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PmiHBM2

G2�`MBM; :Q�Hb

AMi`Q/m+iBQM iQ lM/2+B/�#BHBiv

1t�KTH2b Q7 .2+BbBQM S`Q#H2Kb

h?2 >�HiBM; S`Q#H2K Bb lM/2+B/�#H2

_2pBbBiBM; i?2 G2�`MBM; :Q�Hb
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G2�`MBM; :Q�Hb

"v i?2 2M/ Q7 i?Bb H2+im`2- vQm b?QmH/ #2 �#H2 iQ,௄ .2}M2 /2+BbBQM T`Q#H2KX௄ .2}M2 /2+B/�#H2 �M/ mM/2+B/�#H2 T`Q#H2KbX௄ S`Qp2 i?�i � /2+BbBQM T`Q#H2K Bb /2+B/�#H2
#v ;BpBM; �M �H;Q`Bi?K iQ bQHp2 BiX௄ .2b+`B#2 i?2 ?�HiBM; T`Q#H2KX௄ S`Qp2 i?�i i?2 ?�HiBM; T`Q#H2K Bb mM/2+B/�#H2X
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1tTHQ`BM; i?2 HBKBi�iBQM Q7 +QKTmi�iBQM

JQbi Q7 *a 7Q+mb2b QM r?�i r2 *�L +QKTmi2X
�`2 i?2`2 T`Q#H2Kb i?�i *�LLPh #2 bQHp2/ #v � +QKTmi2`
2p2M rBi? mMHBKBi2/ iBK2 �M/ bT�+2\
h?2 �Mbr2` Bb v2bX h?Bb r�b T`Qp2/ #v �H�M hm`BM; BM RNjeX
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q?�i Bb � +QKTmi2` T`Q;`�Kf�H;Q`Bi?K\

AM i?2 QH/ /�vb- i?2`2 r2`2 MQ 2H2+i`QMB+ +QKTmi2`bX � +QKTmi2`
`272`b iQ � T2`bQM r?Q +QKTmi2bX Uq�i+? >B//2M 6B;m`2bXV
hm`BM;Ƕb B/2� Q7 � ǳ+QKTmi2` T`Q;`�KǴ r�b � HBbi Q7 BMbi`m+iBQMb
i?�i � T2`bQM +QmH/ 7QHHQrX
6Q` mb- �M �H;Q`Bi?K +QmH/ `272` iQ �Mv Q7 i?2 7QHHQrBM;,௄ _�+F2i- *- �M/ *YY T`Q;`�Kb௄ hm`BM; K�+?BM2b௄ >B;?@H2p2H Tb2m/Q@+Q/2
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� /2+BbBQM T`Q#H2K Bb /2+B/�#H2fmM/2+B/�#H2

q2 7Q+mb QM /2+BbBQM T`Q#H2KbX � /2+BbBQM T`Q#H2K Bb � T`Q#H2K
r?B+? +�HHb 7Q` �M �Mbr2` Q7 v2b Q` MQ- ;Bp2M bQK2 BMTmiX
� /2+BbBQM T`Q#H2K Bb /2+B/�#H2 B7 �M/ QMHv B7 i?2`2 2tBbib
�M �H;Q`Bi?K i?�i T`Q/m+2b i?2 +Q``2+i QmiTmi 7Q` i?2 T`Q#H2K
7Q` 2p2`v BMTmiX Pi?2`rBb2- i?2 /2+BbBQM T`Q#H2K Bb mM/2+B/�#H2X
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*Z, 1t�KTH2b Q7 /2+BbBQM T`Q#H2Kb

*Z, :Bp2M � S`QTQbBiBQM�H 7Q`KmH�- Bb Bi b�iBb}�#H2\
U�V h?Bb T`Q#H2K Bb /2+B/�#H2X
U"V h?Bb T`Q#H2K Bb mM/2+B/�#H2X
U*V A /QMǶi FMQrX
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Consider a Propositional formula with n
propositional variables . We can write down its
truth table

,
which is finite C2n rows)

.

If the formula is true in at least one row of the

truth table , then it is satisfiable .
Otherwise , it

is not satisfiable .

This algorithm will terminate

because the size of the truth table is finite .



*Z, 1t�KTH2b Q7 /2+BbBQM T`Q#H2Kb

*Z, :Bp2M � S`2/B+�i2 7Q`KmH�- Bb Bi p�HB/\
Uh�F2 � ;m2bbX �HH �Mbr2`b rBHH #2 K�`F2/ +Q``2+iXV
U�V h?Bb T`Q#H2K Bb /2+B/�#H2X
U"V h?Bb T`Q#H2K Bb mM/2+B/�#H2X
U*V A /QMǶi FMQrX
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Intuitively , there is an infinite number of valuations .
A naive algorithm can try to enumerate all the

valuations and evaluate the formula under all the

valuations
.
However

,
this naive algorithm will

not terminate
.



*Z, 1t�KTH2b Q7 /2+BbBQM T`Q#H2Kb

*Z, :Bp2M � TQbBiBp2 BMi2;2`- Bb Bi T`BK2\
U�V h?Bb T`Q#H2K Bb /2+B/�#H2X
U"V h?Bb T`Q#H2K Bb mM/2+B/�#H2X
U*V A /QMǶi FMQrX

*a k98 GQ;B+ �M/ *QKTmi�iBQM 6�HH kyRN N f R8

Given a positive integer n , determine whether d divides

n for every 2 E d s n .

If there exists a 2EdEn

such that 'd in
,
then n is not prime . Otherwise ,

n is prime . This algorithm will terminate because

there is a finite number of values for d .



*Z, 1t�KTH2b Q7 /2+BbBQM T`Q#H2Kb

*Z, :Bp2M � T`Q;`�K ԅ �M/ �M BMTmi Ӿ -
/Q2b ԅ i2`KBM�i2 r?2M `mM rBi? i?2 BMTmi Ӿ\
Uh�F2 � ;m2bbX �HH �Mbr2`b rBHH #2 K�`F2/ +Q``2+iXV
U�V h?Bb T`Q#H2K Bb /2+B/�#H2X
U"V h?Bb T`Q#H2K Bb mM/2+B/�#H2X
U*V A /QMǶi FMQrX
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This is the famous halting problem .



� 72r KQ`2 `2K�`Fb �#Qmi /2+B/�#H2fmM/2+B/�#H2 T`Q#H2Kb

௄ �M �H;Q`Bi?K Kmbi i2`KBM�i2 �7i2` }MBi2Hv K�Mv bi2TbX௄ hQ T`Qp2 i?�i � T`Q#H2K Bb /2+B/�#H2-
r`Bi2 /QrM �M �H;Q`Bi?K iQ bQHp2f/2+B/2 Bi 7Q` 2p2`v BMTmiX௄ 6Q` �M mM/2+B/�#H2 T`Q#H2K- i?2`2 K�v 2tBbi �M �H;Q`Bi?K
r?B+? ;Bp2b i?2 +Q``2+i QmiTmi 7Q` i?2 T`Q#H2K
7Q` bQK2 T�`iB+mH�` BMTmibX h?2 T`Q#H2K Bb mM/2+B/�#H2
#2+�mb2 MQ �H;Q`Bi?K +�M ;Bp2 i?2 +Q``2+i QmiTmi
7Q` i?2 T`Q#H2K 7Q` 2p2`v BMTmiX
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h?2 >�HiBM; S`Q#H2K

h?2 /2+BbBQM T`Q#H2K, :Bp2M � T`Q;`�K ԅ �M/ �M BMTmi Ӿ -
rBHH ԅ ?�Hi r?2M `mM rBi? BMTmi Ӿ\௄ ǳ>�HibǴ K2�Mb Ǵi2`KBM�i2bǴ Q` Ǵ /Q2b MQi ;2i bim+FXǴ௄ PM2 Q7 i?2 }`bi FMQrM mM/2+B/�#H2 T`Q#H2Kb
h?2 >�HiBM; T`Q#H2K Bb mM/2+B/�#H2X
h?2`2 /Q2b MQi 2tBbi �M �H;Q`Bi?K ӽ-
r?B+? ;Bp2b i?2 +Q``2+i �Mbr2` 7Q` i?2 >�HiBM; T`Q#H2K
7Q` 2p2`v T`Q;`�K ԅ �M/ 2p2`v BMTmi Ӿ X
1t2`+Bb2, h`�MbH�i2 i?2 �#Qp2 bi�i2K2Mi BMiQ � S`2/B+�i2 7Q`KmH�X
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D= { all algorithms, all programs, all inputs}
Atx) : X is an algorithm ICX) : X is an input
PCX) : x is a program Sox, y , z) .. x solves the halting problem

for program

Y and input Z
.

-⇐x (Atx) Atty Hz (ply)NIH)→ six, y , Z))))



h?2 >�HiBM; S`Q#H2K Bb lM/2+B/�#H2 @ � S`QQ7 #v oB/2Q

?iiTb,ffrrrXvQmim#2X+QKfr�i+?\p4Nkq>L@T�6*b௄ q?v +�M r2 722/ � T`Q;`�K �b �M BMTmi iQ Bib2H7\
q2 +�M +QMp2`i �Mv T`Q;`�K iQ � bi`BM;- i?2M r2 +�M 722/ i?2
bi`BM; iQ i?2 T`Q;`�K �b BMTmiX௄ q?�i /Q2b i?2 M2;�iQ` /Q\
Ai M2;�i2b i?2 QmiTmi Q7 >X A7 > T`2/B+ib i?�i i?2 T`Q;`�K
?�Hib- i?2M i?2 M2;�iQ` ;Q2b BMiQ �M BM}MBi2 HQQT �M/ /Q2b MQi
?�HiX A7 > T`2/B+ib i?�i i?2 T`Q;`�K /Q2b MQi ?�Hi- i?2M i?2
M2;�iQ` ?�HibX h?2 M2;�iQ` Bb /2bB;M2/ iQ K�F2 > 7�BH �i Bib
T`2/B+iBQM i�bFX௄ q?v /Q r2 M22/ i?2 T?QiQ+QTB2`\
AM i?2 pB/2Q- > i�F2b irQ BMTmibX q2 M22/ iQ K�F2 irQ +QTB2b
Q7 i?2 BMTmiX AM +Q/2- r2 /Q MQi M22/ i?2 T?QiQ+QTB2`- �M/ r2
+�M bBKTHv +�HH >US-SVX
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h?2 >�HiBM; S`Q#H2K Bb lM/2+B/�#H2

h?2Q`2K, h?2 >�HiBM; T`Q#H2K Bb mM/2+B/�#H2X
S`QQ7 aF2i+?X
q2 rBHH T`Qp2 i?Bb #v +QMi`�/B+iBQMX
�bbmK2 i?�i i?2`2 2tBbib �M �H;Q`Bi?K ӽ- r?B+? bQHp2b i?2 >�HiBM;
T`Q#H2K 7Q` 2p2`v T`Q;`�K �M/ 2p2`v BMTmiX
q2 rBHH +QMbi`m+i �M �H;Q`Bi?K ԍ- r?B+? i�F2b T`Q;`�K ԅ �b BMTmiX
q2 rBHH b?Qr i?�i ӽ ;Bp2b i?2 r`QM; �Mbr2` r?2M T`2/B+iBM;
r?2i?2` i?2 T`Q;`�K ԍ ?�Hib r?2M `mM rBi? BMTmi ԍX h?Bb
+QMi`�/B+ib i?2 7�+i i?�i ӽ bQHp2b i?2 >�HiBM; T`Q#H2K 7Q` 2p2`v
T`Q;`�K �M/ 2p2`v BMTmiX h?2`27Q`2- ӽ /Q2b MQi 2tBbiX
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Theorem : The halting problem is undecidable
.

( There does not exist an algorithm H which gives
' the correct

answer to the halting problem for every program P and

every input I . )

Proof by contradiction :

Assume that there exists an algorithm HCP, I) ,
which gives

the correct answer to the halting problem for every program P
and every input I .

We need to derive a contradiction
,
which shows that H does

not exist
.



We construct an algorithm XCP) which takes a program P as input
and d es the following things :
(D Runs HCl? P) ( predict whether P will halt -when run w/ input P) .

program
"
input

→ P will halt on input P
(2) If HCP, P) outputs ,

then X does not halt
.(i.e . mins an

If HCPip) outputs ? Pthweitnnxthhatattsn
.

input P .

infinite loop) .

We claim that H is always wrong when predicting whether X
halts when run with input X .

Let's compare XCX) and HCX , X) .
① If HCX

.
X) outputs " yes " , then H predicts that X halts when

run with input X ,
but X does not halt

.

H's prediction Is

wrong , which is a contradiction
.



(2) If HLX . X) outputs
"

no
"
,
then H predicts that X does not halt

when run with input X , but X halts .

H 's prediction is wrong
again , which is a contradiction .

Our assumption was wrong and H does not exist
.

QED



_2pBbBiBM; i?2 H2�`MBM; ;Q�Hb

"v i?2 2M/ Q7 i?Bb H2+im`2- vQm b?QmH/ #2 �#H2 iQ,௄ .2}M2 /2+BbBQM T`Q#H2KX௄ .2}M2 /2+B/�#H2 �M/ mM/2+B/�#H2 T`Q#H2KbX௄ S`Qp2 i?�i � /2+BbBQM T`Q#H2K Bb /2+B/�#H2
#v ;BpBM; �M �H;Q`Bi?K iQ bQHp2 BiX௄ .2b+`B#2 i?2 ?�HiBM; T`Q#H2KX௄ S`Qp2 i?�i i?2 ?�HiBM; T`Q#H2K Bb mM/2+B/�#H2X
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