CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

Recall

Given points in d-dimensional space, find a good “container” = convex polytope.
Many applications, e.g. collision detection, pattern recognition, motion planning . . .

In 2D, imagine putting a
rubber band around the points In 3D, wrap with shrink-wrap

Newton Collision Convex Hull

https://brilliant.org/wiki/convex-hull/

More formally:
In 2D, the convex hull of a set of points S is a convex polygon P with vertices in S

such that every point of S lies inside.
(definition in 3D and higher later on)
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

Recall

Three O(n log n) time algorithms to find the Convex Hull of n points in 2D
- incremental
- Graham’s algorithm
- divide and conquer

Lower bound of Omega(n log n)
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

Output sensitive algorithm

Idea:

should be faster than

Express the run time as a function of input size, n, and output size, h.

Gift-Wrapping (or “Jarvis’s March”)

Q?_ 74 p; = min x then max y
I, == vertical ray through p,

\,ﬁwqx&?q ﬁ%ﬁé\_’g"’@m%?b
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

How to “wrap”
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

So, what is the best algorithm in terms of nand h?

O(n log h) algorithm — first developed by Kirkpatrick and Seidel 1986,
uses linear time median finding.

improved by Timothy Chan, 1996.

’ H Optimal output-sensitive convex hull algorithms in two and three dimensions '@ https://doi.org/10.1007/BF02712873
Chan S Algo"thm TM Chan - Discrete & Computational Geometry, 1996 - Springer
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

Next run Gift Wrapping, but for the wrap step, don’t check all n points

0; 1 ) Just check 4o st 2siheme
T Polnt of aach of Hhy & convex
" 2l

exrome = Point Pi
<. M\g@@ Prom Ll <o

Line PP S min,

/@€ SiZe & om .
How to find the most extreme point of a convex hull

x. How o USo. bmmﬁ %ahog\ | deo

i | Shp Ko a. subehain,

?t : N Z( 4@5% WMC@, % cul ehain n/l
Holt  — use Sidedmess dest

Runtime: O(ﬁ@ﬁ W\7
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

Time for one wrap step: O (l\v;\— ) f@ﬁ W\7

:&ﬁofgﬁm\%

How many wrap steps should we do?

f we do all K wriap steps (R s # pls on CH)
Hew fpfeld Hae 8 () (R T Aogm) += O(V\%jw\>
aneot i =k —~we gt @ Q@j/g\>

How do we find the right m ?

Tey ViAlOUS radnes of w . — Stwlh §vv\@,@Q,
WoriR, w2 -
Conehd : £ v 7o 400 gmall
o O(R S fog ) cam bevo big yeg Olhn)
S0 ghop qiff-wauppleg alon m Skps
Thew +Hme o w Mo (S @(m%@ng

Netor if MM W ZM AR e find CH
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

How do we find the right m ?
A related problem:

Search in a sorted but unbounded array of distinct natural numbers.
(in a bounded array A[1 . . k] we can search in log k steps.)

—

|
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

How do we find the right m ?

Try an increasing sequence of values of m until we get one bigger than h (i.e., one
where the algorithm find the CH)

T mgmg m=024, %, - Mm= 9"
lag A \ fog b 5
Time ;L A ﬁ% b= n 2 L= @(vx !2@3!@
< =
L= /’FQO b%z

7" 2 & L Z Jog A
™Moms 2,16 w= 2"

-l

wud Otes R)
00 9938 log fa & 23

\ 4999 : L1 s

ne 2> n ﬁ@j(zz) = n f 2" =0 f@j%@

(= |

\L: {

ZZL o 2 XijOan\ ?6%2}
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

What’s next?
- definitions of convex hull in any dimension, and more about convex polyhedra
- divide and conquer for convex hull in 3D

- randomized algorithm for convex hull in any dimension
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

Equivalent definitions of Convex Hull of a set of points S
1. intersection of all half-spaces containing S
2. all convex combinations of points in S

3. A convex polyhedron P (polygon in 2D) with vertices from S and such that
all points of S are inside P

A set C is convex if for all points p, q in C, the line segment pq is in C.

A convex combination of points p1, p2, .., pnis

n
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

Equivalent definitions of Convex Hull of a set of points S
== 1. intersection of all half-spaces containing S
=== 2. all convex combinations of points in S

3. A convex polyhedron P (polygon in 2D) with vertices from S and such that
all points of S are inside P

lllustration for 2D

Adf e ConTaining S

Conex comb i atton of ’{GTV\‘% n S
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

Equivalent definitions of Convex Hull of a set of points S — H ( §>
1. intersection of all half-spaces containing S
2. all convex combinations of points in S

3. A convex polyhedron P (polygon in 2D) with vertices from S and such that
all points of S are inside P

How are these related?
1 mz M. ’(@9{4\’\#6 M\O\ V\Eﬁéﬁ“}{% (I\)?a/vxé\ CO«N?>
A .
clhanaden] 2 ah ons.
—if 7is wm CH (5), show Row T 75
0 ConPex Combi pochion of PSS Tm S
o i pis extside CHC3) | Shows a Ralf-zfrSpace

AT sepmating 7 Frem CH (S
!
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

Equivalence of 1 and 2 is proved using some version of Farkas’s Lemma

either p is a convex combination of points of S
OR

there is a plane separating p from S

AND NOT BOTH

This is a fundamental result for Linear Programming. W httesten.wiiedia.org/wii/Rarkast.27 lemma
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https://en.wikipedia.org/wiki/Farkas'_lemma

CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

Equivalent definitions of Convex Hull of a set of points S
1. intersection of all half-spaces containing S
2. all convex combinations of points in S

3. A convex polyhedron P (polygon in 2D) with vertices from S and such that
all points of S are inside P

A convex polyhedron (in dimension d) is a bounded intersection of half-spaces

{r eR?: Az < b}, A=m x dmatrix,b = m vector

Caution: the term “polyhedron” means different things in
different areas (convex/non-convex, bounded/unbounded)

A polyhedron has vertices, edges, faces, . . .
"

_ 2P /
P
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https://www.google.ca/url?sa=i&url=https://en.wikipedia.org/wiki/Cuboctahedron&psig=AOvVaw2shCYjCKb2S_l6B08N1Foh&ust=1598278548974000&source=images&cd=vfe&ved=0CAIQjRxqFwoTCOChutzBsesCFQAAAAAdAAAAABAD

CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

Face of a polyhedron

cny A cube wm 3D s Hie inderseChion

%1 -W/O of 6 Aibf-spaces
22 100, %2, %3) S0EHE 0B El 08T
A
> l 0 O||*% [
©00) “ -1 oo {"'L o
o | O 7 |
O -10 - O
© o | 1
O O -1 | | O 1

Adace 15 5 eRY A% u'§ and Some inegualitios
are handed o egualitie s -

¢4 Prnt face of cube Aas 2=, 0
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

The face lattice of a convex polyhedron

2D tube

€

Ha O

~ g & lé» vehices f/ D\
T IMenS gnaX CUbg “{% (%>@’:
EX, — welk +his ot 2
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CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

The face lattice of a convex polyhedron

—foce = L dimensional foce

0- face = venfen

- face = edge

(d-1)-face = facel

d-face = +he wihole plyhedren -
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https://en.wikipedia.org/wiki/File:Pyramid_face_lattice.svg

CS 763 F22 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

Equivalent definitions of Convex Hull of a set of points S
1. intersection of all half-spaces containing S
2. all convex combinations of points in S

3. A convex polyhedron P (polygon in 2D) with vertices from S and such that
all points of S are inside P

Equivalence of these definitions proved using:

Theorem [Minkowski, Weyl] The set of all convex combinations of p1,...,pnisa
bounded convex polyhedron whose vertices are a subset of p1, ..., pn
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CS 763 F20 Lecture 5: More on Convex Hulls A. Lubiw, U. Waterloo

The Convex Hull problem and its Dual

— The Convex Hull problem. Given a set of n points in d-dimensions, find their
convex hull (as an intersection of half-spaces). Or sometimes we ask for the whole
face lattice.

(as the set of vertices of the polyhedron). Or sometimes we ask for the whole face

Dual problem. Given a set of m halfspaces in d-dimensions, find their intersection
lattice. ”)

In fact, these two problems are the same by a duality map. <—wuq)> ?OM% &3 ﬁo&ﬁ%’fd@g

LMQ[ ’N\k? 1
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