CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

Recall

Voronoi diagram

Given points P={p,, . . ., p,} in the plane, the Voronoi region of p; is

V(pi) = {z € R? : d(z,p;) < d(z,p;)Vj # i}

p; is called a site.

The Voronoi diagram V(P)
consists of all the Voronoi regions

Delaunay edges

\\\
S

Voronoi vertex

Given points P = {p1, .5 Pp } in the plane, the Delaunay triangulation D(P) is
a graph with vertices Py - P, and edge (pl-, pj) iff V(p,- ) and V(pj) share an edge.

D(P) is the planar dual of V(P)
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

Recall

Properties

Voronoi vertices have degree 3 (we assume no 4 points co-circular).
Voronoi cells are convex.

W(p;) is unbounded iff p; is on the convex hull of the sites.
There are < 2n Voronoi vertices and < 3n Voronoi edges.

D(P) -is a triangulation.
- has an edge (p;, pj) iff there is an empty circle through p; p; -
- has a face p; P; Pk iff there is an empty circle through p; P; Pk
(centered at the corresponding Voron0| vertex).

I
Slte 4] Ay

Delaunay edges

Voronoi vertex
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Qutline:
- applications of Voronoi diagrams, Delaunay triangulations
- O(n log n) algorithm for Voronoi diagram

- relationship to convex hull problem
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

Application of Delaunay triangulations: finding all nearest neighbours

Given n points in the plane find, for each point, its nearest neighbour — gives
nearest neighbour graph, a directed graph of out-degree 1.

number of points _]l

nearest neighbors to join _}

new random set _}

usearrowsp

{ Y.. ‘;R S~

17 <
N .
=

N
\’.},r
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Many applications, e.g.

in statistical analysis:
find hierarchical clusters using
nearest neighbour chain algorithm

The Nearest Neighbour Graph, NN(P ),
has vertices P, and a directed edge (u,Vv)
if U’'s nearest neighbour is v.

% https://demonstrations.wolfram.com/NearestNeighborNetworks/
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The Nearest Neighbour Graph, NN(P ), has vertices P, and a directed edge (u,v)
if u’s nearest neighbour is v.

Note: break ties so every vertex has out degree 1, and do it to avoid cycles, e.g.
choose nearest neighbour of min x, maxy. < ¢.9. instead o £

What is the in-degree of a vertex? m we jejf j

clatm: at wost 6

-1 swall oI\ 60°
e % \{‘Q,M,(&Y‘
canngt Have RS ,9/ Kex«gon.
&N\gﬁﬂ<6€)o vw‘h?@%iw@’ ~ wis fﬁ?o%ibﬁex
Claim. NN(P) ¢ D(P)

Suppose. Cpe, Ti )
s a dlredled 009 of \NE)

S @LR e D@D
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

Algorithm to find NN(P)

Fad D(@) m O (vu@gj n) Hme
Thew cheek dl neiqinbouns of cach vodesx a O(n).

>é 2ond o wr away a\( out %R/\QI}I,Q/S%'

Nele: cawm fnd e JDS@%F?OJV\ o0 .
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Can also look at k nearest neighbours — use k-th order Voronoi diagrams (later)

3 nearest neighbours
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Application of Delaunay triangulations: finding min spanning trees (MST)

Given points p,, . . ., p, in the plane, find the Euclidean minimum spanning tree
= tree with vertex set p,, . . ., p,, of minimum total length

= sum of Tuclidean lowsg¥is

There are good algorithms to find the min weight spanning tree in any edge-weighted
graph. But our graph has O(n?) edges.

Lemma. The minimum spanning tree is a subgraph of the Delaunay triangulation.

Then we can run the graph MST algorithm on the Delaunay triangulation to get an
algorithm with total run time O(nlog n).
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Lemma. The minimum spanning tree is a subgraph of the Delaunay triangulation.

Proof. To . Take am 2dge (2,b) of MST
N Trove @) e DR, Trove 3 enrly

( /\\,_ dmﬁ&%f\o%@ 4,b.
O,

\ —
- Ca'v\ﬁ\'okf;l circle C wHhA ab a5 Afame e,
Ts C M’Pﬂ? e o
SwippoSe ?OU\’b 1% (S IND ﬁ
?@w@ve e (a,lo)- Sepanales NS T o
4o subtrees  Ta awd
Sippose wloq Hat P € Ta -
L‘Zrbfl < | L,) bac%ﬁf/%k) = a\fcuvvxe%,
Keplace (a6 by é%l’—)”)“ﬁfi’ R Lo m@ﬁgﬂ
Thee . ColAadl - A _@

.
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo
Other Proximity Graphs: Relative Neighbourhood and Gabriel graphs
Relative Neighbourhood Graph (RNG)

edge (a,b) if this lune is empty,
& b i.e. there is no point closer to both a and b than d(a,b)

circle of hadius d(@,b) conkred at a

Gabriel Graph (GG)

b

edge (a,b) if the circle with diameter ab is empty

can prove:
NN(P) ¢ MST(P) ¢ RNG(P) ¢ GG(P) < D(P)

and all of these can be computed in O(n) time from D(P)  (not obvious)

s OCnlog n) fom MST
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A. Lubiw, U. Waterloo

Other Proximity Graphs: Relative Neighbourhood and Gabriel graphs

- -
- - - - .
- - -
- - - - " = - - -
- -
- -
- - -
- - - - -
- " » -
n- - - -
-
- -
- -
- -
.-u - -
Delaunay Triangulation Gabriel Graph Relative Neighhourhood Graph
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Minimum Spanning Tree

Brendan Colloran
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

Application of Delaunay triangulations: finding largest empty circle

This is a facility location problem.
(Recall that in Lecture 7 we looked at a different facility location problem — to find
the smallest circle enclosing given points.)

Given n points in a convex boundary polygon B, find the largest empty circle with
centerin B

—

e.g. locate a new store location among existing stores, or
locate a nuclear waste dump among cities

Lemma. The center of the largest empty circle is either
- a Voronoi vertex
- the intersection of a Voronoi edge with the boundary of B
- a vertex of B
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Proof idea. i greom cirde

Chm N0 lovﬁerjmw- Yo AN ,&W\,?":\j cf(\(/gé/
wah L Riks =

= ~ ow Aits  23ides Cby moving
centon)

Or we wey get stwk o B
—may be ot Vonewol ao%a . D

— o0 OC" M/ﬂ@% JE-
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

Algorithm for the largest empty circle problem
Input: n points in polygon B with k vertices

- compute Voronoi diagram of the points O (n 1@5 n)
- compute intersection points of Voronoi edges with the polygon ____ O (n 7

- try each possible center p from the above Lemma — — Rouwr waan ‘\Z@{Vd’%‘{? ?

For eacdh P, Fnd closest sie 4. Choose pto mex. d (p, 9).
- Voronoi vertex p O W)+ 0w+ 0Ck)

- intersection point p of Voronoi edge e and polygon

CanFirddesest S O (D)

- polygon vertex p

use ?[M\ar 'Fo‘x{/w+ lo Cakion o +oed closest site
OCQ@j n)

Runtime: O(C n+ ['<>/€Oj V\>
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

Connection between Voronoi diagram / Delaunay triangulation and Convex Hull
Given P1,---,Pn € R? project them up onto parabola  z = 22 + 42

b= (wpayp) — ﬁ — (wpayzhwlzo +y12?)

z‘ l'. |‘ _ ‘| :i. | \ -'.__.-' 'I _“_,‘ 'I
/ | A=~/ / \ =/
: ? /N '5\ . L/ ,.'a
$ 9/ Ry LAV
8 | —— _':'___,-"’ . _‘-'_'_'_,--" I
. > ' »; -
“ 0 » . &7\ A
. | o/ [ |
L . » » v ® ‘ &_ - 1"’ A
- L » * z ~._I\/,-
Projectonto paraboloid. Compute convex huoll. Project hull faces back to plane.

A

Theorem. The lower convex hull of P15« -+ Pn , projected back to the plane, is
the Delaunay triangulation of P1y:.:3Pn

(rsequonce — cam ind DCP) w Ologsn) Hme
using 4 3D CH aforiHhnt -
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

Lower
convex hull

Delaunay
triangulation

N SES

Jonathan Shewchuck

Herbert Edelsbrunner
Figure 1.11. Points a, b, c lie on the dashed circle in the x,x,-plane and d lies inside

that circle. The dotted curve is the intersection of the paraboloid with the plane that
passes through a, b, ¢. It is an ellipse whose projection is the dashed circle.
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

A

Theorem. The lower convex hull of 1317 --+y»Pn | projected back to the plane, is
the Delaunay triangulation of P1s:::3Pn

Proof.

Claim 1. Points in the plane are co-circular iff their projections on the parabola are

co-planar.
aLwo\%&v\ of acirde certen (a.b)

Fadtus v

(@) + (4=b) =" =EY
rearranie. Figure 111, Points a, b, ¢ lic on the dashed e b the xyx,-plane and d lies inside

that circle. The dotted curve is the intersection of the parabolond with the plane that
passes through @, b, &. It is an ellipse whose projection is the dashed circle.

(o Y Z)~20% —2bY+ (oﬁb\g

z
This (s E{M%w of a 7[ca/vw— n 3D,

2
Claim 4. Points outside the circle map to points above the plane; points inside the
circle map to points below the plane.
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

A

Theorem. The lower convex hull of 1317 --+y»Pn | projected back to the plane, is
the Delaunay triangulation of P1s:::3Pn

Proof

¢ forun a Loce of |( OUUC’]L cH D’C

HC]C 4»6\1/\0, (S &ap[awe/ “f&m%/@ ,2 with all ko,
Fofuts 0? ayve
EEA all o Ha

L 4hone & & ciede +hna a,b e Wi
0 Vﬁ% O'(\ ? U\%Me/
N 0 £ D).

5F abe is 4 Tiangle face < ST

s | o
a b

Figure 1.11. Points a, b, ¢ lie on the dashed circle in the x,x;-plane and d lies inside
that circle. The dotted curve is the intersection of the paraboloid with the plane that
passes through a, b, &. It is an ellipse whose projection is the dashed circle.
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

Algorithms to compute Voronoi diagrams / Delaunay triangulations

- we can get either one from the other in O(n) time.

- we can compute the Delaunay triangulation in O(n log n) time using a 3D convex
hull algorithm.

- first O(n log n) algorithm to compute Voronoi diagram was divide and conquer,

Shamos and Hoey, 1975. The merge step is complicated. — —>- p/
F
R
- Steve Fortune, 87, gave a sweepline algorithm for Voronoi diagram /” 5 /o
-
next lecture: ‘(:md o
- randomized incremental algorithm to compute the Delaunay triangulation Vor. bo ~J
between two
Whalves

CS763-Lecture10 19 of 27



CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

Fortune’s sweepline algorithm for Voronoi diagram

L o A o

i
f
i
§
¥

the difficulty with a sweepline
approach:

>

V(p) starts before we reach p

Solution

Find the Voronoi diagram of the points PLUS the half plane below the sweep
line.
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

Find the Voronoi diagram of the points PLUS the half plane below the sweep line.

initial situation final situation
- Ak N ow 20 ]7{? 1% .
J A S Vo o= aCO:;)\jL% a e \ %0 Wf/ hwavre_the
oL sfe Hemdo  — \* [ VO

dfe hbf-plae p OBFam

at 4= i‘lj‘ S lOéé)’L"l?O _
J wﬁfﬂfpw?\z_w Ea\’{%hg/\a_ o)) y=—02 Va4 Y \/

intermediate situation for one point

4

Yhe boumdany

besfwsenm Hie

“fwo reifens
S a

//' s/ v pawdela

!
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CS 763 F20 Lecture 10: Voronoi Diagrams, cont'd A. Lubiw, U. Waterloo

intermediate configuration of Fortune’s algorithm

- Vorenol Qdﬁé‘/)

/‘ beachfronl " of ?MM[C
Sethons

D https://www.youtube.com/watch?v=rvmREoyL2FQ
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update events for Fortune’s algorithm
nole: ene ?awawz,$ech'oﬂ '517( it
[ ]

> |

| .
reacih a neaws T)o‘wct } O\ AT Pam[oea'c— se4 M“W@G

¢ 3:[@ |
o pat rabelic sechon vamisheS, Ourwrentt dist" wush inehde d:/g
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Another way to visualize Fortune’s algorithm

and Fortune’s algorithm
sweeps a plane 1
across those cones

O’Rourke
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Other versions of Voronoi diagrams

- the sites may be more general than points,
e.g. line segments, polygons, etc. .
O S
~
. Yo whet should move
- higher dimensions &\ V&L« diagaam
° obstacles” CGAL

- farthest point Voronoi diagrams AT ‘FJ\”

_ 0@ siles s CH wuadler
oten sites Rave
oty Ven. regions. 2] //

— all o /\%?MS oNe \

WV\LOM/V\M - [l‘] “
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Other versions of Voronoi diagrams

- weighted Voronoi diagrams

- Voronoi diagrams for other distance metrics ) *
Eweli deam Manfatan | . .
o ==
o 0 * .
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Summary
- Voronoi diagram and Delaunay triangulation
- applications to proximity graphs, largest empty circle
- relationship to Convex Hull

- O(n log n ) algorithm

References (same as before)
- [CGAA] Chapters 7, 9
- [Zurich notes] Chapters 5, 7 (they start with Delaunay)
- [O’Rourke] Chapter 5

- [Devadoss-O’Rourke] Chapter 4.
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