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Fig. 1. By carefully treating coupling between viscosity and pressure forces, our unified Stokes-based fluid solver can reproduce the classic liquid rope coiling
instability of viscous liquids like honey, while prior grid-based methods cannot.
We propose a novel unsteady Stokes solver for coupled viscous and pressure forces in grid-based liquid animation which yields greater accuracy
and visual realism than previously achieved. Modern fluid simulators treat
viscosity and pressure in separate solver stages, which reduces accuracy
and yields incorrect free surface behavior. Our proposed implicit variational
formulation of the Stokes problem leads to a symmetric positive definite
linear system that gives properly coupled forces, provides unconditional
stability, and treats difficult boundary conditions naturally through simple volume weights. Surface tension and moving solid boundaries are also
easily incorporated. Qualitatively, we show that our method recovers the
characteristic rope coiling instability of viscous liquids and preserves fine
surface details, while previous grid-based schemes do not. Quantitatively,
we demonstrate that our method is convergent through grid refinement
studies on analytical problems in two dimensions. We conclude by offering
practical guidelines for choosing an appropriate viscous solver, based on the
scenario to be animated and the computational costs of different methods.
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1

INTRODUCTION

Tar, honey, and molasses are familiar examples of viscous liquids
which exhibit an array of intriguing effects, including damped motion, buckling, meandering, and even rope-like coiling. Given the
ubiquity of such liquids, there is a strong demand for simulation
tools that can reproduce their behavior for animation and visual effects scenarios, such as melting terminators [Rasmussen et al. 2004],
flowing tar monsters [Wiebe and Houston 2004], and spilling honey
[Ruilova 2007]. Viscous liquids are also relevant to other industries,
such as container filling for food processing and cosmetics [Tomé
and McKee 1999]. While various complex non-Newtonian liquids
[Stomakhin et al. 2014; Yue et al. 2015], granular flows [Daviet and
Bertails-Descoubes 2016], and snow [Stomakhin et al. 2013] have
also seen much recent study, we focus on outstanding challenges in
simulating the humble Newtonian viscous liquid, whose internal
stresses are strictly linear with respect to the strain rate.
Standard grid-based fluid animation tools apply operator splitting
to the incompressible Navier-Stokes equations to solve for the influence of advection, viscosity, and pressure in distinct stages [Bridson
2015]. While this splitting is effective at reducing computational
cost, simplifying implementation, and isolating nonlinearity to the
advection stage, it also introduces subtle sources of error. For example, separating advection from projection causes significant loss
of kinetic energy and vorticity, making it more difficult to simulate
turbulent, high Reynolds number flows [Mullen et al. 2009; Zhang
and Bridson 2015].
Our work focuses on the opposite extreme: strongly viscous liquids, corresponding to moderate to low Reynolds numbers. We
highlight a detrimental impact of splitting viscosity from projection
that has gone largely unnoticed to date: behaviors that depend on
coupling between pressure and shear forces are entirely absent,
including preservation of sharp surface details and the remarkable
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liquid rope coiling instability [Ribe et al. 2012] (Figure 1). Our key
contribution is to replace the standard Eulerian viscosity and pressure steps with a novel unsteady Stokes step that reunites these
forces and accurately recovers the missing effects of coupling.
A dominant source of error introduced by splitting is an improper
treatment of the liquid’s free surface. The correct boundary condition requires the interface to be traction-free, t = σn = 0, where
t is the surface traction, σ is the total fluid stress tensor, and n is
the surface normal; simply put, the liquid surface should feel no
resistance from the empty air side. Unfortunately, this condition
inherently requires tight pressure-viscosity coupling, because fluid
stress σ is a sum of pressure, p, and viscous shear stresses, τ , given
by σ = −pI + τ .
Batty and Bridson [2008] simplified the traction-free condition by
explicitly decoupling it into two independent boundary conditions:
p = 0 for pressure, and τn = 0 for viscosity. While this approach
yielded improved results compared to earlier Laplacian smoothingtype viscosity models [Carlson et al. 2002; Rasmussen et al. 2004],
including offering buckling effects and recovery of rigid body rotation, it is nevertheless a poor approximation: as Stomakhin et
al. [2014] noted in adopting the same simplification, it is analogous
to enforcing a + b = 0 by arbitrarily setting a = 0 and b = 0. We
demonstrate that this error is responsible for loss of surface details
and coiling effects in existing decoupled simulators, including that
of Batty and Bridson [2008]; both issues can be seen in Figure 2.
Technical Contributions. We present a novel, unconditionally stable implicit unsteady Stokes solver to simultaneously apply pressure
and viscous forces while enforcing the true free surface boundary
conditions. Unlike steady-state Stokes solvers common in computational physics, which typically yield indefinite linear systems
[Benzi et al. 2005; Elman 2002], we show how the unsteady (i.e.,
time-dependent) case can be exploited to yield a symmetric positive definite system. We discretize a carefully chosen variational
form which allows the challenging free surface conditions to be
enforced easily and implicitly as natural boundary conditions. We
demonstrate that our method can be used as a drop-in replacement
for the viscosity and pressure steps in standard fluid simulators
by integrating it into Side Effects Software’s Houdini [2016]. We
present quantitative results supporting the method’s accuracy, and
qualitative results demonstrating its improved visual quality compared to standard approaches. In particular, our method recovers
the classic rope coiling instability and preserves a higher degree
of detail in viscous liquid surfaces, while maintaining support for
familiar features such as moving boundaries and surface tension.

2

RELATED WORK

Grid-Based Viscous Liquid Animation. A brief review of the
trajectory of grid-based viscous free surface liquids in computer
animation shows a trend of steadily increasing physical accuracy,
motivated by the pursuit of visual realism. Early work by Foster
and Metaxas [1996] demonstrated an explicit discretization that is
effective for relatively low viscosity liquids. Carlson et al. [2002] presented the first model focused on highly viscous liquids in graphics,
proposing a treatment based on implicit componentwise Laplacian
smoothing of velocity; however, it suffered from freezing in free
ACM Transactions on Graphics, Vol. 36, No. 4, Article 101. Publication date: July 2017.

Fig. 2. Left: Standard approaches that decouple pressure and viscosity yield
random buckling of a falling stream of viscous liquid. Right: Our unified
Stokes approach yields the proper cylindrical coiling, and greater surface
detail in the pile.

flight, likely due to inappropriate free surface boundary conditions.
Soon after, Falt and Roble [2003] showed that a Neumann boundary
∂u = 0 gives correct translational motion. Rasmussen
condition of ∂n
et al. [2004] pointed out that the Laplacian model neglects some
cross-derivative terms of the fluid stresses when viscosity varies
spatially, and proposed to integrate the missing terms explicitly.
Batty and Bridson [2008] observed that while the Neumann
boundary conditions above allow translation of isolated bodies, they
immediately destroy rotation, which in turn prevents viscous buckling effects. Noting that the surface boundary conditions should be
traction-free to avoid unphysical ghost forces, they presented a fully
implicit variational viscosity solver that naturally enforces the condition τn = 0 (zero traction due to viscous shear stress), and is thereby
able to recover some rotational effects. Batty and Houston [2011]
later developed a spatially adaptive variant for Eulerian tetrahedral
meshes. However, because these approaches still decouple pressure
from viscosity, important errors remain and realistic coiling effects
are not observed. Our work builds on the trend of gradually increasing physical accuracy by enforcing the full traction-free boundary
condition, σn = 0, in a unified way.
Multiphase viscous liquids have been explored as well, typically
by enforcing approximate jump conditions with decoupled viscosity
and pressure at the fluid-fluid interface, using either a ghost fluidtype scheme [Hong and Kim 2005; Losasso et al. 2006] or volume
fractions [Kang et al. 2010], similar to Batty and Bridson [2008].
Approaches in Computational Physics. Three-dimensional
viscous liquids on regular grids have also been considered in computational physics. The GENSMAC scheme of Tomé et al. [2004;
1994] simulates a range of free surface phenomena, including coiling, by assuming that the surface normal is either aligned with or
at a 45◦ angle to the coordinate axes, in order to tailor conditions
for each special case. This effectively voxelizes the domain into a
faceted stairstep approximation that poorly captures the smooth
geometry, limiting the effectiveness of the approach and requiring
a complex case-by-case implementation. The more stable implicit
variant of their method relies on the bi-conjugate gradient method
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to solve a non-symmetric linear system [Oishi et al. 2008]. Bonito et
al. [2006] instead proposed a hybrid approach that uses a tetrahedral
mesh to solve an indefinite finite element Stokes problem combined
with grid-based advection. Sussman et al. [2007] presented a decoupled projection-based scheme for single- and two-phase flows
that uses a semi-implicit discretization of viscous terms and a ghostfluid-like interface treatment; they focus on bubbles and capillary
effects rather than buckling or coiling. Recently, Lalanne et al. [2015]
considered two-phase flows in two dimensions, and carried out a
comparison of four different splitting techniques that consider the
proper coupled interface conditions using ghost-fluid ideas, albeit
still in a time-split (weakly coupled) fashion. The methods advocated
by Lalanne et al. do not consider the free surface case where one
fluid’s density goes to zero, and must satisfy a stability criterion, in
contrast to our unconditionally stable scheme. Another approach
closely related to ours is that of Schroeder et al. [2014] who applied
a finite-element-like variational formulation on a staggered cut-cell
grid to solve Navier-Stokes problems with implicitly integrated viscosity and correct jump conditions for two-phase flow. While this
method achieves greater accuracy, its discretization is substantially
more complex than our weighted finite difference approach and it
requires the solution of an indefinite linear system. The method
does not handle scenarios where solid and air interfaces meet, and
hence has not been applied to coiling or buckling phenomena.
Lagrangian Approaches. We focus on the Eulerian fluid paradigm, but a variety of purely Lagrangian approaches exist. Viscosity
models for smoothed particle hydrodynamics (SPH) methods in
graphics date back to the work of Desbrun and Gascuel [1996]. However, realistic buckling and coiling effects have only recently become
the subject of substantial interest, with several groups proposing
solutions [Andrade et al. 2015; Bender and Koschier 2016; Peer et al.
2015; Peer and Teschner 2016; Takahashi et al. 2015]. These methods vary in their faithfulness to the physical equations, but all take
either an explicitly integrated or pressure-decoupled approach to
viscosity, and none present quantitative evidence of accuracy.
Specialized Lagrangian approaches for slender viscous threads
and sheets have been proposed [Batty et al. 2012; Bergou et al. 2010;
Zhu et al. 2015, 2014] that extend ideas from rod and shell simulation. In particular, the viscous threads of Bergou et al. accurately
reproduce both stationary coiling and the intricate patterns arising
in a “fluid mechanical sewing machine" [Audoly et al. 2012; Brun
et al. 2012]. Their efficiency and accuracy comes at the cost of generality, however: lower-dimensional methods cannot easily be used
for general volumetric flows.
The viscous free surface condition has not been studied closely
in conforming Lagrangian tetrahedral mesh methods (e.g., [Clausen
et al. 2013; Misztal et al. 2012]), although these methods should
incorporate it implicitly. However, such methods are less attractive
from a practical standpoint: robust continuous tetrahedral remeshing is computationally expensive and challenging to implement,
whereas the regular structure of uniform grids readily offers high
performance (e.g., [Setaluri et al. 2014]). This fact largely accounts
for the dominance of grid-based methods in industry. Furthermore,
these methods have so far led to symmetric indefinite linear systems,
in contrast to our positive definite formulation.
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Positive Definite Stokes Flow. Robinson-Mosher et al. [2011]
developed a similar symmetric positive definite formulation of unsteady Stokes flow for solid-fluid coupling. However, their viscosity
discretization uses voxelized solid geometry and spatially constant
viscosity, and does not support free surfaces. Moreover, our derivation identifies their purely algebraic transformation as a change of
variables from a velocity-pressure formulation to a pressure-stress
formulation, lending physical insight and exposing a fundamental
variational expression of the mechanics.
Embedded Boundary Methods. Our work is an instance of an
embedded boundary method, which is a family of techniques that account for irregular geometry while nevertheless using an underlying
uniform regular grid. Our method can be considered a unification
of several existing embedded discretizations: the ghost fluid free
surface pressure projection of Enright et al. [2003], the variational
solid pressure projection of Batty et al. [2007] and Ng et al. [2009],
and the viscous free surface scheme of Batty and Bridson [2008].
Variational Discretizations. We use a variational formulation
that leads to a backward Euler time integration scheme, a perspective that has also been applied to elastic solids [Gast et al. 2015],
tetrahedral fluids [Erleben et al. 2011; Misztal et al. 2010], grid-based
fluids [Batty et al. 2007; Batty and Bridson 2008], and fluid and solid
control [Martin et al. 2011; Nielsen and Christensen 2010].
Grid-Based Non-Newtonian Flows. There are several techniques that rely (at least partly) on Eulerian regular grids to treat
elastic, elastoplastic, and non-Newtonian materials involving nonlinear constitutive laws, including material point methods (MPM)
and Eulerian solids [Goktekin et al. 2004; Levin et al. 2011; Ram et al.
2015; Stomakhin et al. 2013, 2014; Yue et al. 2015]. These materials
generally require linearization or more expensive iterative solvers,
such as Newton’s method, to circumvent or address nonlinearity. On
the other hand, since Rayleigh damping of an elastic body is equivalent to Newtonian fluid viscosity under appropriate conditions
[Batty et al. 2012; Bergou et al. 2010], these methods could (in principle) be adapted for purely viscous fluids. However, beyond treatment
of nonlinearity there are several reasons that we instead propose
a tailored Stokes solver for Newtonian fluids. First, (visco-)elastic
models often assume a moderate to high degree of compressibility,
and struggle in the limit of incompressibility; while some authors
have considered this explicitly [Goktekin et al. 2004; Stomakhin et al.
2014], they do so using a splitting that once again decouples pressure and viscosity. Second, the quadratic or cubic shape functions
often used in MPM lead to denser linear systems, in contrast to our
finite difference approach. Third, these methods do not generally
account for the sub-grid position of the interface, instead relying
on voxelization that can lead to stairstep artifacts in fluids [Batty
et al. 2007; Enright et al. 2003]. Lastly, existing semi-implicit viscoelastic MPM discretizations lead to potentially indefinite systems
[Stomakhin et al. 2013, 2014] (or even nonsymmetric systems in
the presence of plasticity [Klar et al. 2016]), requiring sub-optimal
solvers such as MINRES or GMRES. By contrast we can guarantee a
symmetric positive definite system.

ACM Transactions on Graphics, Vol. 36, No. 4, Article 101. Publication date: July 2017.

101:4 •

3

E. Larionov et. al.

FLUID EQUATIONS

The incompressible Navier-Stokes equations [Batchelor 1967] are
f
∇p ∇ · τ
∂u
= −u · ∇u −
+
+ ,
∂t
ρ
ρ
ρ
∇ · u = 0,

τ = µ ∇u + (∇u)⊤ ,

(1)
(2)
(3)

where ρ is density, u is velocity, p is pressure, τ is the symmetric
deviatoric stress tensor, µ is the dynamic viscosity coefficient, t is
time, and f is external forces. We allow µ to vary smoothly in space.
Time Discretization. We apply operator splitting and discretize in
time, yielding a two step scheme. Advection and external forces are
treated first by solving
f
u ∗ − un
= −un · ∇un +
∆t
ρ

1
un+1 − u ∗
= (−∇p + ∇ · τ ) ,
∆t
ρ
∇ · un+1 = 0,

(5)
(6)
⊤

τ = µ ∇un+1 + (∇un+1 )

.

(7)

These are the equations for a fully implicit step of time-dependent
or unsteady Stokes flow, allowing for spatially varying viscosity. Our
contribution is a new solver for this PDE.
These equations should be contrasted with steady-state Stokes
flow, in which the left side of (5) becomes zero. Such a simplification
applies only to creeping flows in which viscous forces dominate
and inertia is negligible; it is inappropriate for use with the NavierStokes equations across wider ranges of viscosity.
Boundary Conditions. The solid boundary condition is no-slip:
the new fluid velocity un+1 should match the boundary velocity,
u BC , giving un+1 = u BC . The free surface condition states that the
traction t must match the desired traction t BC
(8)

Here n is the outward unit normal of the free surface, and I is
the identity tensor. Without surface tension, t BC = 0 ensuring the
absence of artificial ghost forces from the empty “air" side of the
interface. Adding surface tension gives t BC = γκn, where γ is the
coefficient of surface tension and κ is the curvature at the surface.

4

S

(4)

to arrive at an intermediate velocity u ∗ , where un is the velocity at
time step n, and ∆t is the time step. Our method is agnostic as to
the choice of advection technique; our simulations use the affine
particle-in-cell (APIC) approach [Jiang et al. 2015], but we observed
comparable results with semi-Lagrangian and FLIP schemes.
We then simultaneously integrate pressure and viscous forces
using backward Euler by solving

t = σn = (−pI + τ )n = t BC .

Fig. 3. Collapsed piles of viscous armadillos. Left: The incorrect boundary
conditions of the standard decoupled solve lead to rapid loss of surface
detail. Right: Our Stokes solver with correct traction-free surfaces better
preserves fine details of the armadillos.

VARIATIONAL FORMULATIONS

For staggered grid finite difference schemes based on directly discretizing the above PDE form, it is difficult to derive appropriate
discrete boundary conditions for non-grid-aligned boundaries, especially for free surfaces. We address this by instead using a variational
framework that handles irregular geometry through natural boundary conditions, building on work by Batty et al. [2007; 2008].
ACM Transactions on Graphics, Vol. 36, No. 4, Article 101. Publication date: July 2017.
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Fig. 4. Left: Liquid vs. air domains for free surface case. Middle: Fluid vs.
solid domains for solid boundary case. Right: For scenarios with both free
surface and solid boundaries, the active region is the intersection of the
liquid and fluid regions.

We will initially consider the free surface and solid boundary
cases separately. In the free surface case, an interface separates a
massless air region ΩA from the active liquid region ΩL (Figure
4, left). In the solid case, we distinguish the active fluid region Ω F
from the surrounding prescribed solid region ΩS (Figure 4, middle).
These boundaries will be represented as level sets. When considering both types of boundary conditions, the active region will be
the intersection of “liquid" (non-air) and “fluid" (non-solid) regions,
ΩL ∩ Ω F (Figure 4, right). In a simulation, the liquid region “inside"
the solid wall is constructed by extending the liquid level set in the
solid’s normal direction.
Free Surface Case. A variational formulation of our unsteady
Stokes problem with free surfaces boundaries is
∭
ρ
max min
∥un+1 − u ∗ ∥ 2 − ∆tp∇ · un+1
p,τ u n+1
ΩL 2


(9)
∇un+1 + (∇un+1 )⊤
∆t
+ ∆tτ :
−
∥τ ∥F2 dV .
2
4µ
where ∥ · ∥F is the Frobenius norm and ‘:’ indicates a tensor double
dot product. The domain of integration is the liquid (i.e., non-air)
region, ΩL . In the supplemental material, we prove that the optimality conditions are exactly the original PDE, with the free surface
condition (8) with t BC = 0 enforced as a natural boundary condition. Consequently, assuming the necessary integrals are discretized
appropriately, the free surface condition will be handled automatically, including the coupling between pressures and viscous stresses
that is absent in previous methods. (Discarding the pressure terms
recovers an equivalent of the decoupled viscosity formulation of
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Batty and Bridson [2008]. Discarding the viscous stress terms gives
a variational form of the ghost fluid method [Enright et al. 2003].)
Solid Case. A variational formulation of unsteady Stokes with
static solid boundaries is
∭
ρ
max min
∥un+1 − u ∗ ∥ 2
p,τ u n+1
ΩF 2
(10)
∆t
∥τ ∥F2 dV .
+ ∆tun+1 · (∇p − ∇ · τ ) −
4µ
Here the integration is performed over the fluid (i.e., non-solid) region, Ω F . (Discarding the terms involving stress essentially recovers
an alternate form of the variational pressure projection of Batty et
al. [2007] for static solids.)
The solid and free surface forms above differ by integration by
parts on the middle terms, except the resulting boundary integral
term is discarded. In essence, this is what “switches" the natural
boundary condition from free surface to solid. Unfortunately, at
the continuous level we cannot simultaneously have both solid and
free surface conditions enforced naturally, without extra boundary
integral terms that are difficult to discretize consistently. However,
we will demonstrate that combining these two formulations at the
discrete level is straightforward and effective.

4.1

Non-Zero Boundary Conditions

The preceding formulations yield homogeneous (zero) boundary conditions, yet we often need non-zero boundary conditions. Non-zero
boundary velocities are used for moving solids and inflow/outflow
boundaries; non-zero pressure (surface traction) conditions are used
for surface tension. We can treat these cases by adding new terms
that account for the work done at the boundary.

Fig. 5. Our method supports surface tension effects, which cause this liquid
Houdini Squab in zero gravity to collapse into a sphere.

Prescribed Traction Boundaries. The work done by the prescribed
traction at the surface is given by
∬
∆tun+1 · (pBC I − τBC )n dA,
(11)
∂ΩA

where pBC and τBC are the prescribed pressure and deviatoric stress,
respectively, and n is the outward unit normal with respect to the air
(non-liquid) region, ΩA . We add this term to (9). (Only the resulting
normal component of the stress, i.e., traction, will be enforced.)
For consistency with the volume integral formulation, and to avoid
discretizing surface quantities, we convert this surface integral into

a volume integral via integration by parts, giving


∭ 
∇un+1 + (∇un+1 )⊤
∆t
pBC ∇ · un+1 − τBC :
2
ΩA

+ un+1 · (∇pBC − ∇ · τBC ) dV .
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(12)

Prescribed Velocity Boundaries. The work done at the moving solid
boundary is similarly given by
∬
∆tu BC · (pI − τ )n dA,
(13)
∂ΩS

where n is the outward unit normal to the solid region, ΩS . We add
this term to (10). Transforming to volume integral form we have


∭ 
∇u BC + (∇u BC )⊤
∆t
p∇ · u BC − τ :
2
ΩS
(14)

+ u BC · (∇p − ∇ · τ ) dV .

5

DISCRETIZATION

Given a particular variational formulation, we can discretize the
required integrals on a staggered grid following the variational
finite difference framework of Batty et al. [2007; 2008]. While a
finite element method (FEM) could be used instead, our approach
is quite simple and convergent, reduces to a direct staggered finite
difference discretization on interior cells, avoids the need for a
boundary-conforming mesh, and does not require stabilization.
Staggered Grid Layout. We discretize the derivatives using centered finite differences, with pressures at cell centers and velocity
components on cell faces. To support viscosity we also need the components of the deviatoric stress tensor. The most natural placement
is diagonal components of the stress tensor (τx x , τyy , τzz ) at cell
centers, and off-diagonal components (τxy , τx z , τyz ) on cell edges
(cell corners in two dimensions); see Figures 6a and 6b. Since τ is
symmetric, these six components suffice. Straightforward centered
differencing then places the required derivatives in the correct locations. This layout was initially proposed in computational physics
[Darwish et al. 1992; Mompean and Deville 1997], and first used in
graphics by Goktekin et al. [2004] for viscoelastic fluids.
Integral Approximations and Control Volumes. We approximate the
volume integrals by scaling each discretized term by the fractional
volume of material in a cell-sized control volume surrounding the
relevant sample point (cell center, edge midpoint, or face center),
and summing over all cells.
For the free surface boundary problem, we need the volume fractions interior to the liquid (i.e., not air) region, which we gather into
diagonal matrices denoted WL . Later, we will also need the corresponding air fractions, WA = (∆x)3 I − WL , where I is the identity.
Likewise, for the solid problem, we estimate the volume fractions
WF of each cell that are inside the fluid (i.e., not solid) region, and
its complementary solid fraction, WS = (∆x)3 I − WF . These volume
fractions are readily estimated from a level set representation (e.g.,
[Min and Gibou 2007]).
ACM Transactions on Graphics, Vol. 36, No. 4, Article 101. Publication date: July 2017.
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(a)

(b)

Fig. 6. Left: Staggered pressure-velocity-stress grid layout in 2D. Black disks
indicate pressure (p) and diagonal stress components (τx x , τyy ). Dashes
on cell faces indicate velocity components. Nodal black squares indicate
off-diagonal stress components (τx y ). Right: Staggered pressure-velocitystress grid layout in 3D. The central black disk indicates pressure (p) and
diagonal stress components (τx x , τyy , τzz ). The colored squares on cell
edges indicate off-diagonal stress components (τyz is red, τx z is green, τxy
is blue). Colored circles on cell faces indicate velocity components (u is red,
v is green, w is blue).

Discrete Free Surface Problem. The integral in (9) is over the liquid
domain, ΩL , so we use volume weights with subscript L. The first
term consists of velocity data which lies on faces, so we estimate
the integral using the face-centered volume weights. We use superscripts on the weights to indicate the control volume type, so in this
case the weights are WLu . The second term involves pressures and
p
divergences at cell centers, so we use cell-centered weights, WL .
The last two terms involves stresses on cell edges and centers, so
the weights are WLτ .
This leads to the following discrete Stokes problem with (only)
free surface boundaries:
1
p
max min (u − u∗ )⊤ PWLu (u − u∗ ) + ∆tp⊤WL G⊤ u
p,τ u 2
(15)
∆t
+ ∆tτ ⊤WLτ Du − τ ⊤ M−1WLτ τ .
4
In this expression u, τ and p are the stacked velocity components,
stress components and pressures respectively, P is a diagonal matrix
of densities per velocity sample, M is a diagonal matrix of viscosity
coefficients per stress sample, G is the usual discrete gradient operator for pressure, and D is the discrete deformation rate operator for
velocity (ie. Du ≈ 21 (∇u +(∇u)⊤ )). The negative transposes of G and
D correspond to discrete vector and tensor divergence operators up
to scaling, respectively.
The optimality conditions of this quadratic problem yield the
following symmetric indefinite linear system:
p
1
u
1
u ∗
D⊤WLτ
GWL ª u
© ∆t PWL
∆t PWL u ª
1
τ
−1
τ
 W D − M W
® © τ ª® = ©
0
0
®.
2
 pL
®
L
⊤
p
0
W
G
0
0
¬
« L
¬« ¬ «

(16)

Discrete Solid Boundary Problem. The solid boundary problem
(10) is discretized in the same way, except using the fluid (non-solid)
volume fraction weights WF instead. The discrete form is
1
max min (u − u∗ )⊤ PWFu (u − u∗ )
p,τ u 2
+ ∆tu⊤WFu (Gp + D⊤τ ) −

∆t ⊤ −1 τ
τ M WF τ .
4

(17)
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Fig. 7. Left: A block of liquid with spatially varying viscosity is dropped.
Right: The low viscosity end splashes dramatically, while the high viscosity
end deforms gently.

The linear system for the static solid wall Stokes problem is
1 PW u
1 PW u u∗
WFu D⊤ WFu G u
F
© ∆t uF
ª
ª © ª © ∆t
1
−1
τ
0 ®τ ® = 
0
 DWF − 2 M WF
®.
⊤ u
0
0
0 ¬« p ¬ «
« G WF
¬

(18)

Combined Discrete Problem. Because these two systems have
nearly identical forms, and differ only by the weighting matrices W
that implicitly enforce boundaries, we can combine them to handle
both free surfaces and solids in the same problem by simply using
both diagonal weight matrices together:
p

1
u u
u ⊤ τ W u GW
F D WL
F
L ª ©uª
© ∆t PWF WL W
 W τ DW u − 1 M−1W τ W τ
® τ ® =
0
2
 pL
®
F
F L
⊤W u
p
W
G
0
0
F
« L
¬« ¬
1 PW u W u u∗
F L
© ∆t
ª
0

®.
0
«
¬

(19)

Combining the two formulations at the discrete level lets us exploit
the natural conditions for both boundary types simultaneously. If
one considers boundary regions away from triple curves (i.e., where
liquid meets both solid and air), the weights ensure that this combined system simply reduces back to the system for the appropriate
boundary condition, while triple curves also behave naturally. We
further verified that this approach gives the expected zero velocity
fields for triple curves in hydrostatic scenarios. (Batty et al. [2008]
used a similar approach to combine variational Neumann boundary
conditions with ghost fluid-based Dirichlet conditions.)
Transformation to Positive Definite Form. The system above is
sparse, symmetric indefinite, and large since it involves three variables: pressure, stress, and velocity. Eliminating stress by applying a
Schur complement to the center block would yield a symmetric indefinite velocity-pressure system of a form most commonly associated
with (steady) Stokes problems [Benzi et al. 2005; Robinson-Mosher
et al. 2009, 2008].
One typically prefers symmetric positive-definite (SPD) systems,
as they are more amenable to efficient techniques such as preconditioned conjugate gradient, domain decomposition, multigrid, etc.
We transform to an SPD form by noting that the upper-left block is

Variational Stokes
diagonal; i.e., trivially invertible. This lets us find the Schur complement of this block, eliminating velocity instead of stress, to arrive at
a smaller SPD system for pressure and stress.
The resulting SPD pressure-stress form of (19) is


 

WLτ DWFu u∗
A11 A12
τ
=
(20)
p
A⊤
p
WL G⊤WFu u∗
12 A22
where the blocks of the matrix are given by
1
A11 = M−1WLτ WFτ + ∆tWLτ DP−1WLu −1WFu D⊤WLτ ,
2
p
A12 = ∆tWLτ DP−1WLu −1WFu GWL ,
A22 =

(21)

Close inspection reveals that this is identical to a direct finite difference discretization of (5)-(7) where velocity has been eliminated
by plugging (5) into (6) and (7), except that volume fraction weight
terms have been added to implicitly handle boundaries.
A similar SPD transformation was proposed by Robinson-Mosher
et al. [2011], albeit for constant Laplacian-based viscosity with gridaligned boundaries and no free surfaces. Analogous transformations
are of course common for articulated rigid bodies and other constrained dynamics problems (e.g., [Baraff 1996; Goldenthal et al.
2007; Tournier et al. 2015]).

5.1

Discretized Non-Zero Boundary Conditions

Prescribed Traction Boundaries. Using WA terms to indicate the
air fraction of a control volume, the discretized form of (12) is


p ⊤
⊤ τ
∆t u⊤WAu (GpBC + D⊤τBC ) − p⊤
(22)
BCWA G u − τ BCWA Du ,
which results in added terms on the right hand side of (20):


∆tWLτ DWFu P−1 gBC
,
p ⊤ u −1
∆tWL G WF P gBC

This results in additional terms on the right hand side of (20), namely


WLτ DWSu uBC − WLτ WSτ DuBC
.
(25)
p ⊤ u
p p ⊤
WL G WS uBC − WL WS G uBC
For non-zero solid boundary velocities, our initial velocity vector
u∗ must also include the boundary velocities. No additional steps
are needed when updating velocities after the solve.

5.2

p
p
∆tWL G⊤ P−1WLu −1WFu GWL .

(23)

p

where gBC = (GWA −WAu G)pBC +(D⊤WAτ −WAu D⊤ )τBC . Additionally,
we must also add ∆tWLu −1 P−1 gBC to the velocity update. We can
use this mechanism to apply arbitrary tractions, including surface
tension. However, in practice we found that for surface tension an
approach closer in form to ghost fluid [Enright et al. 2003] gives
improved results with less drift for high viscosity and surface tension
p
coefficients. This is achieved by rounding the WA entries in (23) to
the nearest cell volume: ∆x 3 if the cell is more than half full, and 0
otherwise. This form still differs slightly from true ghost fluid, in
that we use volume rather than length fractions for WLu , but this
choice is fairly common (e.g.,[Narain et al. 2008]) and has no visible
impact on the result.
While the air domain extends far from the liquid surface, only
contributions near the surface actually play a role in the linear
system and affect the results.
Prescribed Velocity Boundaries. Using solid fractions WS and discretizing (14) as usual, we arrive at the expression


u
⊤
⊤ p ⊤
⊤ τ
∆t u⊤
(24)
BCWS (Gp + D τ ) − p WS G uBC − τ WS DuBC .
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Stress Reduction

A property of the fluid stress tensor can let us eliminate one more
variable to further shrink the system size. Because pressure enforces

incompressibility, ∇·u = 0, it must also be true that Tr ∇u + (∇u)⊤ =
0. Since the deviatoric stress τ is defined as τ = µ ∇u + (∇u)⊤ , it
will also be traceless, consistent with its physical definition. Therefore we can eliminate one of its diagonal elements without loss of
information. Specifically, in 2D we have Tr(τ ) = τx x + τyy = 0,
so we can substitute τyy = −τx x into our system to eliminate τyy ,
recovering it after the solve if needed. In 3D we similarly substitute
τzz = −(τx x + τyy ). Symmetry of the linear system is nevertheless
preserved. Our implementation makes use of this extra reduction,
applied at the discrete level.

5.3

Null Space Elimination

A final remaining issue is the occurrence
of null spaces due to overlapping volume
weights assigned to different terms of the
discrete variational problem. For example,
consider the divergence operator for a cell
near a free surface boundary. There are volume weights associated with both velocities
(face centers) and pressures (cell centers), and
cases often arise in which a pressure cell with a non-zero associated
liquid volume weight enforces a divergence constraint involving
at least one velocity face with zero associated liquid volume. Zeroweighted velocity samples play no role in other equations, and may
take on any values as long as they satisfy the cell’s constraint.
Only degrees of freedom with positive volume weights are used
to update the simulation afterwards, so the physical solution is not
damaged by null spaces. However, they do hamper the efficiency
of iterative solvers, so we prefer to eliminate them. To do so, we
identify each variable that enforces a relationship on a degree of
freedom with a zero volume weight; e.g., in the free surface example
above a non-zero weighted pressure is tagged as invalid if it enforces
the divergence-free condition on one or more velocity faces with
zero weights. Likewise in the solid boundary case, if a non-zero
weighted velocity sample borders a zero-weighted pressure sample, that velocity sample is tagged as invalid and its corresponding
equation(s) eliminated. This process is likewise extended to viscous
terms. The reduced set of equations retains symmetry and has the
same solution (for positively weighted variables), but no longer
suffers from large null spaces. As for standard pressure projection, a
single one-dimensional null space remains for completely enclosed
fluid domains without a free surface. As usual, it can be removed
by arbitrarily fixing the pressure of one fluid cell provided that any
right-hand-side components in the null space have been projected
out to ensure compatibility.
ACM Transactions on Graphics, Vol. 36, No. 4, Article 101. Publication date: July 2017.
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Fig. 8. A stream of liquid coiling onto a moving conveyor belt.

6

RESULTS

We implemented our method inside Houdini’s [Side Effects Software
2016] fluid simulator, replacing the pressure and viscosity steps
with our Stokes solver. This let us compare against an industrial
solver with no algorithmic differences beyond our core contribution.
Houdini’s viscosity solver is an implementation of the decoupled
variational approach of Batty and Bridson [2008]. To verify that its
observed lack of coiling is due to the earlier method itself, rather
than an implementation error, we independently reimplemented
the method from scratch; our supplemental video demonstrates that
this code gives results consistent with Houdini’s, and does not coil.
Our code will be made available online as a plugin for Houdini 16.

6.1

Animation Examples

Rope Coiling. Figure 1 shows our method reproducing the liquid
rope coiling instability [Ribe et al. 2012] of a stream of falling honey.
Figure 2 shows a comparison of Houdini’s decoupled approach
against our method, demonstrating that only the latter successfully
produces coiling; it also preserves greater surface detail due to
the proper coupling between pressure and viscous stresses in the
free surface boundary condition. Our video also shows the same
scenario with stronger viscosity, leading to a larger coiling radius,
while the decoupled approach again buckles randomly. Although
our method preserves more surface detail, if physical smoothing is desired we
can add surface tension, while retaining
greater control over the smoothing rate
than is possible with the decoupled approach. We demonstrate this with a coiling molasses example with stronger surface tension (inset figure). Figure 8 shows
a stream of viscous liquid coiling as it is
poured onto a moving conveyor belt.
Piling Armadillos. In Figure 3 we have dropped nine copies of
the Stanford armadillo with random orientations into a pile. While
the coarse-scale behavior is similar between the decoupled and
Stokes approaches, the surface in the former case “relaxes" very
quickly, while the our method again preserves much more surface
detail due to the accurate free surface conditions.
Colliding Characters. Our unified solve ensures that the velocities remain on the manifold of incompressible vector fields at
ACM Transactions on Graphics, Vol. 36, No. 4, Article 101. Publication date: July 2017.

the same time as viscous forces are integrated. This allows energy
to be transferred more accurately among translation, rotation, and
deformation modes of liquid bodies. By contrast, a decoupled solve
causes more energy to be projected away whenever the viscous solve
produces intermediate velocity fields with large divergence. This
often manifests as stiffer viscous deformation or lost momentum. To
demonstrate, we collide two viscous characters and observe that the
resulting rate of rotation is faster with Stokes (Figure 9). From an
aesthetic perspective, the Stokes simulator tends to produce slightly
more lively (i.e., less stiff) simulations than a decoupled solver for
the same parameter settings.
Ball Through Goop. We demonstrate
our support for moving boundaries with
a solid sphere passing up through a rectangular volume of viscous orange goo. As
the inset figure shows, the no-slip condition causes the sphere to drag a stream
of the liquid up into the air with it.
Collapsing Liquid Squab. To show
that our method is effective in more general surface tension-dominated scenarios, we apply it to Houdini’s
Squab character model in zero gravity (Figure 5). Its various limbs
quickly pull inwards as it seeks to reduce surface area.
Variable Viscosity Block. Figure 7 illustrates spatially varying
viscosity by reproducing an example of Batty and Bridson [2008].
We drop a block of liquid with viscosity varying along its length,
causing it to splash at one end and warp slightly at the other.
Caramel on Wafer. To demonstrate that we also still retain
support for the smooth buckling effects exhibited by the decoupled
method, we animate a layer of caramel folding onto a chocolate bar
wafer in Figure 11. We approximate cooling by increasing viscosity
gradually over time along the bar.

6.2

Convergence Studies

We have verified that our solver computes exact solutions, up to
numerical precision, for time-dependent Stokes problems with linear
solutions on irregular (i.e., non-grid-aligned) domains. This includes
the case of hydrostatic fluid with solid (and possibly free surface)
boundaries, as well as rigid translations and rotations of liquid
bodies with pure free surface boundaries.
To further validate the accuracy of our method we performed a
refinement study on a pair of more difficult problems (one with free
surface, one with solid boundary) in two dimensions, comparing
against their analytical solutions. Both involve curved non-gridaligned boundaries, and we consider a single time step. A log-log
plot of the L ∞ velocity error against the grid resolution is shown in
Figure 10, indicating first order convergence in space for velocity.
Further details are provided in the supplemental material.
We emphasize that while authors in graphics often refer to the
ghost fluid method for free surfaces [Enright et al. 2003] and cutcell scheme for solids [Ng et al. 2009] as second order accurate, this
refers to the pressure variable; the velocity variable is only first order
accurate, which matches our results. Moreover, the crucial issue
for visual purposes is that the surface be free of grid-dependent
stairstep artifacts; this is clearly the case for our results.
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Fig. 9. Collision of a bunny and armadillo in zero gravity. Top row: Our Stokes method in blue. Bottom row: The decoupled viscosity scheme in orange. Starting
with identical initial configurations (a) for Stokes and (h) for decoupled viscosity, the highly viscous armadillo and bunny collide and begin rotating through
frames 60, 168, 276, 384, 492, and 600 from left to right in figures (b)-(g) for Stokes and (i)-(n) for the decoupled scheme. Our method (blue) better conserves
angular momentum of the bunny-armadillo system, leading to faster rotation.
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Fig. 10. Log-log error plots showing first order convergence for a single step
time for a pair of 2D unsteady Stokes problems.
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Coiling at 25 viscosity
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Example Name

Velocity,

Computational Cost

To solve the Stokes systems, we used the parallelized Jacobi-preconditioned conjugate gradient solver used by Houdini for (decoupled)
viscosity. Houdini’s pressure solver is more highly optimized (e.g.,
exploiting the 7-point stencil, etc.), giving it a further advantage
over our Stokes prototype. Exploring tailored numerical acceleration strategies (multigrid, preconditioning, etc.) would be a useful
future direction. Our examples ranged from 4 to 58 seconds/frame
on a machine with a 6 core CPU at 3.4GHz, 32GB of RAM and an
NVIDIA Quadro K5000 (4GB) graphics card. We list detailed timing
statistics, physical parameters, and machine data for each of our
simulations in a supplemental document. Generally, we found that
a full Stokes-based simulation approximately ranged between 1.6×
and 3.4× the cost for Houdini’s decoupled approach, depending on
the scenario. This is not surprising, given the larger linear system
size. We discuss this cost vs. quality tradeoff below.
In Tables 1 and 2 we show a brief performance comparison between our Stokes-based fluid simulator and the decoupled fluid
solver implemented in Houdini. The purpose of these comparisons
is to illustrate precisely the overhead cost of employing the Stokesbased simulator in a production setting. The compared simulations
contain the same number of timesteps per frame.

Method Comparisons

Method
Stokes
Decoupled
Stokes
Decoupled
Stokes
Decoupled
Stokes
Decoupled
Stokes
Decoupled

Time

Seconds
Frame

01:30:43
00:22:30
03:50:11
02:21:15
08:52:38
02:11:05
00:25:56
00:08:13
02:47:18
00:34:43

9
2
23
14
44
11
3
1
17
3

Stokes
Decoupled

4.03
1.63
4.06
3.16
4.82

Table 1. Timing results (hh:mm:ss), over the length of entire corresponding simulations, comparing the total time of all Stokes solve steps with
the total time for all pressure projection and viscosity solve steps in the
decoupled case. This compares only the costs for pressure and viscosity
computations, excluding all other fluid simulator components (advection,
extrapolation, etc.). Each animation is 600 frames, except for Piling Armadillos, which is 720 frames long.

7

DISCUSSION AND CONCLUSIONS

We have presented a variational Stokes solver enabling grid-based
fluid simulators to reproduce compelling viscous liquid motions with
higher visual and physical fidelity than demonstrated previously,
while retaining support for features such as moving boundaries,
surface tension, and spatially varying viscosity.
Our method’s advantages come at the cost of a larger linear system solve at each step compared to decoupled variational viscosity,
which is in turn more expensive than per-component Laplacian
viscosity. We therefore make the following practical recommendations. For scenarios where viscosity does not vary spatially, and
either there is no free surface (e.g., smoke simulation) or realistic
rotation/shearing is deemed irrelevant, the Laplacian form is ideal
[Carlson et al. 2002]. If buckling or spatially varying viscosity are
required and excess smoothing is tolerable, decoupled variational
viscosity should be used [Batty and Bridson 2008]. Finally, if one
further desires realistic coiling effects, sharper surface details, or
greater physical fidelity, our Stokes-based method should be preferred.
ACM Transactions on Graphics, Vol. 36, No. 4, Article 101. Publication date: July 2017.
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Example Name
Coiling at 25 viscosity
Coiling at 100 viscosity
Piling Armadillos
Colliding Characters
Method Comparisons
Method Comparisons
(timesteps 4.5× smaller)

Method

Time

Seconds
Frame

Stokes
Decoupled
Stokes
Decoupled
Stokes
Decoupled
Stokes
Decoupled
Stokes
Decoupled

01:48:37
00:35:50
04:13:56
02:42:54
11:38:50
04:40:13
00:39:58
00:22:09
03:39:28
01:04:20

11
4
25
16
58
23
4
2
22
6

Decoupled

03:53:43

23

Stokes
Decoupled

3.03
1.56
2.49
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