
Study of the Meioti Reombination Hotspot Di�usion ParadoxJérémy BarbayTehnial Report CS-2006-38David R. Cheriton Shool of Computer SieneUniversity of Waterloo, Canada.AbstratZoologists and evolutionists ponder about an apparent paradox in the urrent model of howsexual reprodution happens, basing their onlusions on extensive simulations. We show through amathematial analysis that the results of those simulations an be predited for a larger lass of models,and we dedue from this analysis one of the key features of the model whih yield the paradox. Based onthis analysis, we de�ne another mathematial model whih solves this paradox, and we hek our resultsthrough simulation.Keywords: reombination hotspot paradox, markov hain, spatiality.
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(d)Figure 1: Crossover Mehanism: when a reombination hotspot allele �breaks�, it is repaired and replaedby the reombination hotspot allele from the homologous hromosome, initiating a rossover (a), or not (b);when no reombination hotspot allele �breaks� the hromosomes sometime do not segregate properly (d).1 IntrodutionZoologists and evolutionists ponder about an apparent paradox in the urrent model of how sexualreprodution happens [1, 10℄. Solving this paradox is of pratial importane for evolutionary infereneabout many speies as well as for the study of human genetis [6, 7℄.Figure 1 illustrates the mehanism on whih we fous. Informally, the geneti material of humans, asfor all diploid organisms, is omposed of 2n hromosomes grouped in n pairs suh that in the pairs, onehromosome omes from eah parent. To reprodue, eah parent �shu�es� eah pair to produe four haploidgametes of n hromosomes eah [5℄, so that the union of two gametes gives birth to a new individual, witha new geneti pakage. The �shu�ing� proedure happens through spei� regions of the hromosomes,alled �reombination hotspots� [3, and referenes therein℄, whih break and are repaired by opying fromthe orresponding region on the hromosome of the same pair, sometime resulting in an exhange betweenthe two hromosomes: this is alled a �rossover�. The reombination hotspot alleles an be inativated bymutations, whih hange them so that they do not break, and do not initiate a rossover any more. If areombination is still initiated by the other hromosome from the pair, its reombination hotspot is repairedusing the mutated allele, and the gametes will ontain only inativated hotspot alleles.Boulton, Myers and Red�eld [1℄ and later Pineda-Krh and Red�eld [10℄ performed simulations to showthat this model was self-ontraditing: if a majority of inative reombination hotspot alleles are produedeah time an ative one is ativated in onjuntion with an inative one, the ative reombination hotspotalleles would disappear from the population faster than they an appear through mutation. Reent studiespoint out that the degree of ativity of reombination hotspots is not boolean, and that it an vary duringevolution [2, 8℄, but the paradox remains the same: if the less ative reombination hotspot alleles are thefastest to spread through the population, how omes that we still observe the ativity of reombinationhotspots, and that the population is not mainly onstituted of lones?Our ontribution is twofold:
• We generalize and formalize the models previously studied, and we prove that the ative reombinationhotspot alleles inelutably disappear in suh models.
• We propose a more realisti model, whih takes into aount the loation of the individuals, and whihsustains better the ative reombination hotspot alleles.We summarize in Setion 2 the results from Boulton, Myers and Red�eld [1℄ and Pineda-Krh andRed�eld [10℄. We formalize and study their model in Setion 3, produing a theoretial on�rmation of2



the results of their simulations. We dedue from this analysis that one of the key feature missing fromtheir simulation is spatiality, and we introdue a model taking into aount this feature in Setion 3.5: oursimulation results show that the ative reombination hotspot alleles resist better the propagation of inativeones in this model. In Setion 5 we ritiize our own model and disuss further work.2 Previous WorkBoulton, Myers and Red�eld [1℄ �rst identi�ed the potential problem with the model of meioti reombinationhotspots. They illustrated it by the loss of ative reombination hotspot alleles in a simple model whereeah generation begins with a pool of haploid gametes, eah ontaining as its genome a single hromosomewith one reombination hotspot and two side alleles. Their results onern the impat of two known positivee�ets of rossover: the positive e�et of the hromosome reombination on their migration during the elldivision (without reombination some gametes are sterile with probability .5), and the reovery of side alleleslost to mutations. Their simulations show that none of those e�ets is strong enough to sustain a positiveproportion of ative reombination hotspot alleles. Inluding the presene of ative reombination hotspotalleles in the �tness funtion ould maintains this proportion, but they argue that the evolutionary ost ofsuh a mehanism would be too high.Pineda-Krh and Red�eld [10℄ explored the impat of other positive e�ets of reombination on thesurvival of ative reombination hotspot alleles in a similar model, where eah hromosome ontains 10reombination hotspot loations and 11 side alleles. As Boulton et al.'s, their simulation show that the impatof proper segregation and mutation reovery due to the reombination initiated by an ative reombinationhotspot allele, but also onsider the impat of other features, suh as
• the fertility seletion in a population where most �tness is not yet optimal and an still evolve;
• the bak mutation, where an inative reombination hotspot beomes ative due to a mutation;
• di�erent probability of onversion;
• the various levels of ativity of ative reombination hotspot alleles, in partiular depending on otherreombination hotspot alleles on the same hromosome;As Boulton et al., they found that none of those features were strong enough to insure the persistene ofative reombination hotspot alleles in the population.Without desribing the details of eah models, a key observation is that in all the models studiedpreviously the haploid gametes ombined through reprodution are hosen uniformly at random in the wholepopulation, after whih they pass various viability tests and reombination operations. In real life, it wouldorrespond to onstantly shu�ing the population, suh that all mating pairs our with the same probability.We show in the next setion that under those onditions the ative reombination hotspot alleles annotpersist in the population as soon as some inative reombination hotspot alleles appear.3 Analysis3.1 Our theoretial modelWe onsider a pool of freely interating haploids. Eah haploid onsists of a single hromosome, with a singlereombination hotspot, and is noted Hi, of �tness fi, whih orresponds to its ability to grab resoures. Thepopulation size is variable, regulated by the amount N of resoures (e.g. food) available. At eah step of theproess: with probability .5 one haploid Hi is hosen uniformly at random, of �tness fi, and dupliates withprobability fi

P

fi

N
2
, otherwise dies. Otherwise, with the remaining probability .5, two haploids Hi and Hjare hosen uniformly at random, of �tness fi and fj. They ombine and try to reprodue with probability

fi+fj
P

fi

N
4
, and otherwise die. If both reombination hotspot alleles are inative, the haploids are unlivable with3



probability .5 (beause of improper segregation), or dupliates of the original haploids with the remainingprobability.If both reombination hotspot alleles are ative, the haploids ombine by a rossover at this site, and thefour haploids produed have ative reombination hotspot alleles. If only one reombination hotspot alleleis ative, the hromosomes ombine by a rossover at this site, but three out of four haploids produed haveinative reombination hotspot alleles, and the one with an ative reombination hotspot is a dupliate ofthe original hromosome whose reombination hotspot allele was ative.Note that for simpliity, we assume that the ative reombination hotspot alleles always break: in amodel with only one reombination hotspot allele this doesn't hange the result and simpli�es the analysis.3.2 Evolution of the Population SizeIn this model the size S of the population is stable on average. At eah step of the proess, the probabilitythat the haploids hosen dupliate and inrease the population is proportional to the share of resouresthey get. This share is proportional to their relative �tness, but inversely proportional to the size of thepopulation. Hene the size of the population dereases when it is too large, and inreases when it is toosmall: Lemma 1 proves this formally.Lemma 1 The average population size onverges to N .Proof: First onsider the ase when a single haploid is hosen for dupliation. Let be S the size of thepopulation, ∆S the variation of this size in the �rst phase of one step, E(∆S|lone) the average variationwhen a single haploid is hosen for loning, and E(∆S|Hi) the average variation when the haploid Hi hasbeen hosen:
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− 1Note that ∆S is equal to 1 or −1, and that E(∆S|lone) is positive if and only if S is smaller than N .Now onsider the ase when two haploids are hosen for breeding. Let be ∆S the average variation of thesize of the population in this phase, E(∆S|breed) the average variation when a ouple of haploids is hosenfor breeding, and ∆S|Hi, Hj the average variation when the haploids Hi and Hj have been hosen:
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)Note that here ∆S is equal to 2 or −2, and E(∆S|breed) is positive if and only if S is smaller than N .Considering the two ases, the average variation of the size of the population is positive if and only if Sis smaller than N . On the other hand this variation is always bounded. By analogy with a Markov haindesribing ∆S [4℄ the average size of the population E(S) onverges in the stationary distribution to theamount N of resoures available. ⊓⊔4



3.3 The E�et of SegregationThe segregation produes aneuploids (inviable gametes) with higher probability when no rossover ours.As this happens more often when there are fewer ative reombination hotspot alleles, Boulton et al. [1℄studied the e�ets of this property. Their simulations show that this fore is not su�ient to maintain apositive proportion of ative reombination hotspot alleles. They use a model with a single hromosomeper individual, and a single reombination hotspot per hromosome. We give the theoretial analysis of abroader lass of models, whih shows that the ative reombination hotspot alleles indeed disappear in thestationary distribution.Theorem 1 Starting from an optimal population, ative reombination hotspot alleles disappear in thestationary distribution.Proof: As the �tness is uniform, the dupliation of haploids doesn't modify on average the repartition ofative reombination hotspot alleles, only the sexual reprodution does. Let be p the proportion of ativereombination hotspot alleles in the population. As a pair of haploids with inative reombination hotspotalleles an produt 4 haploids or nothing, 3 types of pairs an be formed with 4 possible outomes:1. [AA → AAAA℄ if the two hosen haploids have ative reombination hotspot alleles;2. [AN → ANNN ℄ if exatly one hosen haploid has an ative reombination hotspot allele;3. [NN → NNNN ℄ if none of the hosen haploids has an ative reombination hotspot allele, and thegametes properly segregate;4. [NN → ∅℄ if none of the hosen haploids have an ative reombination hotspot allele, and the gametesdoes not properly segregate.In eah ase we study the variation in the number of ative reombination hotspot alleles and in the size ofthe population, expressed by the variation in the proportion of ative reombination hotspot alleles.1. The �rst ase happens with probability [p2], and the proportion p then inreases by 4−4p

S+4
.2. The seond ase happens with probability [2p(1 − p)], and the proportion p then inreases by 1−4p
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], and the proportion then does not hange.The expression of the average variation of p is then expressed as the sum of the variations in eah ase,weighted by their probabilities:
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is negative. This ondition is ful�lled whenever N issu�iently large (see Lemma 1).So as long as N is large enough, E(∆p) is never positive and p is always dereasing to 0 on average. ⊓⊔5



3.4 The E�et of SeletionThe ative reombination hotspot alleles also have an evolutionary utility: without them, the populationevolve only by mutation. A sub-population with ative reombination hotspot alleles should have anevolutionary advantage.Boulton et al.'s simulation [1℄ is starting with a population of optimal individuals, and mutations introduesub-optimal individuals. In suh a model, with a small mutation rate, only a few sub-optimal individualsare generated at eah generation, and there is no need of reombination to obtain a better population, asseletion just suppresses sub-optimal individuals. On the other hand, with a mutation rate large enough todisrupt the optimality of the population, the possible bene�ts from reombination are most likely disruptedby a mutation.Pineda-Krh and Red�eld's model [10℄ starts with a sub-optimal initial population, where reombinationsare muh more likely to generate better individuals, and the ative reombination hotspot alleles triggeringthese reombinations are more likely to be promoted. To obtain an upper bound on the proportion of ativereombination hotspot alleles sustained in suh a model, it is su�ient to study a muh simpler model wherethe o�springs obtained by reombination are always better than their parents: this model's unrealism anonly inrease the proportion of ative reombination hotspot alleles. In suh a model, the proportion ofative reombination hotspot alleles in the stationary distribution is still null: hene even the evolutionaryrole of the ative reombination hotspot alleles does not permit to sustain them.Theorem 2 Even in the model where new individuals are always better than their parents, the ativereombination hotspot alleles do not persist.Proof:As before, p is the proportion of ative reombination hotspot alleles in the population. For a randomindividual hosen in the population, let be A the event that it has an ative reombination hotspot allele,
N the event that it has an inative reombination hotspot allele, and new the event that this individual isdi�erent from its parents.Haploids with a new ombination of alleles (event new) and ative reombination hotspot alleles (event
A) an be generated only by breeding two haploids whih both have ative reombination hotspot alleles.Haploids with a new ombination of alleles and inative reombination hotspot alleles (event N) an begenerated only by breeding one haploid, whih has an ative reombination hotspot allele, with an haploidwhih has an inative reombination hotspot allele. In eah ase, two suh haploids are generated.From the probabilities of those events, we an dedue the probability of generating a new haploid, andthe probability that suh a haploid has an ative reombination hotspot allele:
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− 1This number, whih orresponds to the probability that a new haploid has an ative reombination hotspotallele, is smaller than p, the proportion of individuals with an ative reombination hotspot in the wholepopulation. ∀p ∈ [0, 1]:
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− 1 < p ⇔ 2 < (p + 1)(2 − p) ⇔ p(1 − p) < 0 ⇔ p ∈ [0, 1]Hene the proportion of ative reombination hotspot alleles among new (and potentially better) solutionsis smaller than the proportion of ative reombination hotspot alleles among the old solutions. So the ativereombination hotspot alleles do not persist. ⊓⊔6



3.5 Dedution from the analysisWhen analyzing the models previously desribed, one fat is striking: ative reombination hotspot alleles donot get a hane to �survive� beause the probability for a gamete with an ative reombination hotspot alleleto mate with a gamete having an inative reombination hotspot allele is stritly inreasing with the numberof individuals with inative reombination hotspot alleles. This is a diret onsequene of the uniform hoieof individuals at eah step of the simulation, and is quite arti�ial: in pratie it would orrespond to aonstant shu�ing of the population, like onstantly turning a spoon in the beker ontaining the population.In pratie, individuals interat mainly with their diret neighbors. O�springs an move farther from theparents, but often to a limited distane whih means that siblings often mate with eah other. This slowsdown evolution, but it also provides the opportunity for sub-populations to appear. Suh sub-populationwould enable individuals with ative reombination hotspot alleles to mate with higher probability witheah other, to generate o�springs at one better and with ative reombination hotspot alleles, providing anadvantage over an antagonist sub-population of individuals with inative reombination hotspot alleles, andunable to generate any new genotypes.In the following setion, we de�ne and simulate a spatial model, whih maintains a positive proportionof ative reombination hotspot alleles in the population.4 SimulationsWe propose a spatial model, similar to island models used in zoology for the study of segregation and otherevolution phenomenon involving sub-populations. To make the reombination more interesting from theevolution point of view, we onsider several reombination hotspot loations per hromosome (as Pineda-Krh et al. [10℄), a �tness whih is exponential in the number of side alleles agreeing with a target, andregular perturbations of the target of the �tness funtion.4.1 Control ExperimentsWe �rst ontrolled that in the ontext of a unique loation (i.e. without spatiality), the ative reombinationhotspot alleles still disappear in our simulation, even when onsidering the features we added to emphasizethe importane of reombination.Figure 2 shows the results of the simulation with a single reombination hotspot allele, and Figure 3orresponds to the same simulation but with ten reombination hotspot alleles. Eah �gure displays theresults of �ve independent runs with an initial population of size 1000, a single loation, 100 reprodutionsteps per generation, where the target of the �tness is randomly renewed every 200 generations. Eahreombination hotspot allele in the initial ombination is ative with probability 0.75, and eah side alleleis positive with probability inverse to the number of side alleles, so that on average eah hromosome of theinitial population has one ative side allele.In both ase the size of the population is tightly osillating around its average value, 1000 (it is displayedonly one). The �tness of the population onverges quite fast to its optimal value (respetively 22 and 210),but in both ases the number of ative reombination hotspot alleles is dereasing fast, and almost reaheszero by generation 1000, for almost all reombination hotspot alleles and in almost all runs.Those results on�rm that, although our population model is slightly di�erent from the ones from Boulton,Myers and Red�eld [1℄ and Pineda-Krh and Red�eld [10℄ beause it allows a dynami population size, whihis neessary to avoid introduing global rules in the spatial model, we did not introdue any feature whihadvantage the ative reombination hotspot alleles.4.2 A basi spatial modelWe extend the model desribed in Setion 3.1 by onsidering a set of islands on a grid. Eah individual isassoiated with a loation, and an reprodue only with an individual sharing the same loation. At eahgeneration, an arbitrary number of individuals and loations are hosen.7



 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 0  100  200  300  400  500  600  700  800  900  1000

M
in

im
al

 a
nd

 A
ve

ra
ge

 fi
tn

es
s 

of
 th

e 
po

pu
la

tio
n

Number of generations

Minimal and Average fitness of the population in several runs.

 0

 200

 400

 600

 800

 1000

 0  200  400  600  800  1000

N
um

be
r 

of
 a

ct
iv

e 
re

co
m

bi
na

tio
n 

ho
ts

po
t a

lle
le

s 
in

 th
e 

po
pu

la
tio

n

Number of generations

Number of active recombination hotspot alleles in several runs.

 600

 800

 1000

 1200

 1400

 0  200  400  600  800  1000

S
iz

e 
of

 th
e 

po
pu

la
tio

n

Number of generations

Population size in several runs.

Figure 2: Control experiment with onereombination hotspot loation.
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Figure 3: Control experiment with tenreombination hotspot loations.
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• For eah individual hosen, a seond individual is hosen uniformly at random among the individualssharing the same loation, to reprodue. The proportion of resoures gathered by the pair of individual,proportional to their �tness, de�nes the probability that they an ombine in a diploid and eventuallyprodue o�springs. The pair of individuals disappear if they fail to reprodue.
• For eah loation hosen, a random neighboring loation is hosen uniformly at random, and thedi�erene g in population size is omputed between both loations. A random number between zeroand g of randomly hosen individuals is moved from the loation with the population of largest size tothe other.Similarly to the ontrol experiments, Figure 4 show the results of the simulation with a singlereombination hotspot allele, and Figure 5 orrespond to the same simulation but with ten reombinationhotspot alleles. Eah �gure displays the results of �ve independent runs with an initial population of size

1000, 100 reprodution steps per generation, a grid of 10 but 10 loations, with one migration step pergeneration.When eah hromosome holds only one reombination hotspot (Figure 4), spatiality does not hangemuh the results, and ative reombination hotspot alleles disappear as fast as without spatiality. On theontrary, in the simulation where eah hromosome holds ten reombination hotspot loations (Figure 5), theative reombination hotspot alleles survive muh longer and sometime invade the whole population. Also,the average �tness of the population is muh better than in the simulations without spatiality: beause ofthe large proportion (0.75) of ative reombination hotspot alleles in the original population, some inativereombination hotspot alleles are totally absent from some loations, where a sub-population an optimizethe �tness more e�iently and later invade other loations.Note that ative reombination hotspot alleles whih do not invade the whole population ultimatelydisappear, and that in presene of mutations deativating reombination hotspot alleles they would alldisappear: the model is not sustaining inde�nitely ative reombination hotspot alleles, just supportingthem longer.5 ConlusionsIn this paper we provided a theoretial on�rmation of some experimental results on a model of the di�usion ofinative reombination hotspot alleles, and we gave an analysis proving that even a more general model doesnot solve the paradox observed. The models disussed in the literature neglet many properties of naturalsystems, among whih one is spatiality. The models negleting this property are analogous to the situationwhere the haploids are ontinuously shu�ed: this happens only rarely in nature, where the haploids anform olonies. Taking into aount this spatiality, along with other features whih emphasize the importaneof reombination to produe individuals of higher �tness, proved to sustain ative reombination hotspotalleles longer.The importane of spatiality is not a surprise, as it proved salutary in other models, in partiular forstrategies from game theory otherwise believed to disappear: Nowak and May [11℄ showed that in thePrisoner's Dilemma problem, the strategy always ooperating, usually believed to disappear in ompetitionwith defeting, an sustain itself inde�nitely. Similar dynamis has been studied by Killigbak and Doebeli [9℄,observing some self-organized ritiality behavior.The paradox is still not fully solved: spatiality does not sustain the ative reombination hotspotalleles inde�nitely in the simulations, and preliminary experiments regarding the impat of mutations ofthe reombination hotspot alleles were not onlusive. Indeed, the inability of spatiality to sustain ativereombination hotspot alleles inde�nitely re�ets a slightly di�erent paradox: if ative reombination hotspotalleles are useful in populations where they are already dominant, how did suh alleles appear to begin with,in populations of organisms pratiing loning rather than sexual reprodution?Aknowledgments: This work bene�ted enormously from disussion with Mario Pineda-Krh, Sally Otto,Rosemary J. Red�eld and Annie Lee. 9
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Figure 4: Spatial experiment with onereombination hotspot loation.
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