CS 763 F22 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

Next: Algorithms for convex hull in 3D and higher dimensions.

Given n points in 3D, find their convex hull, i.e. find the vertices, edges and faces
of the convex hull.

What is the size of the convex hull?

In 3D, n vertices, how many edges and faces?
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3D convex hull. n vertices, how many edges and faces?
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CS 763 F20 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

Recall

The face lattice of a convex polyhedron

CS763-Lecture6 3 of 20
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CS 763 F20 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo
Size of convex hull of n points in d-dimensions

McMullen’s Upper bound Theorem

For a convex polyhedron in d dimensions (d fixed) with n vertices the worst case
number of faces is

O(nl¥/2)

The number of facets has the same bound (we get a 29 constant appearing).

In fact, McMullen gave more exact bounds — the above asymptotic bound is easier

tO ShOW . https://graphics.stanford.edu/courses/cs268-11-spring/notes/upper_bound_theorem.pdf

For d=2,3 bound is O(n).
For d = 4,5 bound is ©(rP)

d = 4 matters! One application of 4D convex hull is to find 3D Delaunay triangulations.
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The bound of ©(nl%?) is realized by a cyclic polytope — the convex hull of n
points on the moment curve

moment curve = {(t,t,...,t%) : t € R}

Place n points on the moment curve. 1 St S-St

Claim. The number of facets of their convex hull is ©(nl%/%)
in 2D in 4D

Can prove:
z
ya

=
i

- every pair tit; gives an edge of the CH,
so #edges is ©(n?)

- every 4-tuple titi+1t5ti11 gives a facet of the CH,
so #facets is ©(n?)

CS763-Lecture6 5 of 20



CS 763 F22 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo
ncremead 2P
AN

{
3D Convex Hull Algorithms QA /1;>
3 P\M

— - -~ ~

Some of the 2D algorithms extend to 3D.

Exercise: Does the incremental algorithm extend? Is it O(n log n)? /

1%”"& by = . N@D%ES@(V?‘) ())e e o e
wonst case - -

Basically the only known O(n log n) 3D convex hull algorithm.
Preparata and Hong 1977.

Divide and Conquer.

- sort points by x coordinate

- divide by orthogonal plane at median x coordinate into two sets of size n/2

- recurse on each side to find convex hulls A and B

- combine A and B into one convex hull
If we combine in O(n)

we get T(n) = 2T(n/2) + O(n)
which yields T(n) = O(n log n)

O’Rourke, Comp. Geom. in C
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CS 763 F22 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

How to combine two disjoint convex hulls in O(n)

we must find the “band” of faces
that cross our dividing plane
and then discard “hidden” faces

1. find an edge ab of the convex hull,
ain A, b in B and a plane through ab
with A and B to one side.

2. pivot the plane through ab
to find a face of the convex hull band

3. repeat until we wrap back to ab

4. remove hidden faces

O’Rourke, Comp. Geom. in C
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CS 763 F22 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo
maybe ascwme no 4 points lie on plrmne

1. find an edge ab of the convex hull,
ain A, b in B and a plane through ab
with A and B to one side.

2. pivot the plane through ab
to find a face of the convex hull band

3. repeat until we wrap back to ab

4. remove hidden faces

Details and Timing

Step 1. Project to 2D and find lower bridge

Step 2.
Lemma. The next point, c, is a neighbour of a or b.

So, find “best” neighbour of a and “best” neighbour of b.

by angle = sidedness dest
Lemma. If the next point, c, is a neighbour of b, then
the next “best” neighbour of a remains the same.

Total time: Sum of all vertex degrees. This is O(n)
because we have a planar graph. \\Z Roger Hernando
e
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CS 763 F22 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

Removing hidden faces can be done in O(n) too.

Note that the cycle of “horizon”
edges need not be simple

\ < :
His ‘horizon'

i5 6 Slnplle (ﬁd&

O’Rourke and Devadoss

Here, Hie horizon
(S woT & simp@ @JQ

]

topology of the horizon
O’Rourke, Comp. Geom. in C
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CS 763 F22

Lecture 6: Convex Hull in 3D and Beyond

A. Lubiw, U. Waterloo

Conventional wisdom was that the divide and conquer algorithm is hard to

implement
e.g. see O’Rourke’s book, “Computational Geometry in C”, 1998.

However, there are now good implementations
e.g. “A Minimalist’s Implementation of the 3-d Divide-and-Conquer Convex Hull

Algorithm”, Timothy Chan, 2003. *

N ole -

CS763-Lecture6

CRAL Kes

A

Appendix: Complete Code

// Timothy Chan  "ch3d.cc"  12/02  3-d lower hull (in C++
// a simple implementation of the O(n log n) divide-and-conquer algorithm

//  input: coordinates of points
_{n-1} y_{n-1} z_{n-1}

//  output: indices of facets
7/ i1 1k 1423 2k2..

/7 ing: ignores degeneracies and robustness
//  space: uses 6n pointers

#include <stream.h>

struct Point {
double x, y, z;
Point *prev, *next;
void act() {
if (prev->next != this) prev->next = next->prev = this; // insert

else { prev->next = next; next->prev = prev; } // delete
i3
const double INF

static Point nil
Point *NIL = &nil;

1e99;
{INF, INF, INF, 0, 0};

inline double turn(Point *p, Po)nt *q, Point *r) { // <0 iff cw
if (p == NIL || q == NIL || IL) return 1.0;
Teturn (q->x-p->x)*( P >7< P=>x)*(q=>yp=>y);

inline double time(Point *p, Po)nt *q, Point *r) { // when turn changes
if (p == NIL || q == NIL || IL) return INF;
return ((g- P->x)*(: p->z) - ( p->x) *(q- p->2)) / turn(p,q,1);
¥

Point *sort(Point P[], int n) { // mergesort
Point *a, *b, *c, head;
if (n==1) { P[O] next = NIL; return P; }

sort(P, n/'
ort(P+n/2, nn/2);

c->next = aj a = a->next; }
b; b = b->next; }

return head.next;

void hull(Point *list, int n, Point **A, Point **B) { // the algorithm

Point *u, *v, *mid;
double t[6], oldt, newt;
int i, j, k, 1, minl;

https://cs.uwaterloo.ca/~tmchan/ch3d/ch3d.pdf

if (n == 1) { A[0] = list->prev = list->next = NIL; return; }

for (u = list, i = 0; i < n/2-1; u = u->next, i++)

id = v = u->next;
hull(list, n/2, B,

/ recurse on left and right sides

N/
hull(mid, n-n/2, E+n/2*2 A+n/2%2) ;

for (; ;) // find initial bridge

if (turn(u, v, v->next)

0) v = v->next;

else if (turn(u->prev, u, v) < 0) u = u->prev

else break;

// merge by vracking bridge us over tine
r (i

n/2%2

, oldt = -INF; ; oldt = newt) {
t)me(E[l] >prev, B[i], E[1] >next) ;
time(B[j]->prev, B[j], B[j]->next)

time(u, u->next, v);

time(u->prev, u, v);

time(u, v->prev, v);

time(u, v, v—)next)

for (newt = INF, 1 = 0; 1 < 6; 1++)

if (¢[1] > oldt o t[1] < news) { minl = 1; newt = t[11; }
if (newt == INF) break;

su)tch (minl) {

cas if (B[i]->x < u->x) Alk++] =
et ir @B[1->x > v->x) Alk++] = B[j]; Blj*++]->actO
u->next; bre

u = u->prev; break;

case 2: Alk++] = u =
case 3: Alk++] = u;

case 4: Alk++] = v = v->prev; break

case 5: Afk++] = v;
}

}
A[k] = NIL;

u->next

for (k--; k >
if (ALK]->x <= u->x || Alkl->x >= v->x) {
Alk]->act ()
if (A[k] == u) u = u->prev; else if (A[k] == v) v = v->next;
}
else

v; v->prev = u;

{
u->next = A[k]; A[k]->prev = u; v->prev = A[k];

= v->next; break;

B[i]; B[i++]->act();

break;
break;

// now go back in time to update pointers

if (A[k]->x < mid->x) u = A[K]; else v =

main() {

int n, i;
cin >> n;

Point *P = new Point[n];
i < n; i++) { cin >> P[il.x; cin >> P[i].y; cin >> P[i].z; }

for (i

Point *list = sort(P, n);

// input

Point +#A = new Point *[2+n], *+B = new Point x[2+n];

hull(list, n, A, B);

for (i = 0; A[i] != NIL; A[i++]->act()) // output

cout << A[i]->prev-P <<
delete A; delete B; delete P;
b

implomentations ($ee counse

A[k]->next

v;

< A[i]-P << " " << A[i]l->next-P << "\n";

weh page)
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CS 763 F22 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

The Gift-wrapping algorithm extends to 3D, O(nh), h = # faces of the convex hull.

Use the same kind of “wrapping” we just saw for divide and conquer.

Timothy Chan’s O(n log h) algorithm extends to 3D.

Recall it needs an O(n log n) algorithm (the divide and conquer algorithm)
plus an O(nh) algorithm (the gift-wrapping algorithm).

The step of finding the “extreme” point in each of the smaller convex hulls needs
more detail.

Pr-1 Subhash Suri

CS763-Lecture6 11 of 20



CS 763 F20 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

[Randomized] Incremental Convex Hull Algorithm
We will describe the algorithm for 3D though it does extend to general dimensions.

Assume no 4 points lie on a plane (this means that all faces will be triangles).
See [CGAA] book for details on more general case.

Idea: Add the points one by one in random order.

horizon
edge

[CGAA]

Goal: Give details and prove expected runtime is O(nlog n).

CS763-Lecture6 12 of 20



CS 763 F20 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

Idea: Add the points one by one in random order.

horizon
edge

[CGAA]

Imagine the new point p; as a light source.

Some faces are lit — we remove those.
Some faces are dark — we keep those.

A horizon edge is incident to one lit face and one dark face.
New faces join p; to horizon edges.

Note that p; is not in the plane of a face of H,_, by our general position assumption.

CS763-Lecture6 13 of 20



CS 763 F22 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

Algorithm

1. take a random order of the points p, ... p,

2. form a tetrahedron H, on p, p, p; p,

3.fori=5..n

4. if p; is inside H; , do nothing else

5. locate a face F lit by p;

6. find and delete all faces lit by p;

7. for each horizon edge, make a new face to p;

Straight-forward implementation and analysis:

WLk ASe gingg 4 -7 ke O (n)

bl 1S D (n?) : and we saw exawple
Hiat glres B (02D i wonst

laseo -
Ex: Find an example (with bad ordering of points) where the algorithm takes ©(n? ) ®

CS763-Lecture6 14 of 20
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CS 763 F22 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo
Theorem. For points in random order the expected run time is O(nlog n).

3 =5..

4. if p; is inside H,_; do nothing else

5. locate a face F lit by p;

6 find and delete all faces lit by p;

7 for each horizon edge, make a new face to p;

Deal separately with lines 6 - 7 and lines 4 - 5.

Lines 6 -7

¢ fid al Lt faces uuéwg_DFS Cdeptty first seandh)

(50 o F
Hres O(dt Ot Haces)

o e js Meleled ab ot ence, GO werle,
cporf on Hnding x del H\ ﬁ# Licols
(f/v\ be aWeﬁ\VbO“hD Cost mC GV IANARNIN fdges
= 4 Laces added m Henatiew
M&Q el (odeps 677) 15 = Ag
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CS 763 F22 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

Lemma. [Clarkson, Shor 1989] In 3D, if points are added in random order then the
expected value of A; is O(1). A, =# faces added in iteration /.

brogr - 2Teled vrlie of ZAL = O()
Backn ards f\‘ﬂ&%%%'
Cvslden, Hi = CH (TP Ti§)
/_[:I;Wg /A\l: = Aéﬁv\aé_ @f ?1,
¥ P is 2qualy bikely ~to be @ny verJex of
Co we neod avengge Aﬁg/\@p/ of ventces of H;

4, Ras plarman froph (verkices % ed5e% 5
__@‘ Avenage w%%%@@m?@mm%m%;s A

pf. Gu case You dewt know)

Sumn of de =115 [ 2=
e = g(\r?g frem FALL L onS Hide Ellor

, + Aot At faces Dot
vy dagoe < £2 - ¢
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CS 763 F22 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

Theorem. For points in random order the expected run time is O(nlog n).

fori=5..n
if p; is inside H,_; do nothing else
locate a face F lit by p;
find and delete all faces lit by p;
for each horizon edge, make a new face to p;

N o R

Deal separately with lines 6 - 7 and lines 4 - 5.

Lines 6 - 7: expected run time (over whole algorithm) is O(n)

Lines 4 - 5: We must maintain some kind of search structure to get O(n log n) total.
Various approaches:
- Clarkson, Shor 1989 — conflict graph

- Seidel 1991 — it’s linear programming and for d > 3, this gives a good
solution but for d = 3 we get back to O(n?)
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CS 763 F22 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

Test if point p; is inside/outside H, _, (and if outside, find a lit face F)

Maintain conflict graph

conflict = aface fof H,_,is lit by an unprocessed point p

Store conflicts as a bipartite graph

0
//'-'E
/

LinproC &9360@ ?@ N\tg

HL"‘ {[71,‘“'?!/\_

Test if point p; is inside/outside H, , (and if outside, find a lit face F )

0(‘7% p; inslde = i Ra5 no 2dges iu cmArF [icT grap
¥

oS de — C@'VL‘FLCT s fncident o P
] b c\fjsgz o AR L% fice T

What’s left:
- how to update the conflict graph

- expected case analysis \ ‘F HIS
s is Mﬁw\@% W KA’W&/\S 18 of 20

CS763-Lecture6


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


CS 763 F20 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

Randomized Incremental Convex Hull Algorithm
- expected run time O(nlog n) in 3D
- expected run time for d>=4is  O(nl¥%)

and we can use linear programming instead of the conflict graph

Recall: size of convex hull (facets or whole face lattice) is @(ntd/ 2J)

Combining lower bound for d = 2 and lower bound due to output size, we get

lower bound of
Q(nlogn + nl¥2)  for d constant

So randomized incremental algorithm is optimal (it achieves the lower worst
case bound).

Is there a deterministic (non-randomized) algorithm?

Yes. Chazelle 93 by derandomizing the above algorithm (choose an order of
points that has the good properties of a random order). WE o m_]_e OL I\

Output sensitive? Lower bound is ©(h + nlog h).
Chan got O(nlog h) for d =2,3. Seidel '86 achieved O(n*2 + h log h) for fixed d.
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CS 763 F22 Lecture 6: Convex Hull in 3D and Beyond A. Lubiw, U. Waterloo

Summary
- divide and conquer 3D convex hull algorithm
- randomized incremental convex hull algorithm
O(nlog n) in 3D; optimalO(nW2J ) in dimension d
References
- [CGAA] Chapter 11

- [O’Rourke] Chapter 4
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