CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Recall

Voronoi diagram

Given points P={p,, . . ., p,} in the plane, the Voronoi region of p; is

V(pi) = {z € R? : d(z,p;) < d(z,p;)Vj # i}

p; is called a site.

The Voronoi diagram V(P)
consists of all the Voronoi regions

Delaunay edges

\\\
S

Voronoi vertex

Given points P = {p1, .5 Pp } in the plane, the Delaunay triangulation D(P) is
a graph with vertices Py - P, and edge (pl-, pj) iff V(p,- ) and V(pj) share an edge.

D(P) is the planar dual of V(P)

CS763-Lecturel1

1 of 20



CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Recall Delaunay triangulation
and empty circle property: (p,q) is an edge of the
Delaunay triangulation iff there is an empty circle

through p and q.

An algorithmically more useful characterization:

Lemma. A triangulation is Delaunay iff every edge e=(p,q) is legal.

Definition. edge e=(p,q) is legal if either:
- e is on the convex hull or
C S - e is interior with triangles pgr and pgs, and
ris not in Circle(pqgs)

C.'Eﬂ) f_? Légd Note: r in Circle(p,q,s) iff s in Circle(p,q,r)

Note that this is a condition about ALL edges, not a single edge:
edge e is Delaunay (3 an empty circle through its endpoints) = e is legal
&
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo
Ingredients to prove the lemma.
There is one degree of freedom

for circles through p and q.

Thales Theorem. For pq a chord of a circle, angle psq is constant for s on an arc
of the circle. For s inside, the angle is bigger. For s outside the angle is smaller.

Ac-w(lj, we

emly need His
later en

Cnot o S
lemma, )

é}_
#-90°

7
Actually, Thales considered pq to
be a diameter. The generalization
is in Euclid.

W https://en.wikipedia.org/wiki/Inscribed_angle#Theorem
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Lemma. A triangulation is Delaunay iff every edge e=(p,q) is legal.

Proof. 091,\‘(7\&170'3:4\‘

awg s NoT Delaunay W T o lllegal 2ge
.‘( l A,Q KQS ng amx C[PCLQ_
etk A

7%0/1/\ 4 ’b\taﬂ% iS W%E’{f@ 2 (p,q) is legal
w Clede ( )

Cﬁ,ooﬁe/ P4 aj\lx/ o MaxIWI 2L 4?7Ci

L@trb@%%@%o?%b@%g—v\ o&ﬁmﬁcd&m {_6

T in Cirde (P9%) Haon G 1) 6 ilegal,

Nele s not in X P47, Suppese = owlside edge rp

(rsiden pqr and peoint .
2 £ CW\Q(E/C‘Pﬁ_"_)
A Ly e > Lpaq . CovitiadisKon o chalce of P4,% avwd. < .

2Whore Aid we use Thales. — we didn't] +6augf e 4f s Fhreigl
$om [CGAAY.  We will use Thales later.
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

What to do with an illegal edge (p,q)
Edge Flip

Y Y

>

remove pg, add rs

T T

Claim: (r,s) is a legal edge.

MQ/ Cf«l‘Ogé/ CFT/$7 o Cfroe@CF\FS>
b shninks ava 9 Leaves the cicde
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Flipping illegal edges makes global improvements in a triangulation:
the Angle Vector.

For any triangulation T of a set of points, the angle vector A(T) is the list of angles
of the triangles sorted min to max.

example
<& A(T) = (45, 45, 60, 60, 60, 90)
.

The angle vector always has length 3t where t is the number of triangles.

We compare two angle vectors lexicographically (dictionary ordering)

example
A(T’) = (45, 45, 50, 50, 80, 90)
T k A

A(T) = (45, 45, 60, 60, 60, 90)

so A(T) > A(T)
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Lemma. Flipping an illegal edge increases the angle vector lexicographically.
Proof. _@u.}, (p, 7_) +o Gr, 3.
ba—?ore, -PLL'P: Q,AJK)Q) B+C,—p+j CM So-me,@v'\der\>

abber £15p Jt);)f,l})ye) a;K T
c > M uﬁa\g’ﬂ/\af& on Chord po

b>e . o < - - 95

f£ra . 97d

claim: afer Ctp aveny ol IS = in before FICP -
£2a g47d crh bz e
dte > A at+th>a

Nole: oHor ompie loutside po ir/> Awq’éﬁﬂgﬂ
Soonew wun > old mon
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Thus, flipping illegal edges always gets you to the Delaunay triangulation,
and the Delaunay triangulation has the lexicographically maximum angle vector.

Consequences:
Theorem. The Delaunay triangulation maximizes the minimum angle.

Algorithm to find the Delaunay triangulation: find ANY triangulation and then flip
illegal edges until there are none left.

How many flips does this take?

e will prove +HRat no adjg, reappears Wi do,
Llipping rh\%aﬁ 24905,
Thas 4 Hips £ (27 — 4 pessible edges
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Lemma. No edge reappears when we flip illegal edges.

Proof. Recall connection between Delaunay triangulation and convex hull

A,
—— T A/
v Ol Flip illegal edge (a,c) to (d,b).
oA /]
O---7- o
d L e
“

A AT
d inside Circle(abc) —> d, belouws ?[M\@(?{ b 67

A /[; c ;\t Form OLJO“I’V“&M%W TN (R% =
Betore U7 Kave —fop Z_’WM%Q% A &c a/wl a (o
Aflec Flip fave [oltom 2 oS g4 S ed 4

Q@SWW/'/V{— @LC ALS af?émﬁ 7@\%‘@1 abeve CH of h,cusec)r ]Zoudi :
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

[Randomized] Incremental Delaunay triangulation algorithm.

Add points one by one, maintaining the Delaunay triangulation.
To add a new point p:

Find the current triangle ABC containing p.

JoinptoA,B,C

Then flip illegal edges until there are none left.
Issues and details:
1. what if p is outside the current convex hull?
2. how to limit testing for illegal edges

3. how to find the triangle containing p
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[Randomized] Incremental Delaunay triangulation algorithm.
Issues and details.

1. what if p is outside the current convex hull?

._L\/\l“)’\&,@lz;ﬁ/ 19}1’ &MZV\& A_ u{h_j ﬁ&hé@ ’C\M,yg@@g’ T‘i}
ontside all Toi

Condikiom ¢

20O cff\dg@%@%
3 om’jtu\o‘ﬂ ?omh

ko0s o Contain &) ii
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

[Randomized] Incremental Delaunay triangulation algorithm.
Issues and details.

2. how to limit testing for illegal edges after adding point p

Call Test(A,B), Test(B,C), Test(C,A)

where Test(U,V) is a recursive routine
to fix edge UV in triangle UVp

TestUV) — I+ WV i3 %[L@ﬁaf e, WIS inside Cfr&@b(u\/@
WReNE W TS aper mf‘f/\la/vé%a

P evL WV
~ 10(517 AV ?V\/
W - ‘l’QSJG(WV\D 5 Test ('\J\J)\/>
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Changes produced by this Test update:

Some region is retriangulated via a star at p.
All the new edges are incident to p.

Correctness. Why is this limited Test and retriangulation sufficient?

- all the tests and flips we do are correct
- the only issue is that we do not test all the edges to check if they are illegal
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Correctness. Why is this limited Test and retriangulation sufficient?

Claim. Edges not incident to p are legal.

Lemma. Any edge we add (incident to p) is legal. In fact, Delaunay.

"OV*EZSE\A.Q,Q 0/0%63 g AN De( oauhas) bo,ccwsé/

¢ Crde(ABC) was engty
A Z cann Shwinke fo Q/W»V'y ciecle.

Han 2.4.
- adse ekl by Fiep A

Lrivped pecase o in Cieclle C"{\/W>
y V\)T‘; t‘%ﬂ;@z e—wﬁj 6?’&2 m JKane -
S Ghefnk do g2t omphy clinele Hirous(n i
W @ -P\/\) 1S ‘D@fcwnaj .

e <
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

[Randomized] Incremental Delaunay triangulation algorithm.

Analysis of expected run time when points are inserted in random order.
Note: we are still ignoring how to find which triangle contains p (and its runtime).

Lemma. The expected time to insert one point is O(1).

"% Time Speut v £ Tests avd upddes when inserting
= O (4 adxes incideut 4o 7 aller Ry «phates)

= 0O (JLQ/SAQ,@ of (]ZL>
Q. e wait expeted dosree of 7w O(Fp %)
= & ﬁ{%qe@ Q) — &y[CMW\ j»cu;;é\ — SO O(l>

This shows it expockd # ionfles crealed
oven. e cownse. of Yo a(gen it is O,
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[Randomized] Incremental Delaunay triangulation algorithm.

Final issue: How to find the triangle containing p.

The method is easy, the analysis is not.
Note: it is this part of the algorithm that causes the O(n log n) expected behaviour.

The idea is like Kirkpatrick’s Point Location.
Maintain the history of triangles and changes to them. Then “trace” point p, through
the changes.

Two '\m%ibﬁe udfo‘ad?ﬁ 4o Tt &/v\é/@%:

TG =D

’QQMA?O':W%“\‘\Q 3 nend A% @HA‘FOVVV_\—S% Z I\Mﬁs

Keep all RS info.
cem? Expecled size OCn)-

becanse omperted <k Hiangtos s O

D

[ 4
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[Randomized] Incremental Delaunay triangulation algorithm.

Final issue: How to find the triangle containing p.

How to “trace” p:
- initially (with one big triangle) p is in the big triangle
- at each update, the triangle containing p points to 2 or 3 new ones — check which
one contains p

This completes the description of the algorithm.
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Analysis of expected work to trace p,

Can prove it is O(log i). Then total expected work to add all points is

O(Z logi) = O(nlogn)

First idea: charge work of tracing p, to each triangle T in the sequence that contains p,

Better idea: charge work to Delaunay triangles that appear in the sequence.
Can show that the expected work for triangles of D({p;, . . . P, })isO(38/j)

O( ) = O(log )

L

3
3 Harmonic series
j=1

There is a lovely backwards analysis involved. For details, see [CGAA].
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo
What primitive operations are needed for this algorithm?

Given 4 points, A, B, C, D, is D inside Circle(A,B,C)?
Use the mapping from last day
(X, y) => (X, ¥, 2=x*+y?)

Then the test becomes: is D below the plane through A, B, C?

This is a Sidedness test in 3D, and can be decided with a few multiplications,
additions, subtractions.
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CS 763 F20 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Summary
- a randomized incremental algorithm for the Delaunay triangulation
- the idea of flipping illegal edges to get to the Delaunay triangulation

- the Delaunay triangulation maximizes the angle vector

References

- [CGAA] Chapter 9.

- [Zurich notes] Chapter 5.
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