothed aggregation [Vanek et al. 1996].

For GIUA, we use the 8-to-1 averaging scheme [Shao et al. 2022; Zhang 2015] and employ RBGS
smoothing taking advantage of the regular grid structure (as we also observed that RBGS was more
efficient than damped Jacobi and SPAI-0 smoothers with GIUA [Shao et al. 2022]). To accelerate the
convergence of the unsmoothed aggregation schemes (GIUA and PAUA), we employ overinterpola-
tion [Stitben 2001]. Figure 2 compares profiles of the computational cost for the entire pressure
solve phase (including valid cell evaluations, operator construction, system assembly, and system
solve to show overall performance benefit), and Table 2 summarizes the simulation settings and
averaged results.
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Fig. 2. (Top) Fluids in a closed maze-like domain with continuously added external forces, simulated with
different approaches (see Sec. 5.2). Tracer particles are color-coded based on the fluid velocities. (Bottom)
Profiles of the total time for the entire pressure solve phase per frame. While all the approaches generate
comparable visual results, PASA (ours) achieves 3.8X, 1.7X, and 1.2X faster performance than MICCG, GIUA,
and PAUA, respectively.

Table 2. Simulation settings and results for Figure 2. The system size is denoted by n, the number of CG
iterations per solve by N, the number of substeps s, and total time (s) per frame by T.

Scheme ‘ n N s T

MICCG | 1.3M 4882 103 166.8
GIUA 13M 992 103 763
PAUA 1.3M 525 103 515

PASA (ours) | 1.3M 167 104  44.2

Despite the difficulty of this pure Neumann problem, these schemes were able to fully converge
and generated comparable visual results (with only minor differences due to the accumulated
effects of slightly distinct residuals at solver termination). However, as GIUA merges algebraically-
disconnected components, the effectiveness of the preconditioning is significantly degraded, thus
requiring many more CG iterations to converge. By contrast, due to its purely algebraic formulation,
PAUA only merges algebraically-connected components, leading to more effective preconditioning.
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In addition, smoothing the prolongation/restriction operators improves the effectiveness of the
preconditioner, further reducing the number of necessary CG iterations (see Table 2). Although the
reduction in CG iterations is not proportionally reflected in the overall solver performance, due
to the system and hierarchy construction overhead and more expensive per V-cycle cost, PASA
nevertheless achieves 3.8%, 1.7%, and 1.2X faster performance than MICCG, GIUA, and PAUA,
respectively.

To roughly evaluate the performance at higher resolutions, we experimented with GIUA and
PASA using a grid resolution of 1923 over 5 frames. GIUA took 190.4s per frame on average, while
PASA took 92.7s, thus exhibiting around 2.1x faster performance. This result clearly suggests that
PASA scales better than GIUA, and thus PASA is likely to be increasingly beneficial at even higher
resolutions. Furthermore, we believe that the purely algebraic approaches, PAUA and PASA, will
also be advantageous over GIUA in more complex scenarios, where algebraically-disconnected
components can merge, e.g., for fluid-related topology optimization [Li et al. 2022; Liu et al. 2022].

5.3 Preconditioning vs. Standalone MG

To demonstrate that using SAAMG as a preconditioner for Krylov iterative solvers is at least as
efficient as standalone MG solvers, we compare SAAMG-CG with standalone SAAMG linear solvers,
using fluids without free surfaces in a closed domain (with purely Neumann boundaries) with
continuously added external forces, discretized with a grid resolution of 128, as shown in Figure 3.
We evaluate the following schemes:

(1) SAAMG-V: standalone V-cycle linear solver (Algorithm 1 with no zero-initialization (line 1)
and no active sets);
(2) SAAMG-FAS: V-cycle FAS specialized to solving a linear system (Algorithm 2 in Appendix
A);
(3) SAAMG-CG (ours).
For SAAMG-V, we perform 5 pre- and post-smoothing steps as this choice achieved the best cost
performance (using fewer than 4 iterations diverged while using 4 iterations required many more
V-cycles for convergence). Figure 3 compares profiles of computational costs for the entire pressure
solve phase, and Table 3 summarizes the simulation settings and averaged results.

Table 3. Simulation settings and results for Figure 3. The system size is denoted by n, the number of CG/V-
cycle iterations per solve by N, the number of substeps by s, and total time (s) per frame by T.

Scheme \ n N s T

SAAMG-V 1.6M 30.3 83 64.8
SAAMG-FAS 1.6M 204 8.2 42.0
SAAMG-CG (ours) | 1.6M 11.6 8.3 38.8

In this comparison, these schemes were able to fully converge and all generated comparable
visual results. However, SAAMG-V with 5 smoothing iterations still required a larger number of
outer iterations compared to SAAMG-FAS and SAAMG-CG. SAAMG-FAS improves the robustness
of the V-cycle iterations by focusing on the difference from the current approximation. However,
FAS is not designed to be used as a preconditioner for Krylov iterative solvers (see Appendix A),
and thus SAAMG-FAS cannot be combined with MPRGP to handle box constraints. SAAMG-CG
stably and quickly converged due to the preconditioning provided by the V-cycle, and achieves
1.7x and 1.1x faster performance than SAAMG-V and SAAMG-FAS, respectively, demonstrating
that a SAAMG-preconditioned Krylov solver is at least as efficient as standalone SAAMG linear
solvers.
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Fig. 3. (Top) Fluids in a closed domain with continuously added external forces, simulated with different
pressure solvers (see Sec. 5.3). Tracer particles are color-coded based on the fluid velocities. (Bottom) Profiles
of the total time for the entire pressure solve phase per frame. While all of these schemes generate comparable
visual results, SAAMG-CG (ours) achieves 1.7x and 1.1x faster performance than SAAMG-V and SAAMG-FAS,
respectively.

5.4 Separating Solid Boundaries

To demonstrate the effectiveness of our SAAMG-MPRGP scheme, we compare it with various
box-constrained convex QP solvers for separating solid boundary conditions in two scenarios:
sphere and maze.

5.4.1 Sphere. We experiment with a liquid volume in a solid sphere using a grid resolution of 128
with 1.7M particles, as shown in Figure 4. We compare the following schemes:
(1) SAAMG-CG: baseline;
(2) SAAMG-CG+PRBGS: projected RBGS (PRBGS) with an initial guess given by SAAMG-CG
(e.g., [Lesser et al. 2022]);
(3) PI+SAAMG-CG: policy iteration [Lai et al. 2020] with inner SAAMG-CG solves;
(4) SAAMG-MPRGP (ours).

Although the work of Lai et al. [2020] recommended FAS for handling separating solid boundary
conditions, in our experiments we found that FAS diverged and so we instead used their proposed
policy iteration method [Lai et al. 2020], combining it with SAAMG-CG. Following Lai’s approach,
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300 —— SAAMG-CG
SAAMG-CG+PRBGS
250 - —— PI+SAAMG-CG
—— SAAMG-MPRGP (ours)
© 2001
£
= 150 -
100
50 1
0 : : : .
50 100 150 200
Frames

Fig. 4. (Top) Liquid in a solid sphere (not rendered), simulated with various solvers (see Sec. 5.4). (Bottom)
Profiles of the total time for the entire pressure solve phase per frame. While all of these solvers generate
comparable results (except for the baseline SAAMG-CG), SAAMG-MPRGP (ours) is 7.1X and 1.4x faster than
SAAMG-CG+PRBGS and PI+SAAMG-CG, respectively.

Table 4. Simulation settings and results for Figure 4. The system size is denoted by n, the number of PRBGS
or Pl iterations by M, the number of CG/MPRGP iterations per solve by N, the number of substeps by s, and
the total time (s) per frame by T.

Scheme ‘ n M N s T
SAAMG-CG 337.2k 12.8 4.8 94
SAAMG-CG+PRBGS 3334k 2.7k 128 4.9 82.0
PI+SAAMG-CG 331.4k 6.0 11.3 48 159
SAAMG-MPRGP (ours) | 329.7k 422 49 116

we explicitly removed the constrained variables to avoid solver stagnation due to numerical issues,
forming smaller unconstrained systems within each policy iteration. Figure 4 compares profiles of
the computational cost for the entire pressure solve phase, and Table 4 summarizes the simulation
settings and averaged results.

All of SAAMG-CG+PRBGS, PI+SAAMG-CG, and SAAMG-MPRGP generated plausible liquid
behaviors, unlike SAAMG-CG. SAAMG-CG+PRBGS required many PRBGS iterations, especially
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Table 5. Simulation settings and results for Figure 5. The system size is denoted by n, the number of PI
iterations by M, the number of CG/MPRGP iterations per solve by N, the number of substeps per frame by s,
and total time (s) per frame by T.

Scheme n M N s T
SAAMG-CG 1.2M 13.3 12.6 103.3
MIC-MPRGP 1.2M 4746 12.1 303.2

PI+SAAMG-CG 1.2M  11.2 139 12.2 208.1
SAAMG-MPRGP (ours) | 1.2M 59.0 12.1 123.0

when the initial guess given by SAAMG-CG was not accurate (i.e., when fluids are separating from
the solid), and this approach was much more costly compared to the other schemes. The policy
iteration in PI+SAAMG-CG can be considered as active-set updates, and thus this approach is
close to our SAAMG-MPRGP. One key difference lies in how frequently active sets are updated. As
PI+SAAMG-CG updates active sets after each SAAMG-CG solve, the active sets are less frequnetly
updated, wasting the computational efforts for the inner solve. By contrast, our SAAMG-MPRGP
updates the active sets in each MPRGP iteration and thus achieves faster convergence due to the
up-to-date active sets. Consequently, our SAAMG-MPRGP is 1.4X faster than PI+SAAMG-CG.

5.4.2 Maze. Next, we evaluate our SAAMG-MPRGP in the maze scenario using the grid resolution
of 128° with 8.2M particles, as shown in Figure 5. This scenario faces larger condition numbers and
thus is more difficult to solve, compared to the scenario in Figure 4, due to the many Neumann (solid)
boundaries dominating over the Dirichlet (free surface) boundaries. We compare the following
schemes:

(1) SAAMG-CG: baseline;

(2) MIC-MPRGP: [Narain et al. 2010];
(3) PI+SAAMG-CG: [Lai et al. 2020];
(4) SAAMG-MPRGP (ours).

Figure 5 compares profiles of the computational costs for the entire pressure solve phase, and Table
5 summarizes the simulation settings and averaged results.

While all of MIC-MPRGP, PI+SAAMG-CG, and SAAMG-MPRGP generated comparable results
correctly supporting the wall separation of liquids, our SAAMG-MPRGP outperformed MIC-MPRGP
and PI+SAAMG-CG by factors of 2.5 and 1.7, respectively. Considering the scaling of MIC precon-
ditioning and policy iterations (as the required number of PI iterations is higher here compared
to Figure 4), we believe that our SAAMG-MPRGP will be more advantageous for ill-conditioned,
higher-resolution problems.

5.5 Splashy Liquids

Lastly, we evaluate the efficiency of our method on the splashy liquids formulation [Gerszewski
and Bargteil 2013] given by (4) in the dambreak scenario, discretized with a grid resolution of 96°
with 1.7M particles, as shown in Figure 6. We compare the following schemes:

(1) SAAMG-CG: baseline;

(2) SAAMG-MPRGP: baseline with (3) ("non-splashy");
(3) MIC-MPRGP: [Narain et al. 2010];

(4) PI+SAAMG-CG: [Lai et al. 2020];

(5) SAAMG-MPRGP (ours).
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Fig. 5. (Top) Liquid in a maze, simulated with various solvers (see Sec. 5.4). SAAMG-CG exhibits artifacts
of liquid suction to the solid wall at the top right and bottom left parts while the others do not. (Bottom)
Profiles of the total time for the entire pressure solve phase per frame. While all of these solvers generate
comparable results (except SAAMG-CG), SAAMG-MPRGP (ours) is 2.5X and 1.7x faster than MIC-MPRGP
and PI+SAAMG-CG, respectively.

Table 6. Simulation settings and results for Figure 6. The system size is denoted by n, the number of PI
iterations by M, the number of CG/MPRGP iterations per solve by N, the number of substeps per frame by s,
and total time (s) for the system solve and entire pressure solve phase per frame by Tg and T, respectively.

Scheme | n M N s T T
SAAMG-CG 318.4k 122 44 04 69
SAAMG-MPRGP with (3) | 337.7k 27.1 4.7 15 8.0
MIC-MPRGP 350.3k 1234 4.7 53 115
PI+SAAMG-CG 3489k 9.0 114 48 85 15.1
SAAMG-MPRGP (ours) | 349.4k 359 46 19 8.4

Figure 6 compares profiles of computational costs for the entire pressure solve phase (middle) and,
separately, the system solve only (i.e., excluding valid cell evaluations, operator construction, and
system assembly) to show the pure performance gain of our method (bottom). Table 5 summarizes
the simulation settings and averaged results.
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Fig. 6. (Top) Splashy liquid dam break, simulated with various solvers (see Sec. 5.5). (Middle and Bottom)
Profiles of the total time per frame for the entire pressure solve (middle) and system solve only (bottom).
Except for SAAMG-CG and SAAMG-MPRGP with (3), all of these solvers generate comparable visual results.
SAAMG-MPRGP (ours) is 1.4x and 1.8X faster than MIC-MPRGP and PI1+SAAMG-CG for the entire pressure
solve phase, respectively, and is 2.8x and 4.5% faster than MIC-MPRGP and PI+SAAMG-CG for the system
solve itself, respectively.

Except for the SAAMG-CG and SAAMG-MPRGP with (3), all the other solvers (MIC-MPRGP,
PI+SAAMG-CG, and our SAAMG-MPRGP) generated plausible and comparable visual results for
splashy liquids with separating solid boundaries. In this dambreak example, there are more Dirichlet
boundaries compared to the scene in Fig. 5 (so it is easier to solve), and MIC preconditioning was
sufficiently effective. As a result, MIC-MPRGP was faster than PI+SAAMG-CG. In this comparison,
our SAAMG-MPRGP achieved 1.4x and 1.8X faster performance than MIC-MPRGP and PI+SAAMG-
CG, respectively, for the entire pressure solve phase while ours is 2.8x and 4.5% faster than MIC-
MPRGP and PI+SAAMG-CG, respectively, for the pure system solve part, due to the more effective
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preconditioning and frequent active-set updates enabled with our efficient filtering scheme. In
addition, the comparison of SAAMG-MPRGP with (3) vs. (4) (i.e., inequality conditions only at
boundaries vs. everywhere) shows that our SAAMG-MPRGP can effectively handle additional box
constraints with a relatively small extra cost.

5.6 Discussion

5.6.1 Box-Constrained Convex QP vs. LCP. While the non-negative pressure constraints for the
separating solid boundary conditions and splashy liquids can also be encoded as an LCP [Erleben
2013] (or nonlinear equations [Lai et al. 2020]), we prefer formulating these as a box-constrained
convex QP because the minimization formulation enables us to use various numerical optimization
techniques and solvers [Dostl 2009; Nocedal and Wright 2006] and to easily combine other non-
quadratic objective terms, e.g., for two-way coupling with elastic solids [Takahashi and Batty 2022]
and position-level frictional contacts [Li et al. 2020].

5.6.2 Geometry-Inspired AMG. In our framework, we employed a purely algebraic approach for
the hierarchy construction because of its robustness and generality, as demonstrated in Figure 2.
However, geometry-inspired AMG approaches can also ensure the solvability at the coarser levels
due to the Galerkin principle with sparser systems which contribute to better performance and
smaller memory usage in some cases. In addition, it would be possible to utilize the preserved
regular grid structures for the red-black coloring enabling over-relaxation [Shao et al. 2022; Zhang
2015], pressure extrapolation [Lai et al. 2020], boundary-aware triangular interpolation [Lai et al.
2020], and matrix-free implementation reducing the hierarchy construction overhead and memory
footprint [Shao et al. 2022]. As such, it is promising to explore an algebraic approach that utilizes
regular grid structures while retaining them in the course of the hierarchy construction.

5.6.3 SAAMG Preconditioning. Simple stationary iterative methods (e.g., damped Jacobi, GS, and
SPAI-0) are typically sufficient as a smoother for our pressure Poisson system involving the Laplacian
matrix (which is an M-matrix) to achieve nearly linear scaling with respect to number of unknowns.
However, for more challenging systems (e.g., viscosity [Aanjaneya et al. 2019; Shao et al. 2022]
and elasticity [Chen et al. 2021; Zhu et al. 2010]), stronger smoothers (e.g., box smoother, SPAI-1,
or incomplete LU) are often necessary to achieve linear scaling, although these smoothers are
typically much more expensive (e.g., SPAI-1 was around 10X and 2X more costly to prepare and
apply, respectively, compared to SPAI-0 using AMGCL [Demidov 2019]).

In addition, our system with its M-matrix is isotropic, aggregation-based approaches using the
system matrix coefficients are sufficient to build topology-aware prolongation operators. However,
for anisotropic systems with non-M-matrices (e.g., due to contacts and variable density, viscosity,
and elasticity parameters), it would be essential to take into account the algebraic smoothness of
the system [Briggs et al. 2000; Trottenberg et al. 2000]. As such, it appears promising to investigate
more effective AMG methods, e.g., extending the coarsening scheme specialized for the Laplacian
matrix proposed by Krishnan et al. [2013].

5.64 SAAMG-MPRGP. Our box-constrained convex QP solver, SAAMG-MPRGP, is general and can
be applied to other problems, e.g., frictional contact handling [Andrews et al. 2022], granular flows
[Narain et al. 2010; Takahashi and Batty 2021], skinning using non-negative least squares [James
and Twigg 2005] and bounded biharmonic weighting [Jacobson et al. 2011], cubature optimization
[An et al. 2008], and level-set smoothing [Bhattacharya et al. 2015]. Thus, it is worthwhile evaluating
how SAAMG-MPRGP performs in different settings.

Due to the frequent updates of the active sets in MPRGP and our preconditioning strategy applied
only to the unconstrained variables, we cannot take full advantage of SAAMG preconditioning as
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the number of MPRGP iterations required for convergence is larger than those for CG. Thus, it
would be interesting to investigate interior point methods that do not use active sets [Nocedal and
Wright 2006] and explore conjugate projectors to precondition constrained variables [Dostl 2009].

5.6.5 Surface-Tension. As our focus is on large scale liquid behaviors, we did not consider surface
tension forces. In addition, non-negative pressure constraints eliminate surface-tension-like attrac-
tive and adhesive forces. As such, one would need to explicitly model surface forces to achieve
suction effects.

6 CONCLUSIONS

We have proposed a new multilevel active-set preconditioning scheme based on SAAMG and
combined it with MPRGP to develop a powerful box-constrained convex QP solver, SAAMG-
MPRGP which can efficiently enforce fluid incompressiblity while handling non-negative pressure
constraints for separating solid boundary conditions in liquid animation. Our approach employs a
purely algebraic coarsening strategy to guarantee the solvability of the coarser level systems via
the Galerkin principle and ensures the effectiveness of the hierarchy by merging only algebraically-
connected components. By reusing the coarser level systems assembled once per simulation step,
we efficiently apply the preconditioning to the unconstrained subsystems for MPRGP using our
filtering scheme. We demonstrated the efficacy of our SAAMG-MPRGP over prior methods in
various examples.
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A FAS AS A LINEAR SOLVER

While FAS is a multigrid method designed to directly solve nonlinear equations [Briggs et al. 2000],
it can be simplified for linear problems, as shown in Algorithm 2. This simplified approach improves
the robustness and efficiency compared to the traditional standalone linear MG V-cycle solver, i.e.,
Algorithm 1 without active-sets and zero-initialization at line 1 (although these approaches are
equivalent at the formulation level), because the smoothers can focus only on the difference from
the current approximation. However, due to the change in the smoothing variables from x. — x.
to x., we cannot directly clamp these variables (e.g., as done by Chentanez and Miiller [2012] for
non-negative constraints) nor initialize xs to 0, which indicates that Algorithm 2 cannot be used to
precondition iterative Krylov solvers [Tatebe 1993].
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Algorithm 2 FAS-V-cycle(Ar, xf, by)

1: if Coarsest

2. Pre- and post-smoothing
3. else

4 Pre-smoothing

5 X, =X = PTxf

6 bc = PT(bf - Afo) - Acx,
7. FAS-V-cycle(A., x., be)

8  Xf=Xr+P(xc—x})

9:  Post-smoothing

10: end if

B ILLUSTRATIVE OPERATION EXAMPLES

Considering the fine level linear preconditioning system Axy = by

Agp Ao Ag
Apw A Ap
Ay Az Axp
Az Az Ajx

Ags Xf,0
A Xf1
Ass Xf2
As; Xf3

bro

br

br
brs

(14)

and active-set as (that constrains the last two elements) and the corresponding selection matrix S¢

af,o 0
3|20
af - af’z - 1
af’g 1

the residual r can be computed via (8) by

Iy
ry | _ T
5 | = Sfbf SfASfo
I3
[1 0 o0
o 10
10 0 0
[0 00
[1 0 o0
o 10
0 0 O
0 0 O
1 0 0 O
01 0 0
0 0 0 O
0 0 0 O

S O O O S O O O

Xf’o
Xf’l
Xf’z
Xf)g

S O O =

S O = O

S O O O

oS O O O

(15)

(16)

(17)

(18)

(19)
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The smoothing operation (13) can be performed based on the residual r, as discussed in Sec. 4.3.
Considering the restriction operator PT given as

r_ [1 100
P_[0011]’ (20)
we have
o
T _ 01_
(Par=[1 1 0 0] L =0 (21)
.1_
o]
(PTyar=[0 0 1 1] (1) =2>0. (22)
1

As such, the coarse active-set a. is computed via (10) as

ac,o _ 0
BN &
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