Parallel Searching on a Lattice

Alejandro López-Ortiz

Director of Research, Internap Network Services, Seattle, WA and Fac. of Computer Science, UNB.

Email: alopezo@unb.ca.

Graeme Sweet

Faculty of Computer Science University of New Brunswick Fredericton, N. B. E3B 5A3 Canada.

Email: v560r@unb.ca

Abstract We consider the problem of k robots searching on an integer lattice on the plane. We give a strategy for finding a target at an unknown distance away using k = 2^j searchers, where j ≥ 2, at a competitive ratio of n/2^{j−1} + 1. We give a lower bound for general k of 2n/k. We also give matching upper and lower bounds for the special case k = 2.

1 Introduction

Searching for an object on the plane with limited visibility is often modelled by a search on a lattice. In this case it is assumed that the search agent identifies the target upon contact. This is the model traditionally used for search and rescue operations in the high seas where a grid pattern is established and search vessels are dispatched in predetermined patterns to search for the target [9, 17].

An axis parallel lattice induces the Manhattan or L_1 metric on the plane. One can measure the distances traversed by the search agent or robot using this metric. Traditionally search strategies are analysed using the competitive ratio used in the analysis of on-line algorithms. For a single robot the competitive ratio is defined as the ratio between the distance traversed by the robot in its search for the target and the length of the shortest path between the starting position of the robot and the target. In other words, the competitive ratio measures the detour of the search strategy as compared to the optimal shortest route.

In 1989, Baeza-Yates et al. [1] proposed a strategy for searching on a lattice with a single searcher with a competitive ratio of 2n + 5 + Θ(1/n) to find a point at an unknown distance n from the origin. This is shown to be optimal. The strategy follows a spiral pattern exploring dballs in increasing order, for all integer d. This is illustrated in Figure 1. The axes are marked with dashed lines, with the robot starting from the origin. Not surprisingly this strategy is similar to those used in search and rescue operations [9].

However, in real life a search strategy occurs in the presence of multiple agents, which join the search at different times (and often at different speeds). Coordination of such searches is refered to as a “difficult task” in the search and rescue literature [9, 16].

Figure 1: Searching in a lattice. Figure 2: Two robot search.

In this paper we focus on searches with multiple agents or robots starting from the same point (origin). In this context the competitive framework allows then for two natural measures:

1. Time to destination.

2. Total effort.

Time to destination measures the amount of time transcurred between the start of the search and the encounter of the target, in the worst case. In this particular setting most searches benefit from increased number of robots as well as faster robots. Alternatively, total effort compares the total distance traversed by all robots with the shortest path from a start point to the target.

Baeza-Yates and Schott [2] studied parallel searches in the plane where the target is an infinite line at a unit distance from the origin using the total effort metric. In this case they assume that all searchers start from the origin and move at the same speed. Interestingly, under the total effort metric optimality is achieved with four searchers and adding more searchers is of no use.

The time to destination metric is particularly relevant in real-life time-critical situations such as search for survivors. In this situation we have a fixed number of resources that can realistically be brought to bear on the search, and the objetive is to optimally coordinate these many searchers to find the target in the shortest time possible.

In this work we study searches in the lattice using k searchers starting simultaneously from the origin, under the time to destination metric. All k searchers move at the same speed. We give a strategy for finding a target with k = 2^j searchers with a competitive ratio of n/2^{j−1} +1 as well as a lower bound for k searchers of 2n/k for general k.

2 Parallel Searching

Consider the case of two robots searching in the lattice. We propose a search path of the lattice as in Figure 2. In this case the robots move in symmetric paths around the origin. In step i the robot explores one quarter of the points at distance i and i + 1. That is, one side of the i and i + 1-balls. The i-th ball then is explored in four passes. During step i − 1 each of the two robots explores one quarter of both the i − 1 and i-ball, which covers half of the i ball. In step i each of the two robots explores one quarter of the i and i + 1 ball. Therefore at the end of this step the i-ball is fully explored.

Theorem 1 Searching in parallel with two robots for a point at an unknown distance n in the lattice is n + 2 competitive.

Proof. At step i each robot moves on a zig-zag staircase composed of one side of the points on the i ball together with the immediately neighbouring points on the i + 1 ball. Note that in the previous step the robot explores one side of the (i − 1) and i ball. Therefore at the end of the ith step the ith ball has been completely explored. The length of this step is 2i + 1. In the worst case, the target point at distance n is the last one explored in the n ball after traversing a path of length 2n. The total distance traversed is given by 2n + ∑_{n−1} i=0 (2i + 1) = n^2 + 2n and the competitive ratio is C = n + 2 as claimed. □ This is in fact optimal, as the next theorem shows.

Theorem 2 Searching in parallel with k robots for a point at an unknown distance n in the lattice requires at least (2n^2 + 4n + 2 − k)/k steps.

Proof. Let A(n) be the combined total distance traversed by all robots up and until the last point at distance n is visited. We claim that in the worst case A(n) ≥ 2n^2 + 4n + 2 − k from which the theorem follows. Define f(n) as the number of points visited on the (n + 1)-ball before the last visit to a point on the n-ball and g(n) as the number of points at a distance greater than n + 1 before the last point at distance n was explored.

First note that there are 2n^2 + 2n + 1 points within in the interior of the closed ball of radius n and that visiting any m points requires at least m − 1 steps. Hence

A(n − 1) ≥ 2(n − 1)^2 + 2(n − 1) + f(n − 1) + g(n − 1).

Now either f(n − 1) ≥ 2n − 1 or f(n − 1) < 2n − 1. If f(n − 1) ≥ 2n − 1 we have

A(n − 1) ≥ 2(n − 1)^2 + 2(n − 1) + (2n − 1) + g(n − 1) ≥ 2(n − 1)^2 + 4(n − 1) + 1 ≥ 2(n − 1)^2 + 4(n − 1) + (2 − k)

as claimed. If f(n − 1) < 2n − 1 this means that after the last point at distance n is visited there remain 4n − f(n − 1) points to visit in the n-ball. Now, visiting m points in a ball

Figure 3: Four robot search.

requires at least 2m − 1 steps with one robot, and 2m − k with k robots. Thus visiting the remaining points requires at least 2(4n − f(n − 1)) − k steps. Hence,

A(n) ≥ A(n − 1)^2 + 2(4n − f(n − 1)) − k ≥ 2(n − 1)^2 + 2(n − 1) + f(n − 1) + g(n − 1) + 8n − 2f(n − 1) − k ≥ 2(n − 1)^2 + 2(n − 1) − f(n − 1) + 8n − k ≥ 2n^2 + 4n + (2 − k)

as claimed. In either case, there exist an n-ball which is last explored after 2n^2 + 4n + (2 − k) steps in the worst case. At best each of the robots explores 1/kth of the total points visited as claimed. □

Corollary 1 Searching in parallel for a point at an unknown distance n in the lattice is exactly n + 2 competitive.

Lemma 1 The lattice can be searched in parallel using four robots at a competitive ratio of C = n/2 + 1.

Proof. The path for four robots is illustrated in Figure 3. Let L(i) be the last point visited at distance i. We define step i as the path followed between the L(i − 1) and L(i). In step i the robot visits i + [i is even] points. Thus each robot visits the last point in the n ball after

Figure 4: Eight robot search.

traversing a distance of n∑ i=1 (i + [i is even]) = n(n + 1)/2 + ⌊n/2⌋,

for a competitive ratio of C = n/2 + 1. □ Figure 4 shows the path followed by eight robots. In fact, one can infer from the four and eight robot search strategies a pattern to extend a search strategy from 2^j robots to 2^{j+1} robots. In Figure 5 we overlay the eight robot path (dashed line) on a double-scale four robot path (solid line). The straight edges are replaced by a zig-zag path of the same length in all cases except for the turn points where an extra notch two units larger than the edge in the four robot path is inserted. This path is then rotated 90, 180 and 270 degrees, which defines the path followed by the 2nd, 3rd and 4th robots. The four other robots explore the gap between two consecutive rotated copies of the path.

The competitive ratio can thus be deduced by noticing that in step i a single robot in the eight robot search path traverses twice the distance in the ith step of the four robot search strategy, with an extra notch of length two at the turn point. At the same time, the robot reaches twice as far at step i as the four robot path. In total the distance traversed by the robot to reach the last point of the n ball is given by n^2/4 + n/2 for even n and 1 + 2 ⌊n/4⌋ + 4 (⌊(n + 1)/4⌋ + ⌊(n − 1)/4⌋^2 + ⌊(n − 1)/4⌋) for n odd.

Figure 5: Four robot path (2x scale) and eight robot path (1x scale).

Lemma 2 The lattice can be searched in parallel using eight robots at a competitive ratio of C = n/4 + 2 which is within an additive factor of 3/2 of the lower bound from Theorem 2.

Proof. Follows from the discussion above. □

Theorem 3 The lattice can be searched using 2^j robots in parallel at a competitive ratio of C = n/2^{j−1} + 1.

Proof. As before, we start from a search path for 2^{j−1} robots, which is doubled in scale. Each edge is replaced by a zig-zag of the same length. This creates a gap between two consecutive solutions as the original distance between two path doubled from one unit to two units. In other words the gap is doubled in the scaling. Each of these enlarged gaps is filled by one of the remaining 2^{j−1} robots. Let S(j) denote the competitive ratio of searching with 2^j robots. Note that at step k the robot explores points at a distance twice as far from the origin as the solution using 2^{j−1}, hence S(j) = S(j − 1)/2 + 1/4, where the 1/4 term is due to the extra notch in each turn point. Thus we obtain S(j) ≤ n/2^{j−1} + 1 as claimed. □

3 Conclusions

We present strategies for searching with two and four robots, which we generalize to strategies for searching with 2^j robot with j ≥ 3. We present a lower bound for k ≥ 2 robots. The upper and lower bound match to first order terms for k = 2^j robots and it is exact for 2 robots.

4 Acknowledgements

We thank the students of the Algorithmic Robotics course at UNB, in particular Xin Ma, Kevin Molyneaux and Paul Vermette from the Fall 1998 session and Bradley O’Donell, Peter Anderson and Jason Kennedy from the Winter 2000 session.

References

[1] R. Baeza-Yates, J. Culberson and G. Rawlins. “Searching in the plane”, Inf. and Comp., Vol. 106, (1993), pp. 234-252.

[2] R. Baeza-Yates, R. Schott. “Parallel searching in the plane”, Comp. Geom.: Theory and Applications, Vol. 5, (1995), pp. 143-154.

[3] E. Bar-Eli, P. Berman, A. Fiat and Peiyuan Yan. “On-line navigation in a room”, Proc.

3th ACM-SIAM Symp. on Discrete Algorithms (SODA), (1992), pp. 237-249.

[4] A. Beck. “On the linear search problem”, Israel J. of Mathematics, Vol. 2, (1964), pp. 221- 228.

[5] A. Beck. “More on the linear search Problem”, Israel J. of Mathematics, Vol. 3, (1965), pp. 61-70.

[6] A. Beck and D. J. Newman. “Yet more on the linear search problem”, Israel J. of Mathematics, Vol. 8, (1970), pp. 419-429.

[7] A. Blum and P. Chalasani. “An on-line algorithm for improving performance in navigation” Proc. 34th IEEE Symp. on Found. of Comp. Sci. (FOCS), (1993), pp. 2-11.

[8] A. Blum, P. Raghavan and B. Schieber. “Navigating in unfamiliar geometric terrain”, Proc. 23rd ACM Symp. on Theory of Computing (STOC), (1991), pp. 494-504.

[9] Canadian Coast Guard/Garde Cotiere Canadienne. Merchant ship search and rescue manual, (CANMERSAR), (1986).

[10] J. M. Dobbie. “A survey of search theory”, Operations Research, Vol. 16, (1968), pp. 525- 537.

[11] S. Gal. Search Games, Academic Press, 1980.

[12] S. Gal. “A general search game”, Israel J. of Mathematics Vol. 12, (1972), pp. 32-45.

[13] M.-Y. Kao, J. H. Reif and S. R. Tate. “Searching in an unknown environment: An optimal randomized algorithm for the cow-path problem”, Proc. 4th ACM-SIAM Symp. on Discrete Algorithms (SODA), (1993), pp. 441-447.

[14] B. O. Koopman, “Search and screening”, Report No. 56 (ATI 64 627), Operations Evaluation Group, Office of the Chief of Naval Operations, Washington, D.C., 1946.

[15] A. López-Ortiz. “On-line target searching in bounded and unbounded domains”, Ph.D.

thesis, University of Waterloo, 1996.

[16] National Search and Rescue Secretariat/Secrétariat national Recherche et sauvetage.

“CANSARP”, SARScene, Vol. 4, July 1994. [17] US Coast Guard Fact File, 1995.