CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Recall

Voronoi diagram

Given points P={p,, . .., p,} in the plane, the Voronoi region of p;is

V(p;) = {z € R? : d(z,p;) < d(z,p;)Vj # i}

p; is called a site. |

The Voronoi diagram V(P)
consists of all the Voronoi regions , /" ™\ Voronoi edges

Delaunay edges

.
-
: -

Voronoi vertex

Given points P = {p1, s Pp } in the plane, the Delaunay triangulation D(P ) iS
a graph with vertices Py -5 Pp and edge (pl-, pj) iff V(pl- ) and V(pj) share an edge.

D(P) is the planar dual of V(P)

CS763-Lecture1 1 0of 20


https://www.google.ca/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&ved=0ahUKEwijmt7skMTPAhVl54MKHQZvAtYQjRwIBw&url=https://commons.wikimedia.org/wiki/File:Voronoi_diagram.svg&psig=AFQjCNEKVtJMhexR4N1SuaE9kcbFctrZKw&ust=1475772956441860

CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Recall Delaunay triangulation
and empty circle property: (p,q) is an edge of the
Delaunay triangulation iff there is an empty circle

through p and q.

An algorithmically more useful characterization:

Lemma. A triangulation is Delaunay iff every edge e=(p,q) is legal.

Definition. edge e=(p,q) is legal if either:
- e is on the convex hull or
¢ S - e is interior with triangles pgr and pgs, and
ris not in Circle(pgs)

Note: r in Circle(p,q,s) iff s in Circle(p,q,r)
Note that this is a condition about ALL edges, not a single edge:

edge e is Delaunay (3 an empty circle through its endpoints) = e is legal
&
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo
Lemma. A triangulation is Delaunay iff every edge e=(p,q) is legal.

Proof.
— ~ al! = not P, ( UWAR -
> v eﬁaﬁ 759;\0 m?g‘t{hd&))
v nside CEPJQ,C?,AL,6>
=7 eoeJ}ﬁ Clincle m%@ ﬁ, Condaing
or ol (p,q) is legal
So 74 ot &’D@chu\&j Qd\%@
<: SV\WO%CE\(WWQGCHWT ot Deaanas - Find miﬁ@gﬁaﬂ@g@
3 4745 and sttex nside Grdelp, 4.2
Tick 495 ind sifec o winimize distonce x;%? A7¢3
ihon the Tho Pgr on fhe otfen side of
%n;%%n%y¢% bbres Rall> ¥
IF v inside Cirde(p 4,90 e P4 5 ﬂ@jaﬁ
ConGido A? - and siTe ¢ > 13 m3ide. thc[é_
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

What to do with an illegal edge (p,q)
Edge Flip

Y Y
g flip g
>
remove pq, add rs

Claim: (r,s) is a legal edge.
Corde (75 9) o Gndde Cp s )
& shninkg awes) om 4
So 4 ovchside Conde (psc)
Co S 15 f%ﬂﬂ |

eX. Tf p4 o\ms%\e@w% fﬂ%o\/@m%, olo mgﬁgf}ﬁé%z—&%?



Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Flipping illegal edges makes global improvements in a triangulation:
the Angle Vector.

For any triangulation T of a set of points, the angle vector A(T) is the list of angles
of the triangles sorted min to max.

example
<& A(T) = (45, 45, 60, 60, 60, 90)
.

The angle vector always has length 3t where t is the number of triangles.

We compare two angle vectors lexicographically (dictionary ordering)

example
. A(T’) = (45, 45, 50, 50, 80, 90)
- b A

A(T) = (45, 45, 60, 60, 60, 90)

so A(T) >A(T)

CS763-Lecture11 5 of 20



CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Lemma. Flipping an illegal edge increases the angle vector Iexicographically.

e, Heee! S M%d @(}%@ imoi/ O{d MWJMV\M

Wwﬁcpﬁf
Thales Theorem. For pg a chord of a circle, angle psq is constant for s on an arc
of the circle. For s inside, the angle is bigger. For s outside the angle is smaller.

We need:

Actually, Thales considered pq to
be a diameter. The generalization
is in Euclid.

W https://en.wikipedia.org/wiki/Inscribed_angle#Theorem
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Lemma. Flipping an illegal edge increases the angle vector lexicographically.

Proof. m\ﬂj dwg/QQﬁ 5%59&)7,\ Hane. QM\,E?Q,

| olo) C(Nké/@9-‘ 4y d, cxb, 2 JZ} “C*ﬁ
ne 5, £ dte, b, g, at kK
Cablon LI

Sev\C. C@ﬁ/\/q?M€§6’V\51
c>A - Tholes en chend TS

bye — ~-  ched 45
nC>6€)j>é\-/of/\mA qv-
\Wqﬂf

ot spnallest new Q%Q/ > sallest ok @\Zg@g;

L
a,d, ¢ orh ( becans3<

Nneard W\f%@ 15 [W‘ oy cth > R+e
Hha s seve otd f4q > 0&+0‘\>
c >R A+e > A 4+/E\>q
£> a L > @
47 d CLonew) mine = ekl win
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo
Thus, flipping illegal edges always gets you to the Delaunay triangulation,
and the Delaunay triangulation has the lexicographically maximum angle vector.
Consequences:
Theorem. The Delaunay triangulation maximizes the minimum angle.

Algorithm to find the Delaunay triangulation: find ANY triangulation and then flip

illegal edges until there are none left. Not R post LeHR AL -
How many flips does this take? (Best g Ol Los ) o lest

AxY D
e will Prove Aot 1o ?

QJ%@, re dyreaLs -
Thore, QANC @[ﬂ7/7 @@%@5
At mMosk @(V\7‘> ?lf?g‘
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Lemma. No edge reappears when we flip illegal edges.

Proof. Recall connection between Delaunay triangulation and convex hull

Flip illegal edge (a,c) to (d,b).

///,/"/ ac L% Fj/@g/j OLQ

d inside Circle(abc) —>
Wintk do shevs ac neven Aeappans 45 we Hip
Ab S A foum mmagwm :
nitial T o =7 4.l adc ohe m/\‘%g? o
| W A Jetiaie hno -
“_‘ﬁf\&/[;\laﬂ:g' —7 dbc ) ;10\9 NG e lpotHewr mc‘-/'CMOLQQA/\m«
0 %ﬁm@/\ﬁ % C (SAPPEINS abvre Cin 3D Honeven.:
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

[Randomized] Incremental Delaunay triangulation algorithm.

Add points one by one, maintaining the Delaunay triangulation.
To add a new point p:

Find the current triangle ABC containing p.

JoinptoA, B, C

Then flip illegal edges until there are none left.
Issues and details:
1. what if p is outside the current convex hull?
2. how to limit testing for illegal edges

3. how to find the triangle containing p
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

[Randomized] Incremental Delaunay triangulation algorithm.
Issues and details.

1. what if p is outside the current convex hull?
st by tdding 2 veny Zarzj@ sl £

ey 51, amy T\[W&V
4w 3 fnpil pomrs
%ﬂ% i)> @2) i(b Oth%tcﬁlQ~
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

[Randomized] Incremental Delaunay triangulation algorithm.
Issues and details.

2. how to limit testing for illegal edges after adding point p

Call Test(A,B), Test(B,C), Test(C,A)

where Test(U,V) is a recursive routine
to fix edge UV in triangle UVp

Test(U,V) vhﬁ NE JU@/E&/@ -ptﬁv“fo ?X
ind el Tost (X)), Test(Vx),
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Changes produced by this Test update:

Some region is retriangulated via a star at p.
All the new edges are incident to p.

Correctness. Why is this limited Test and retriangulation sufficient?

- all the tests and flips we do are correct
- the only issue is that we do not test all the edges to check if they are illegal
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Correctness. Why is this limited Test and retriangulation sufficient?

Claim. Edges not incident to p are legal.

ned 2dges — we P ry s
Ovtside QG%Q% — noting
C/F\cw%zs '

Lemma. Any edge we add (incident to p) is legal. In fact, Delaunay.

we Flipped H+ + X
b@ cause "7 iﬂ%fd@ C\FUXQC\,{X\/>
orvd 55 ol Poiil mSiole
bocause we KOJ ‘péx@uuwty
befono aAIE R P -

shink o g/\mm cincle_ *W\/\Ov\g/g\
< ol
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

[Randomized] Incremental Delaunay triangulation algorithm.

Analysis of expected run time when points are inserted in random order.
Note: we are still ignoring how to find which triangle contains p (and its runtime).

Lemma. The expected time to insert one point is O(1).

Proof.

Hmeo. é?@\/ﬁ' o T€§+ ( W\f> >
= < rV\CEGR-@/\/C\— o
O G %> ?\0&4@@, ondh-
50 we WONT pwpadea degee of 7 i
Dol Gignguladion. of o p, - B=F
avq. depee w Tell Thiang. (planan gD s U
éogwdawm{% M%Cﬁgilﬁ 5
Oeed Hime fo st p 5 OGD
Tohld: O ()
@w@e{e&;{i ft;\}aﬂ%gg oW, Cowrse OUC&%“ (S @(ij\

CS763-Lecture11 15 of 20


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

[Randomized] Incremental Delaunay triangulation algorithm.

Final issue: How to find the triangle containing p.

The method is easy, the analysis is not.
Note: it is this part of the algorithm that causes the O(n log n) expected behaviour.

The idea is like Kirkpatrick’s Point Location.
Maintain the history of triangles and changes to them. Then "trace” point p, through
the changes.

‘/[:Uo 70554@@@7/\6@‘/8@/ 05}7&4466 —f—fj?

l\

B —

Koey blae annews — &eckd Space 1 OG0 PeCatse
@ﬁ ppdale o lscale P costs OO ’W’JZO?Q&
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

[Randomized] Incremental Delaunay triangulation algorithm.

Final issue: How to find the triangle containing p.

How to “trace” p:
- initially (with one big triangle) p is in the big triangle
- at each update, the triangle containing p points to 2 or 3 new ones — check which
one contains p

This completes the description of the algorithm.
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Analysis of expected work to trace p,

Can prove it is O(log i). Then total expected work to add all points is

O(Z logi) = O(nlogn)

— First idea: charge work of tracing p, to each triangle T in the sequence that contains p,

Better idea: charge work to Delaunay triangles that appear in the sequence.
Can show that the expected work for triangles of D({p;, . . . P, })isO(3/])

0( -) = O(log ) Harmonic series

JLMH

=3
j

There is a lovely backwards analysis involved. For details, see [CGAA].
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo
What primitive operations are needed for this algorithm?

Given 4 points, A, B, C, D, is D inside Circle(A,B,C)?
Use the mapping from last day
(X, y) => (X, ¥, Z=X% +y?)

AN AN N A
Then the test becomes: is D below the plane through A, B, C?

This is a Sidedness test in 3D, and can be decided with a few multiplications,
additions, subtractions.
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CS 763 F22 Lecture 11: Delaunay triangulations, cont'd A. Lubiw, U. Waterloo

Summary
- a randomized incremental algorithm for the Delaunay triangulation
- the idea of flipping illegal edges to get to the Delaunay triangulation

- the Delaunay triangulation maximizes the angle vector

References

- [CGAA] Chapter 9.

- [Zurich notes] Chapter 5.
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