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1 MOTIVATION: CONTINUITY OF ¢’

PROPOSITION A: Let x be the query point and let a?sl (x), cst (x),---, cfsn (x) be the sorted LSE distance
function defined in Section 4.2. Assume the user-defined potential 1(x) and cp(x) are at least C?
differentiable. If dy(x) = min{dj, (x), do}, then

Multiplicative Ramping: ¢/’ (x) = a(x)/(x) + (1 — a(x))yy(x), (1)
and
Additive Ramping: )/ (x) = /(x) + (Y4(x) = ¥(cp(x)))(1 - a(x)) )
are both continuous, where
El (x) 1 %fr >1
a(x) = ramp(m), and ramp(r) ={2r-2r¥+3r° if-1<r<1.

-1 ifr<-1

Proor. We first make the following five observations:
Observation 1: Directly following their definitions, we know ramp(r) € C! and

it di(x) exp(=bd(x)) _ Nl ds, (x) exp(=bds, (%) _
2izy exp(—bd;(x)) 2izy exp(=bdy, (x))
Observation 2: For all x located on the equidistant curve of the closest two obstacles (i.e., when
d(x) = d;, (x) = ds,(x)), we have 1 — a(x) = 0.
Proof of observation 2: Since ds, (x) < d;,(x), there are only three possible cases regarding the order

dix) <d (x) =

of cfsl (x), cisZ (x) and dy. We analyze them one by one.
N N n —1
Case 1: If dy < d,, (x) < d,, (x), then dy(x) = min{d,, (x),do} = dp and T2 > 4X) > 1.
Case 2: If dy, (x) < dy < d, (x), then dy(x) = min{d, (x),do} = do. When dj, (x) = ds, (x), we must

—1
3 3 d d d
have ds, (x) = dy = ds, (x). So, dog; > c(if) = ﬁ >1

Case 3: If dg, (x) < ds,(x) < do, then dy(x) = min{ds, (x),do} = ds,(x). When ds, (x) = ds, (x), we
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@) o dx) _

have G 2 G0 " b

- R R
Notice that, in all three cases, we showed that ZO g; > 1 when ds, (x) = ds, (x). So,
d )
x
a(x) =ramp|——=| =1 = 1—-a(x) =0.
(x) p( i (x)) (x)
[m]
Observation 3: Eq. 1 and 2 are both of the general form
Y () = ¢ () + (Y (x) — ¥ (m(x))) (1 - a(x)). ®3)

We can rewrite Eq. 1 as

Y (x) = a(x)P(x) + (1 - a(x)y(x) = Y (x) + (Yg(x) - ¥ (x)) (1 - a(x)),

where m(x) = x. It is clear that m(x) = cp(x) for Eq. 2.

Observation 4: a?sZ (x) is a strictly positive C° function. It is not differentiable over D wherever the
second closest object to x changes. It is strictly positive since x is in the exterior of all objects.
Therefore, dy(x) is a strictly positive C° function.

Observation 5: The user defined potential evaluated at the geometric center of the closest object
tox,ie., ¢, (x), is a Heaviside step function. It is discontinuous wherever the closest object to x
changes. That is, all discontinuities of 1/;(x) locate on the equidistant curve between the closest
and second closest object to x, where cjsl (x) = ciSZ (x). Moreover, as all the objects are defined in a
finite and bounded domain 9, then yy is bounded. Therefore, 3M > 0 such that |y/,| < M.

Under the assumption that /(x), m(x) € C', and relying on the preceding Observations, it suffices
to show that Eq. 3 is continuous at all x that satisfy cfsl (x) = cfSZ (x).

Take arbitrary € > 0. Set ¢y = %6. Let xp be any query point such that d;l (x0) = d;z (x0).

Since 1/(x) € C!, then Ve, > 0,38; > 0 such that

Ix —xo| <61 = [¢(x) - ¥(x0)] < €. (4)
-1 -1
By Observation 1and Observation 4, we know that ZO g; is continuous, and so is ramp( (;o E;; ). By

-1
construction, a(x) = ramp(zo g; ), and 1 — a(x) are both continuous. Then V;—j} > 0,35, > 0 such

that

w0l <8 = (1-a0) - (1=t | = |1-a(@) < 2. )
| —

by Observation 2

By assumption, as 1/(x), m(x) € C, then /(m(x))(1 — a(x)) € C!. Then Ve, > 0, 35, > 0 such that

0
I —x0] < 8 = [Y(m(x))(1 - a(x)) - Y(m(x)) (1=e(X)) |
N—————
by Observation 2

= ¥ (m(x))(1 - a(x))| < €. (6)
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Take § = min{d;, 8, 5}, and assume |x — xp| < &, then

Y (x) =¥/ (x0)]
0
= [ (x) + (Y (x) = P(m(x)) (1 - a(x)) = Y(x0) = (Y4 (x0) — Y(m(x0))) (1=er(5)) |
<

by Observation 2

= |Y(x) + (g (x) — ¥ (m(x))) (1 = a(x)) = Y (xo)]

< P (x) = Y(xo) | + Y ()1 — a(x)] + [ (m(x)) (1 - a(x)]

<€+ M;—; + € by Eq. 4, 5, 6, and Observation 5

=3¢y = €.
Therefore, we showed that any ¢/’ (x) having the form of Eq. 3 is continuous. Hence, by Observation
3, Eq. 1 and 2 are both continuous given that 1/(x), m(x) € C!. O
2 ALGORITHM 1: DIFFERENTIABILITY OF ¢’

PROPOSITION B: Let x be the query point and let dsl (x), cst (x), -, oisn (x) be the sorted LSE distance
functions defined in Section 4.2. Assume the user-defined potential /(x) and cp(x) are at least C?
differentiable. If dy(x) is approximated using the C! construction in Algorithm 1, then

Eq. 1+ ¢/(x) = a(x)y(x) + (1 - a(x))y(x), and
Eq.2: ¢/(x) =Y (x) + (Y (x) - ¥ (cp(x))) (1 - a(x))

are both continuously differentiable, where

El( ) 1 ifr>1
a(x) = ramp ¢'x) , and ramp(r)={8Br-L3 435 f1<r<1.
(%) 81 8 8 o
_ ifr < —

Proor. Notice that Observations 1, 3, 5 in PRoPosITION A directly hold true under this setup, and
Observation 4 is also true when a is large enough. Following ProrPosiTION A and based on the fact
that dy(x) is now C!, we know that ¢/’ (x) can be continuous but not differentiable only when the
closest object to x changes. For all other query points, §’(x) is C' since y4(x) does not touch the
discontinuity and thus all components are C'. So, we only need to prove

Y (x) = ¢(x) + (Y (x) — ¥ (m(x)))(1 - a(x)),
is continuously differentiable, where we further assume m(x) is at least C 1 Therefore, it suffices to

show that both M/(X) and L;x) are continuous for all x such that Czsl (x) = a?sz (x). In this proof,

we will show that al// (x) is continuous; the proof for differentiating y is similar.

Now, we want to show Observation 2 in PROPOSITION A is still true when dj(x) is calculated using

Algorithm 1.

Observation 2: For all x located on the equidistant curve of the closest two obstacles, (i.e., when

d(x) = ds, (x) = ds, (x)), we have 1 — a(x) = 0 and 2% (x) = 2% (x) = 0.

Proof of observation 2: From Section 4.2.1, we know that our dlfferentlable dy(x) underestimates
ds, (x) and overestimates d (x) = ds1 (x). Since ds1 (x) < ds2 (x), there are still three possible cases

regarding the ordering of d;, (x), dSZ (x) and dy. We analyze them one by one.

Case 1: dy < ds, (x) < ds,(x). When dy, (x) = ds, (x), we have dy < ds, (x) = dy, (x). No matter which

one of d*(x) or dy is smaller, we will always have d (x) = do(x) since d (x) 2d(x) = cfsl (x) =

a?sZ (x) > d? (x) > do(x), and dy > dy(x) (LSE approximation of min{-} is an underestimator).

3
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—1
d (x)
Therefore FNED) > 1.

Case 2: azsl (x) <dy < 6232 (x). When aisl (x) = cst (x), we must have cfsl (x)=dy = 6232 (x). It follows
— N N - =1

that d (x) > d(x) = dy, (x) = dy = d, (x) > d*(x) > dy(x), which implies £ > 1.

Case 3: dsl (x) < JSZ (x) < dy. When cfsl (x) = cst (x) we have Cisl (x) = JSZ (x) < dy. Then d (x) >

d(x) = dy, (x) = d,(x) > d*(x) > dy(x). Hence 4 (x) > 1.

> do(x)
Notice that in all three cases, we showed that Z Ex) > 1, given that clsl (x) = dsZ (x). So,
d @)
x
a(x) = ram =1 = 1-a(x)=0, and 7
() =ramp( 75 ® )
—1 —1
[d (x) d (x) da  da
Va(x) = v =0 ) 8
a(x) = ramp (do(x)) (do(x) — o9x oy ®
| ——
=0
O

We make one last observation based on the discussion in Section 4.2.1.

Observation 6:Vx € D, Vij;(x)(1 - a(x)) = 0.

Proof of Observation 6: In Section 4.2.1, we mentioned that the first order partial derivatives of
¥4(x) are linear combinations of Dirac delta functions, where the nonzero values occur for x on
the equidistant curves between the two closest objects to x. So, if x is not on any equidistant curve
causing a change of the closest object, then Vi, (x) = 0. Otherwise, as we proved in Observation 2
that (1 — a(x)) = 0. Therefore, we will always have Vi/,(x)(1 — a(x)) = 0. O
Let xp be any query point such that ds1 (x0) = dsZ (x0).

Here, based on the general form (Eq. 3), we write down the partial derivative of ¢’ (x) with respect
to x.

W= 3w (S04 D) - e - o)+ pme) J2 @) )
When x = xp, then Eq. 9 is

2 ) = 520 + G200+ B 1 ) = () + mo) 5 0
= a—f(xo) By Observation 2,1 — a(xp) = 0 and Z—Z(xo) =0. (10)

Take arbitrary € > 0. Set ¢y = %6.
Since 1/(x) € C?, then Ve, > 0,38; > 0 such that
oY oy

[x —x0| <61 = |7=(x) — —(x0)| < €. (11)
ax ax

Since a(x) € C!, then VSA—/“I > 0, 35; > 0, where M is the upper bound of i/, (x) in Observation 5,

such that
0
a ) _ o
x 0 HE
————

by Observation 2

X —Xo| < 5, =

(12)

4
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By assumption, as 1/(x), m(x) € C!, then — a(x)) is continuous. Then Ve, > 0, 353 > 0

such that

Ay (m(x))
ax (1

|x —X'0| <d = ‘W(l _ a(x)) _ aw(;n;_x())) Wf

by Observation 2

(1-a(x))

_ ’_9‘“;";"” < (13)

For a similar reason, xp(m(x)) < (x) is also continuous. So, Vey > 0, 364 > 0 such that

=l <8 = [p(m() 3% ) - ymiso) % |
——

by Observation 2

da
- ‘¢<m<x>>a—(x) <& (19
x
Take § = min{8;, 8, 53, 4}, and assume |x — xp| < J, then
2 - 2
2 al// (x) Y (m(x)) da 9
|5+ ( 05 ZED ) 1 - ) - o) + Ym0 S 30~ 5%
x ax ax
Sub in Eq. 9 and Eq. 10
9 d Yy(x) Iy (m(x
<[00 - 2|+ |22 oo L 1 e
X ax ox
by Observation 6
a
(Vg ) + Y (m(x)) 35 ()
¢ 9 ‘ﬁ 9y (m(x)) da da
0 = SE )| | T (1= )|+ Wy 0| 5 (0)| + [ (mx0) 5 ()
<e€+e+ MM +¢ ByEq. 11,12, 13, 14 and Observation 5
=4¢) = €.
Hence, we showed that a_w’ is continuous even when the closest object to x changes. A similar
conclusion can be drawn for . Therefore, we know that /' (x) € C! for all x such that ds1 (x) =

ds2 (x). As for all other query pomts, ¥/’ (x) is already C', we conclude that ¢/ (x) € C!,Vx € D.

3 EXTEND TO 3D: A RAY MARCHING ALGORITHM
Craim: Take arbitrary i € [n]. Consider the ith object, O;, defined in the domain of interest . Let
F; be the set of primitives composing O;. If > ;"’ =0,V¢ € F;, then Vd(x) € C.

Proor. We need Vd(x) to be differentiable if we want the updating step of the Ray Marching
algonthm to be differentiable. However, the design of weight function by ? only guarantees
vd; (x) € C° and thus Vd(x) € C° (by the construction of our Equation 7 in the paper). Hence, the
key step is to design a continuously differentiable Vd (x). To make sure Vd (x) € C!, we need to

5
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confine the second order behaviour of w,(x). We first reiterate the expression for vd; (x) in our
notation (Equation 4 in ?):

2 fer, we(x) exp(—ad;)Vd; — % exp(—ad;)Vw,(x)
2 fer, we(x) exp(—ady) :

Following the nature of the SC Exterior Mapping, we are only querying the points in the domain D
that is also in the exterior of the objects. Then, Vd; € C' holds for all such query points. Therefore,

Vd;(x) =

taking a closer look at the expression for ch,- (x), we realized that each component of Vcii (x) is
already C?, except for Vwg(x). Let us write down V?w,(x) explicitly:

0 (O AP OW
V2wp(x) = — 9me dge dwe
dx\ ox omy 8¢g
_ d (971'[ a¢[aW[+ d 8¢[ aﬂ[aW[+ a aW[ aﬂ'[a¢[
Cox\ox)om a¢g, ox\om)ox ap, ox\od, | ox om
0 ([Owp\dmp O ow,
S A ﬂﬂ (since—[=0by?)
ox 8¢g ox dmy 5(/’)[
Pwomag\
S a¢r \ox oam)

2
Set aa;:( = 0 so that the continuity of V2w, is not spoiled by the discontinuity of %. Tracing back,

we have Vcil- (x) € C! and eventually Vd(x) € C! as desired.
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