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Learning Goals

By the end of this lecture, you should be able to:

» Define decision problem.
» Define decidable and undecidable problems.

» Prove that a decision problem is decidable
by giving an algorithm to solve it.

» Describe the halting problem.
» Prove that the halting problem is undecidable.
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Exploring the limitation of computation

Most of CS focuses on what we CAN compute.

Are there problems that CANNOT be solved by a computer
even with unlimited time and space?

The answer is yes. This was proved by Alan Turing in 1936.
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What is a computer program /algorithm?

In the old days, there were no electronic computers. A computer
refers to a person who computes. (Watch Hidden Figures.)

Turing's idea of a “computer program” was a list of instructions
that a person could follow.
For us, an algorithm could refer to any of the following:

» Racket, C, and C++ programs

» Turing machines

» High-level pseudo-code
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A decision problem is decidable/undecidable

We focus on decision problems. A decision problem is a problem
which calls for an answer of yes or no, given some input.

A decision problem is decidable if and only if there exists
an algorithm that produces the correct output for the problem
for every input. Otherwise, the decision problem is undecidable.
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CQ: Examples of decision problems

Comsider a. Propositional formule. wih n
poposttirel  varipbles. We can write down 7fs
nah table, which # Pnite. (2" rows) |

CQ: Given a Propositional formula, is it satisfiable?

(A) This problem is decidable.
(B) This problem is undecidable.
(C) I don't know.

T the frmda. & ime in at least e rw of e
Hueth oble, then # & sabisfiable . Diterwise, #
is not satisfuble. This algorithm will termindte
becouse Hhe sive of e tncth table. s finite.
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CQ: Examples of decision problems
Irturtively , there. & an finite. number of' Valuadions.

A rolve ofgorithm can 1ry 1 erumerste. il e
Valuatons and  evaluate. the farmula. wnde~ o/l e

CQ: Given a Predicate formula, is it valid?
(Take a guess. All answers will be marked correct.)

(A) This problem is decidable.
(B) This problem is undecidable.
(C) I don't know.

veluations . However, 1his naive  olgorithm will
ot terminadte. .
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CQ: Examples of decision problems
Given & postive. integer n, determine whether d divides
nfr eveny asd<n T e edsts @ ASA<n
Such that dIn, then n & not prime. [(therwise

CQ: Given a positive integer, is it prime?
(A) This problem is decidable.

(B) This problem is undecidable.
(C) I don't know.

n is prime. This algorthm will terminaée bevouse
there is o Finite number of valkes for d.
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CQ: Examples of decision problems

CQ: Given a program P and an input I,
does P terminate when run with the input 17
(Take a guess. All answers will be marked correct.)

(A) This problem is decidable.
(B) This problem is undecidable.
(C

) 1 don’t know.

This is the famous fakting problem.
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A few more remarks about decidable/undecidable problems

» An algorithm must terminate after finitely many steps.

» To prove that a problem is decidable,
write down an algorithm to solve/decide it for every input.

» For an undecidable problem, there may exist an algorithm
which gives the correct output for the problem
for some particular inputs. The problem is undecidable
because no algorithm can give the correct output
for the problem for every input.
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The Halting Problem D= Lall algorithms, all programs, ail inputs}
A(): % & an algorihm  TEX): x is an inputt
POX): x5 & pgram  S(KX,Y,2); & s the hatthg pblem

The decision problem: Given a program P and an input I, r pegam
will P halt when run with input 1?7 g— ord input 2

» “Halts” means "terminates” or " does not get stuck.”

» One of the first known undecidable problems
The Halting problem is undecidable.

There does not exist an algorithm H,
which gives the correct answer for the Halting problem
for every program P and every input I.

Exercise: Translate the above statement into a Predicate formula.
(BB A VY Yz (PHA L) —> S, 4, )
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The Halting Problem is Undecidable - A Proof by Video

https://www.youtube.com/watch?v=92WHN-pAFCs

» Why can we feed a program as an input to itself?
We can convert any program to a string, then we can feed the
string to the program as input.

» What does the negator do?
It negates the output of H. If H predicts that the program
halts, then the negator goes into an infinite loop and does not
halt. If H predicts that the program does not halt, then the
negator halts. The negator is designed to make H fail at its
prediction task.

» Why do we need the photocopier?
In the video, H takes two inputs. We need to make two copies
of the input. In code, we do not need the photocopier, and we
can simply call H(P,P).
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The Halting Problem is Undecidable

Theorem: The Halting problem is undecidable.
Proof Sketch.

We will prove this by contradiction.

Assume that there exists an algorithm H, which solves the Halting
problem for every program and every input.

We will construct an algorithm X, which takes program P as input.

We will show that H gives the wrong answer when predicting
whether the program X halts when run with input X. This
contradicts the fact that H solves the Halting problem for every
program and every input. Therefore, H does not exist.
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Theorem: The /M/ﬁng problem 15 wundecidable. .
( There dhes nst ¥t an alpritim H bhich giwes “the comect
answer o the Jolthg  poblem for ewery prgram P and

every Jnput Z.)
Foof by contradicition :

Assume. Thar there exists mn algoritim  H(P, 1D, which gives
the Cotect answer B The  katting  pmblem for ewery prgram F
and ey jnput I .

We need 9 derfve a  Contmdictm, whch Shaws e H dbes
het  ¢xist.



We (onstruct an algorithm  X(P) which takes a. pogram P as inpit
ond dpes the thlbwig Thrgs :
(12 Rurs HUP, PY ( preder whedber P il hatt when run v/ inp P,
yrgrm - pu P will falt on P
2 H HCPP) puts Then X abes% hadt .(G.e. s an
o P will not hatt om ﬂlﬂﬂ"P Infinite ZOD[D)
I H(PP) outpuers (') then X patts.

We claim that H s olways wrong When predicting whether X
hatts wlen run with inpar X Lets compare X(XD and H(X, XD,
O If H(X,x) oudputs Vyes?, then H predicts 7hat X haks when
run with mpar X, bt X does not hadt. Hs predietn s
wrong , Which s 0. oomiTadizsion.



(2) I HX,X) omputs 'm”, +then H predics #hat X dbes not hatt
when run with dput X, bwt X hatts. H's predioton Is wiony
0gein, Whth 75 &  coramaicton.

Owr osswmption was wiong and  H ooes 1ot exist

QED



Revisiting the learning goals

By the end of this lecture, you should be able to:

» Define decision problem.
» Define decidable and undecidable problems.

» Prove that a decision problem is decidable
by giving an algorithm to solve it.

» Describe the halting problem.
» Prove that the halting problem is undecidable.
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