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Abstract

We design efficient competitive algorithms for discovering information hidden by
an adversary. Specifically, consider a game in a given interval graph G in which the
adversary chooses an independent set X in G. Our goal is to discover this hidden
independent set X by making the fewest queries of the form “Is point p covered by an
interval in X?” Our interest in this problem stems from two applications: experimental
gene discovery with PCR technology and the game of Battleship (in a 1-dimensional
setting). We provide adaptive algorithms for both the verification scenario (given an
independent set, is it X?) and the discovery scenario (find X without any information).
Under some assumptions on the interval graph, these algorithms use an asymptotically
optimal number of queries in every instance.

1 Introduction

An independent set (or stable set) in a graph G is a set of vertices such that no two vertices
share an edge. The problem of finding an independent set of maximum size in a graph is a
well-known optimization problem with many applications; for example in game theory and
communication networks. It was among the first problems to be shown to be NP-complete
[Kar72], although it is solvable for some special graph classes.

An interval graph is an intersection graph of intervals on the real line, i.e., vertices
are represented by intervals and there is an edge between two vertices if and only if their
corresponding intervals intersect. Interval graphs have a number of applications, for example
in genetics, archeology and developmental psychology (see e.g. [Rob76]). Their geometric
structure makes it easy to solve various optimization problems, among them finding the
maximum independent set or a clique cover (see e.g. [Gol80]).

In this paper we study how to determine, given an interval graph, an unknown inde-
pendent set X chosen by an adversary. We refer to X as a hidden independent set. Note
that X need not be maximal. We determine X by playing an interactive game against an



adversary using queries of the following type: “Is a point p on the real line covered by an
interval in X?” The adversary always answers the query truthfully. Our goal is to use the
smallest possible number of queries to determine set X. Our problem is motivated by two
applications: recovering gene structure with PCR techniques (see Section 1.3) and the game
of Battleship (see Section 1.4).

While there is a wide literature regarding games in graphs (e.g. game coloring [BK92],
the Ramsey graph game [ES73|, and node search [KP86]), our problem appears to be new
in this area. Several games involving finding a hidden object using queries have also been
studied in the bioinformatics literature. Xu et al. [XSL*98] discuss the problem of locating
hidden exon boundaries in ¢cDNA. This leads to a game in which the hidden object is a
subset A C {1,...,n} and the queries are of the type “Given an interval I, does it contain
an element of A?”. Beigel et al. [BAAFO01] discuss the problem of closing gaps in DNA
sequencing data. This problem can be formulated as a search for a hidden perfect matching
in a complete graph using queries “Given an induced subgraph, does it contain at least one
matching edge?” In a certain sense their problem is the dual of ours: they use intervals to
locate and identify points; we use points to locate and identify intervals. McConnell and
Spinrad [MS02] consider the tangentially related problem of reconstructing an interval graph
given probes about the neighbours of only a partial set of vertices.

We now give some terminology before stating the precise problems and our results.

1.1 Terminology

As defined above, an interval graph is an intersection graph of intervals on the real line.
Without loss of generality all intervals are closed, have length at least one, and their end
points are integers between 1 and 2n, where n is the number of intervals. It is well-known
that every interval graph can be represented in such a way. We denote the interval of the
ith vertex of an interval graph by I; = [s;, f;], where s; < f; are integers. An edge (i, j) thus
exists if _[Z N Ij 7é @

The complement G of an interval graph G has a special structure. Assume that (i, j) is
not an edge in G, i.e., ;N I; = (). Then either f; < s; or f; < s;, and, depending on this, we
can orient the edge in G as i — j or j — i. Thus, G has a natural orientation of the edges,
and this orientation is well-known to be acyclic and transitive. For this and other results
about interval graphs, see e.g. [Gol80].

Formally, an independent set of vertices of a graph G = (V, E) is a subset V' of V such
that no two vertices in V' are adjacent. We will deal with discovering an initially unknown
independent set chosen by an adversary, and will refer to this set as the hidden independent
set. If V' is an independent set in G, then it is a clique in the complement G. If G is an
interval graph, then G has a “natural” acyclic orientation (direct each edge from the left
interval to the right interval) and any clique in G' hence has a unique topological order. We
can therefore consider V' as a (directed) path 7 in G, and will sometimes speak of a hidden
path instead of a hidden independent set. We will omit the word “directed” from now on as
we will not be talking about any other kind of path.

We determine the hidden independent set through probes and queries. A probeis simply a
unit open interval (a,a+1), where a is an integer. A query is the use of a probe to determine



information about the hidden independent set. Specifically, a query is a statement of the
form: “Is there some vertex in the hidden independent set whose interval intersects the
probe?” A query can be answered either “yes” or “no.”!

Note that no such query can ever distinguish between two identical intervals. For this
reason, we will assume that the input graph has no two identical intervals. On the other
hand, intervals are allowed to have the same start point or the same end point.?

1.2 Our results

Suppose we are given an interval graph and want to determine a hidden independent set X
in that graph. We study two versions of the problem:

1. Given an independent set Y, use queries to verify whether X is Y. We call this the
verification problem and study it in Section 2.

2. Use queries to discover X without any other information. We call this the discovery
problem and study it in Section 3.

Our results are summarized as follows: For the verification problem we give a protocol
to determine whether X = Y using the exact optimal number of queries for that specific
instance. For the discovery problem, we give an adaptive algorithm for discovering X. If no
two intervals at a common point, then this protocol is within a constant factor of the optimal
number of queries for that specific instance. That is, the algorithm is optimal in an adaptive
sense (see [DLOMO00, EW92, Meh84] for details on adaptive algorithms). If this assumption
is not satisfied, then the number of queries may be larger than the information—theoretic
lower bound; however, we also prove stronger lower bounds to show that the number of
queries must be larger in these cases.

1.3 Application to gene finding

In this section, we explain how our game of finding hidden independent sets in interval graphs
relates to a problem in computational biology.

Recent technologies in molecular biology allowed scientists to obtain genomic sequences
of several organisms. These sequences need to be annotated, i.e., biological meaning needs
to be assigned to particular regions of the sequence. An important step in the annotation
process is the identification of genes. For our purposes a gene is a sequence of disjoint regions
of the genomic sequence. These regions are called exons.

The discovery of genes in DNA sequences is a well-studied problem. There are a number
of automatic tools for gene prediction; however, experimental studies (e.g. [PRD199]) show
that even the best of them predicts, on average, only about 50% of the entire genes correctly.

!Note that since intervals begin and end at integers, probing with a unit interval is equivalent to probing
at a non-integral point.

2Every interval graph has a representation by intervals with distinct end points. However, modifying the
graph to such a representation changes the set of allowed queries and hence the problem.



It is therefore important to have alternative methods that can produce or verify such pre-
dictions by using experimental data. Our approach is based on polymerase chain reaction
(PCR) technology and it was inspired by open problem 12.94 in [Pev00]. Without going into
further details, we note that PCR technology can be used to perform the following query:
given two short sequences called primers, do both of them occur in some exon of the gene?

Assume for now that we are given a set which contains all real exons belonging to a gene
as well as some false exons. Each exon is an interval of the DNA sequence; therefore, the
set of candidate exons is a set of intervals in a corresponding interval graph. The gene is a
collection of disjoint intervals; therefore, it corresponds to the hidden independent set in the
interval graph of all exon candidates. We can try either to discover this hidden independent
set or to check whether the prediction of a gene finding program (another independent set)
is correct.

Our setup assumes that the candidate exons are given; they can be determined using
computer tools for gene prediction. These algorithms have to balance sensitivity (i.e., how
many real exons they discover) with specificity (i.e., how many false exons they predict),
and usually it is possible to increase sensitivity at the expense of a decrease in specificity. To
create a good set of candidates for our set—up, we should use a highly sensitive method that
may generate many false exons but has only a small probability of excluding a real exon.
The queries in our game can be implemented as PCR experiments. Note that many real-life
constraints would need to be addressed to apply this technique in practice.

1.4 Application to 1-dimensional Battleship

The game of Battleship (also known as Convoy and Sinking-Ships, or in a solitaire variant,
Fathomlt) is a well-known two—person game. Both players have an n x n-grid and a fixed
set, of ships, where each ship is a 1 x k rectangle for some k£ < n. Each player arranges the
ships on his/her grid in such a way that no two ships intersect. Then players take turns
shooting at each other’s ships by calling the coordinates of a grid position. The player that
first sinks all ships (by hitting all grid positions that contain a ship) wins.

There are many variants of Battleship (see e.g. [MVS]) involving other ship shapes or
higher dimensions. In theoretical computer science, a sampling variation of the problem has
been considered in which the collection of shots must cover the d-dimensional lattice in order
to hit all rectangles with at least a given volume [Cha99, LLSZ97].

We can rephrase Battleship as a graph problem as follows. Define a graph G' with one
vertex for every possible ship position. Two vertices in the graph are adjacent if and only
if the corresponding ship positions intersect or touch. The positions that the adversary
chooses for his/her ships then correspond to a hidden independent set in graph G. The only
operation allowed for discovering a ship is choosing a point of the grid and asking whether
it is covered by a ship, which corresponds to querying a set of vertices in the graph.

For the standard Battleship game, graph G is what is known as a bozicity-2 graph, i.e.,
it is the intersection graph of two-dimensional axis-aligned rectangles (see e.g. [Rob69]). In
fact, it is an even more specialized graph since all rectangles are forced to have one unit
dimension.

Graph G becomes an interval graph if we study a simplified version of Battleship that



operates in 1-dimensional space. Here the ships are intervals of length k& with integral
end points, and as before, no two intersecting ship positions may be taken. The allowed
operations are now exactly our queries: Given an open unit interval (a, a4+ 1), does one ship
overlap this interval?

2 Independent set verification

The verification variant of the problem can be formulated as follows: given an interval graph
G and an independent set Y in G, determine whether X = Y, where X is the hidden
independent set chosen by the adversary.

There are two types of queries: the ones for which the probe intersects some interval in
Y (we call this a positive probe) and the ones for which it does not (we call this a negative
probe). For a probe the ezpected answer is the answer that is consistent with X =Y. Thus,
a positive probe has expected answer “yes,” while a negative probe has expected answer
“no.”

Consider an algorithm to solve the verification problem. If for some query it does not get
the expected answer, then X # Y and the algorithm can terminate. Otherwise the algorithm
must continue until enough queries are asked to determine that X = Y. Thus the worst case
for any optimal verification algorithm is when X =Y (i.e., all answers are as expected).

This observation implies that we can rephrase the verification problem: for a given graph
G and an independent set Y, produce a set of queries U such that Y is the only independent
set in G consistent with the expected answers to all queries in U. Any algorithm that creates
queries interactively based on answers to the previous questions can be transformed to an
algorithm solving the rephrased problem without changing the worst-case number of queries
(we simply simulate the algorithm by providing the expected answer for each query and
gather all queries produced in this way). We say that a set of queries U verifies that X =Y
if every independent set Z # Y is inconsistent with the expected answer of at least query;
we say that this query eliminates Z.

In this section we give a polynomial-time algorithm that discovers the minimum set of
queries needed to verify that Y = X. First we will study a special case in which only queries
with positive probes are allowed. This case is then used as a subroutine for the general case.

2.1 Finding a minimum set of positive probes

Let us consider the case in which only positive probes, i.e., queries with expected answer
“yes”, are allowed. Note that for some inputs it is impossible to verify ¥ = X using only
positive queries.

Sometimes we will consider only intervals inside some region [a,b]. To simplify the dis-
cussion in such cases we use the following notation. For any graph W, let Wa, b] denote the
subgraph of W induced by intervals completely contained in the region [a, b]. Similarly, for
any independent set Z, let Z[a, b] denote the subset of Z of intervals completely contained
in region [a, b].

The minimum set of positive probes for a graph G|amin, Gmaz] Will be computed using
a directed acyclic graph H defined as follows. Graph H contains one vertex for every
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Figure 1: Example of interval graph G and its corresponding graph H. for YV =
{[2,6],[8,10]}.

positive probe. Two additional vertices s and ¢ are added, where s corresponds to probe
(@min — 1, @min) and t corresponds to probe (@maz, Gmar + 1)- Note that these probes are
negative for Glamin, Gmaz)-

Intuitively, H contains a directed edge from one probe to another if no positive probe
between them can distinguish Y from some other independent set. More precisely, for any
a < b, graph H contains an edge e, from (a,a + 1) to (b,b+ 1) if and only if there is an
independent Z,; in G[a+ 1, b] that intersects all positive probe (¢,c+1) with ¢ < ¢ < b and
that is different from Y. See Figure 1 for an example of graph H.

Graph H has O(n) vertices and O(n?) edges, where n is the number of intervals. We will
give an algorithm for constructing H in Section 2.3.

The following two lemmas show the connection between graph H and the optimal set of
positive queries.

Lemma 1. It is possible to verify that X =Y by a set of positive probes if and only if
vertices s and t are not connected by an edge in H.

Proof. Edge e, exists if and only if there is an independent set Z,; in Glamin, @maz] = G
that intersects all positive probes and that is different from Y. But this means that Z,; and
Y can not be distinguished by positive probes.

O

Lemma 2. A set of positive probes U wverifies that X =Y if and only if vertices s and t
become disconnected in graph H after removal of all vertices in U.

Proof. On the one hand, suppose that U is a set of positive probes verifying that X =Y.
Let m be a path in H from s to t. We will prove that 7 must contain a vertex from U.

Define the set of intervals Z, corresponding to path 7 to be the union of the sets Z,; over
all edges e, € 7. Notice that Z, is an independent set in GG, because for any edge e, in T,
the independent set Z,; has intervals with points between a + 1 and b.

We will show that Z, # Y. Graph H does not contain edge e, ;; otherwise X =Y could
not be verified by Lemma 1. Thus path 7 contains at least one vertex (u,u + 1) # s,t. Let
€q,u and e, be the incoming and outgoing edge of (u,u+1) in 7. Then Z,, is in Gla + 1, u
and Z, is in G[u+ 1, b]. So neither independent set intersects the positive probe (u, v+ 1).
Therefore Z, also cannot intersect the positive probe (u,u + 1), which proves Z, # Y.

Because Z,; # Y, there must be a probe (v,v + 1) € U inconsistent with Z,. Suppose
for contradiction that (v,v+1) ¢ 7. Thus 7 “jumps” over this vertex using edge e,;, where
a < v < b. However, set Z,, C Z, must then contain an interval intersecting probe (v,v+1),
contradicting that Z, is inconsistent with (v,v + 1). Therefore (v,v + 1) € 7.

6



On the other hand, suppose that set U disconnects vertices s and ¢ in H. Let Z #Y be
an independent set in H. We will prove that Z is inconsistent with at least one probe from
U.

Let S = {(s1,81 +1),(s2,52+1),...,(Sk, sk + 1)} be the set of all positive probes incon-
sistent with Z. Without loss of generality let 51 < sy < --- < sg; let s = s and s,41 = t.
Note that for all 7 such that 0 < i < k, the set Z[s; + 1, s,41] defines edge e, Thus we
can form a path 7 in graph H from the edges e, , over all 0 < < k.

Path 7 connects vertices s and ¢ in H, so in particular 7 contains at least one vertex
(u,u+1) € U. By the definition of 7, we must have (u,u+1) € S and therefore independent
set Z is inconsistent with probe (u,u + 1). O

Si41°

The best general algorithm we know to solve this form of the vertex connectivity problem
is based on network flows:

Lemma 3. There is an O(ns/ 3)-time algorithm that, given a graph H and vertices s and t,
finds the smallest set of vertices whose removal from H disconnects s from t.

Proof. First transform the graph H into a graph H' by replacing each vertex i € H \ {s, t}
by a directed edge (i',7"). All edges entering 7 in H will go to 7' in H' and all edges leaving i
in H leave from 7. Instead of finding the smallest set of vertices disconnecting s from ¢ in H
(vertex cut), we will search for the smallest set of edges disconnecting s from ¢ in H' (edge
cut). Obviously, any vertex cut in H is an edge cut in H'. On the other hand, if an edge
cut in H' contains some edge (i", j'), we can instead cut either (i',7") or (5, ") (at least one
of 4,7 is neither s nor t). Therefore we can obtain a minimum edge cut with only edges of
the type (¢/,4"), and these clearly correspond to a vertex cut in H. The minimum edge cut
separating s from ¢ can be found using a unit-capacity maximum-flow algorithm for directed
graphs, in O(n®3) time [Kar73, ETT75]. O

2.2 Finding the minimum set of probes in the general case

The general case, in which both positive and negative probes are allowed, is solved by a
dynamic programming algorithm. The special case studied in Section 2.1, in which we do
not allow any negative queries, turns out to be a base case in the dynamic program.

Lemma 4. Let Ala,b] be the smallest number of queries needed to verify that Xla,b] =
Yla,b] in the interval graph Gla,b]. Let A, la,b] be the smallest number of positive probes
needed to verify that X[a, b] = Y(a,b] in Gla, b], or A[a,b] = oo if this is not possible. Then

A+[1’ a’]>
All,a] =min ¢ min, A[1,b— 1]+ A [b+ 1,a] + 1, where (b,b+ 1) is a negative
probe intersecting [1, al

Proof. Consider the optimal solution of subproblem A[1,a]. If this solution contains only
positive queries, then A[1,a] = A,[1,a]. If the solution contains a negative probe, then let b
be the rightmost negative probe. All probes to the right of b are positive and they comprise
a solution of A, [b+1,a]. Probes to the left of b comprise a solution of A[1,b—1]. Therefore
in this case we have A[l,a] = A[1,b— 1]+ A, [b+1,a] + 1. O



2.3 Algorithm details

Lemma 4 gives a recursive formula for computing A[1, a] using the values A, [a,b]. These
values can be computed using the result of Lemma 2. However, we still need to provide the
method for finding the edges of the graph H.

First we define an auxiliary table E,; and show how to compute its values. Then we
show how to use this table to obtain the edges of H|a, b] corresponding to Gla, b].

Let E,;, be the number of independent sets in graph Gla + 1,b] that intersect every
positive probe (¢,c+ 1) with a < ¢ < b.

Lemma 5. The values of E,p can be computed in O(n?) time for all a <b.

Proof. Let S, be the set of all intervals [c, b] in graph G[a + 1,b] such that (¢ — 1,¢) is a
negative probe or it is equal to (¢ — 1, a). The values E,; can then be computed using the
following recursive formula.

1 ifa=bora+1=05b
Eop—1+ Z Eoc ifa+1<b, (b—1,b) negative
Ea,b = [c,b]€Sa b
Z Eoe-1 ifa+1<b, (b—1,b) positive
[c,b]€Sq b

The base case happens if a = b or a +1 = b. In this case the only independent set
satisfying the criteria is the empty independent set. Let us assume now that a +1 < b.
There are two cases. If the probe (b — 1,b) is positive, then it must intersect an interval in
the independent set. This interval must end in b. Thus we go through all such intervals and
sum up the possibilities. However, if the interval [c, b] is in an independent set, then this set
does not intersect (¢ — 1, ¢). Therefore [c,b] can be used only if (¢ — 1, ¢) is a negative probe
or it is equal to (a,a + 1). If the probe (b — 1,b) is negative, all the possibilities from the
case with positive probes are valid, but we also need to add independent sets that do not
intersect (b — 1,b). These are stored in E,;_;.

Each interval [c, b] € G is checked O(n) times, once for each a < ¢. All other computation
is O(1) time per one E, ;. Therefore all values of E,; can be computed in O(n?) time. O

Lemma 6. Let Hla,b] be the directed acyclic graph from Lemma 2 corresponding to the
graph Gla,b] and a given path Yl|a,b]. Then the edges of Hla,b] can be computed in O(n?)
time.

Proof. For any two positive probes (u,u + 1) and (v,v + 1) inside [a + 1,b], we know by
definition that e,, € Hla,b] if and only if E,, > 0. The only issue is that the existence
of edge e, requires that the independent set Z,, is different from Y|a, b], but that is true
because it does not intersect positive probes (u,u + 1) and (v,v + 1).

We also need to consider edges incident to s and ¢. Vertex s corresponds to probe
(a—1,a). Notice that the value E,_, ; is influenced only by the intervals of G that are inside
Gla, b]. Therefore, there is an edge from s to a positive probe (u,u + 1) inside [a + 1, ] if
and only if F,_,, > 0. Similarly, vertex ¢ corresponds to probe (b,b + 1) and there is an
edge from (u,u+ 1) to ¢ if and only if E,;, > 0.

8



Edge e, is different, because s and ¢ are both negative probes in G[a,b] and thus Ya, b]
is included in the count E,_;,. Therefore e,; € Hla,b| if and only if E,_;, > 1.

Because graph H has O(n) vertices and for each two vertices their adjacency can be
obtained by a simple lookup in O(1) time, we have the required bound. O

The overall computation can be organized as follows. First, table E,; is computed in
O(n?) time (Lemma 5). Then we run the dynamic program according to Lemma 4. Each time
a value A, [a,b] is required, we construct graph H|a,b] in O(n?) time according to Lemma
6. If edge es; does not exist, we compute the smallest number of vertices separating s and
t according to Lemma 3. This number is equal to A [a,b]. If edge e, exists, A [a,b] = oco.
Notice that each A, [a,b] is used at most once, so it is unnecessary to store them. The overall
time is dominated by the computation of A [a,b] for all @ < b. Thus the overall time is
O(n* + n?T) where T is the time to find the smallest (s,)-cut in a network (7' € O(n®/?),
see Lemma 3). This yields the following result:

Theorem 1. Given an n-vertex interval graph G and an independent set Y in G, we can
find in O(n'*/3) time the minimum set of queries that verifies whether Y is the hidden
independent set chosen by an adversary.

3 Independent set discovery

In this section, we study the discovery problem. In it, we are given an interval graph G,
and we want to find some hidden independent set X with queries of the form (a,a +1). We
will give an interactive protocol to find X, i.e., the next query depends on the outcome of
the previous query. The protocol uses an asymptotially optimal number of queries if no two
intervals start at a common point.

3.1 Lower bounds
We have the following simple information-theoretic lower bound.

Theorem 2. Assume that G is a graph that contains p independent sets. Regardless of the
types of yes/no queries allowed, we need at least [log, p| queries to find a hidden independent
set X 1in the worst case.

Proof. We use a decision tree argument. Build a decision tree with the posed queries at each
interior node, and the resulting independent set at the leaves. Each query yields a yes/no
answer, so each interior node has at most two children. Since the decision tree has at least
p leaves, it must have a leaf of depth at least [log, p|. Since X is hidden, the adversary can
choose exactly the independent set at this leaf for X, resulting in [log, p] queries to find
X. O

Note that this theorem holds for any graph, and any type of queries. However, we do
not always get a tight bound, not even for an interval graph. As an example, consider the
so-called staircase, which consists of 2n intervals, with interval I; = [0,2i—1] fori=1,...,n
and I; = [2(: — n),2n+ 1] for i =n+1,...,2n. See Figure 2.
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Figure 2: The staircase needs n — 1 queries.

In this case we have n(n + 1)/2 4+ 2n + 1 independent sets, which gives lower bound of
2log, n + O(1) queries, but in fact any algorithm requires at least n — 1 queries.

Theorem 3. The staircase with 2n intervals requires n — 1 queries in the worst case.

Proof. The adversary decides that the hidden independent set X will be {I;, I,,+;} for some
j, i.e., one of the n pairs of intervals with the same y-coordinate in Figure 2.

Assume that the algorithm uses only £ < n — 2 queries and the adversary answers each of
these queries “yes”. So let (a,a + 1) be an arbitrary probe for a query, where 0 < a < 2n is
an integer. If a is even, probe (a,a+1) intersects all independent sets of the form {1, I,,4,}.
If a is odd, say @ = 2i — 1, then it intersects all such independent sets except {I;, I+ }-

Since the algorithm used k£ < n — 2 queries and with each query there was at most one
pair {I;, I+, } not intersecting the query, there are at least two such pairs that intersect all
queries. Each of them can be a correct answer. O

3.2 An adaptive protocol

Now we show that the lower bound from Theorem 2 can be matched (asymptotically) un-
der some assumptions. Thus, we will give an adaptive protocol that discovers a hidden
independent set in O(logp) queries, where p is the number of independent sets, under the
assumption that at most a constant number of intervals start at the same point. This is not
a contradiction to Theorem 3, because in the staircase example, many intervals start at the
same point.

For this protocol, we will adopt the point of view of the complement graph, and search
for a hidden path. Denote by P the set of directed paths in the complement G of the interval
graph; as discussed before p = |P|.

3.2.1 Overview of the algorithm

The algorithm to detect the hidden path is recursive. The crucial idea is that with a constant
number of queries we eliminate at least a constant fraction of the remaining paths. Therefore,
after O(logp) queries, we know the correct path.

For ease of notation, assume that the intervals Iy, ..., I, are sorted by increasing start
point, breaking ties arbitrarily. Let I; be the interval that ends first, i.e., f; < f; for all
j =1,...,n, breaking ties arbitrarily. Our first query will happen at or near interval I;, and

thus affect all those intervals that intersect I;. We call these intervals the clique intervals;
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more precisely, the clique intervals are the intervals I4,..., Iy with £ such that s, < f; and
sg+1 > [fi- Note that all clique intervals intersect point f;; hence, as the name suggests, they
form a clique in GG, and at most one of them is in any path.

For our recursive algorithm to work properly, we must allow additional restrictions, and
thus operate under two different scenarios. Let a legal path be a path in the graph that
could be the solution even under the following added restrictions. In the first scenario, any
path is a legal path. We will call this the unrestricted scenario. This is the scenario at the
beginning of the algorithm. In the second scenario, only a path that intersects (f;_1, f;) is
legal. (We will have obtained this information through previous queries.) We will call this
the restricted scenario. Therefore any legal path uses a clique interval. Furthermore, no
legal path can use a clique interval that starts at f;, and such intervals can be eliminated.
Thus, in the restricted scenario all clique intervals start strictly before f;.

3.2.2 Effects of a query

The algorithm uses only one kind of query: we always query at (a,a + 1) for some a < f;.
Now we will study the effect of such a query. Note first that since a < f;, only clique intervals
can intersect the probe (though not all of them necessarily do). Through our choice of a, we
will ensure that at least one clique interval always intersects the probe.

After each query we reduce the graph by eliminating several intervals so that the legal
paths of the reduced graph are exactly the legal paths of the original graph that were
consistent with the answer to the query. The intervals to be eliminated and the resulting
scenario can be determined as follows. If the answer to a query at (a,a + 1) is “no”, then
clearly none of the clique intervals that intersect (a,a + 1) are in the hidden path and we
eliminate them from the input graph. If the original scenario was unrestricted, by this
elimination we obtain a graph which contains exactly all paths that are consistent with this
query and we can solve the problem recursively by solving the unrestricted scenario on the
reduced graph.

If the original scenario was restricted, we already know that one of the clique intervals
I, ..., I is in the hidden path X. Some of the clique intervals were eliminated by the query,
which may increase the value of f; and therefore add some more intervals to the clique
intervals. None of these new clique intervals can be in X, since they intersect the original
clique interval that is in X. Thus, if we are in the restricted scenario, then intervals that
would become clique intervals due to an increase in f; can be eliminated as well. Hence the
new clique intervals are exactly those original clique intervals that do not intersect (a,a+1).
One of them is in the hidden path, and they all intersect (f; — 1, f;) for the new value of f;,
so again we want to solve the restricted scenario on the new graph.

Assume now that the answer to a query with some probe (a,a + 1) is “yes”. Since X
contains at most one clique interval, all clique intervals not intersecting (a,a + 1) can be
eliminated. One of the remaining clique intervals will be part of the solution. Therefore,
regardless of the current scenario, the next scenario will be restricted. We also can eliminate
all intervals that become clique intervals (due to an increase in f;), because they do not
intersect (a,a + 1) by a < f; (for the old value of f;).

If in the new situation we are now in the restricted scenario with only one clique interval

11



I, then I belongs to X. Therefore, interval I; can be eliminated from the graph and we
solve the unrestricted scenario on the resulting graph recursively. Afterwards we add I; to
get the hidden path X.

3.2.3 Some definitions and observations

Before specifying how we actually choose the queries, we need some definitions and useful
observations. Fix one point of time when we want to find the next query.

Let Ppg4q be the set of all legal paths. Since every legal path contains at most one clique
interval, we can partition Pjege a5 Plega = P1 U ... U P, U P,.y, where P; is the set of legal
paths that use interval I;, and P, denotes the legal paths that do not use a clique interval.
(Prest is empty in the restricted scenario.) Define pg = | P3| for all subscripts .

Claim 1. In the unrestricted scenario, p; = Prest-

Proof. For every path 7 in P;, we can obtain a path 7’ by deleting the first interval (which
is ;) in m. Note that any path contains at most one clique interval, and P,y includes the
empty path, so 7’ is a path in P,y and p; < prest-

For the other direction, let m be a path in P,.g. Since m does not contain a clique interval,
none of its intervals intersects I; (by definition of a clique interval). Hence we can obtain a
path 7’ in P; by adding I; to 7, and ppest < p;. O

Claim 2. pyest < 2Piegai-

Proof. This holds trivially in the restricted scenario by p,.s; = 0. In the unrestricted scenario,
we have one path in P; for every path in P,.s by Claim 1, hence P,., contains at most half
of all paths. O

Claim 3. If I;, and I}, are clique intervals with f; < f;, then pj, > pj,.

Proof. For any path 7 € Pj,, we can obtain a path 7' € P}, by removing the first element of
7 and inserting I; instead. This is a legal path because the first element of 7 must be I},
(since I, is a clique interval), and I, ends not after I;,. O

Now we can also refine the analysis of the effects of some queries.

Lemma 7. If we query at (s;,s; + 1) for some j with s; < fi, then we can eliminate either
P1+ ...+ pj paths or pji1 + ... + Pk + Prest paths, where j' > j is the largest index with
Sj1 = §4.

Proof. If the answer to the query is “no”, then we can eliminate all clique intervals that

intersect (s;,s; + 1); since s; < f; these are the intervals I,...,I; and we eliminate p; +
...+ p; paths.

If the answer to the query is “yes”, then the solution contains an interval that intersects
(sj,sj + 1); since s; < f; this is necessarily a clique interval and all paths in P,y can be
eliminated. Furthermore, the clique intervals I;;q,...,I; do not intersect (s;,s; + 1) (by
choice of j'), so these intervals can be eliminated as well. O
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Figure 3: A query at (ss,s5 + 1) eliminates p; + ...+ pg paths (if the answer is “no”) and
P7 + Ps + Prest Paths (if the answer is “yes”).

3.2.4 Choosing queries

In light of Lemma 7 we will try to find a j such that both sets of possibly eliminated paths
contain a constant fraction of the paths. To find such a j, define 1 < £ < k to be the index
such that

1 1
Y41 + ... +p271 < §plegal and M + ... +p£—1 +p£ Z 5 Plegals (]—)

this is well-defined because p; + ...+ pp > %plegal by Claim 2. Define £~ and /T to be the
smallest /largest index such that s,- = sy = sp+, thus £~ < £ < £T. We distinguish cases:

C1: P+ ...t Pt > iplegal and Do+ ...+ Dk + Drest > iplegal:

In this case, query at the beginning of interval I,-_,, i.e., at (sp-_1,8~_1 + 1). By
definition of ¢~, intervals I,-_; and I,- have distinct starting points, so by Lemma 7
this eliminates at least iplegal paths.

C2: e N o T iplegal and Pet41+ oo+ Pr+ Prest = iplegal:

In this case, query at (sp+, sp+ +1). By Lemma 7 this eliminates at least pjegar paths.

C3: All remaining cases.

In this case, we query with probe (f;, fi + 1). Note that this query is not covered by
Lemma 7, and we will analyze its effects separately.

In case (C1) and (C2) we eliminate at least a constant fraction of the legal paths, and
hence the number of such queries is at most O(logp). The analysis is more intricate in case
(C3). We need a few observations.

Lemma 8. Assume that cases (C1) and (C2) do not hold. Then pi- + ...+ pp+ > tpregar-

PTOOf. By definition of E, we have De+ ...+t Dkt Prest = Piegal — (pl +...+ pl—l) > %plegala
and by £~ < £ therefore p;- + ...+ pg + Drest > %plegal. So if (C1) does not hold, then

1
pPr+...F+p-1 < Zplegal-
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Also by definition of £, we have p; +...+p; > $Piegar, and by £ < €1 therefore p; +.. .+ pe+ >
%plegal- So if (C2) does not hold, then

1
Det41 + - oo+ P+ Drest < Zplegal-

There are thus more than %plegal paths left that are not covered in either equation, and these
must belong to Pp—, ..., Pp+. O

Denote by € the maximum number of intervals that have a common start point. (i.e.,
t—1+1<90).

Lemma 9. A positive answer to a query in case (C3) eliminates at least p; > %plegal paths.

Proof. Since we obtain a positive answer at a query (f;, f; + 1), none of the clique intervals
that end at f; can be in the hidden path. So we can eliminate these intervals, and in
particular eliminate interval I; and p; paths.

By Claim 3 we have p; > py-, ..., pe+. By Lemma 8 furthermore po- + ...+ pe+ > Spiegar-
The intervals I,-, ..., I,+ all start at sy, therefore there are at most # of them, and
1 11
pi > max{py,...,pe+} > 5(1727 +oFper) 2 g g Ptegal
as desired. 0

Now we turn to the case when the query in (C3) yields a negative answer. This is the
only case where possibly less than a constant fraction of paths is eliminated, but we account
for this query in a different way. We need an observation:

Lemma 10. If we are in case (C3), then at least one clique interval intersects (fi, fi +1).

Proof. Assume that no clique interval intersects (f;, fi+1), thus all clique intervals end at
fi- Therefore all clique intervals have distinct starting points (recall that all intervals are
distinct), and ¢~ = £ = ¢*. By Lemma 8 therefore p, > %plegal-

Note that £ = i, because otherwise by p; > p, (Claim 3) and p, > %plegal we would
have p; + ps > Piegar, Which is impossible. Furthermore, no interval other than I; ends at f;,
because otherwise both would be contained in equally many paths (Claim 3), contradicting
Di > 3Plegat- S0 there is only one clique interval, I;. Finally, note that p; > Spiegm implies
that we are in the restricted scenario by Claim 1.

So we have only one clique interval I; and we are in the restricted scenario, which means
that necessarily I; belongs to X. Since we detect this beforehand (see Section 3.2.2), we
would not have tried to find a query in this case. O

Now we are ready to analyze the situation for a negative answer in case (C3).

Lemma 11. During all recursive calls, we have at most log, p times a negative answer in
case (C3), where p is the number of paths in the original graph.
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Proof. Let s be the number of such queries. We will show that the original graph contains
an independent set of size s. Since every subset of it is also an independent set, we have
p > 2° which yields the result.

Note first that we never do the same query with a negative answer twice in case (C3),
for once we have obtained a negative answer at (f;, f; + 1), we eliminate all intervals that
intersect the probe. Hence by Lemma 10, we will not return to case (C3) until the value of
fi has changed. Thus for each query with a negative answer in case (C3), we have a different
value of f;. Let f;; <...< f;, be these values, and for 1 < j < s let I;; be a clique interval
that ends at f;; and was not eliminated when we queried at (f;;, fi, +1).

We claim that I;,,...,I;, is an independent set. For if two of them intersect, then they
either have the same end point (which contradicts the choice of the fij’s), or the query at
the earlier-ending interval would eliminate the later-ending interval. Thus, we indeed have
an independent set of size s as desired. O

Now we are ready to state the main result.

Lemma 12. Assume we are given a set of n intervals that define p paths, and at most
0 wntervals start at the same point. Then any hidden path X can be found with at most

log, p + maX{lOgo/(o_%) p, log4/3 P} queries.

Proof. Compute the queries as described above until we have found the hidden path, say
with m queries. Some number s of these queries give a negative answer in case (C3); we
know that s < log, p. The remaining m — s queries each eliminate at least iplegal or Ql_gplegal
paths at that time. Since we are done when only one path is left, we have m — s < log, /3P
(for 6 < 2) or m — s < logy_1yp (for 6 > 2). O

Note that for 6 < 2, the number of queries is at most log, p + log, /3 p ~ 3.41log, p, thus
we are within a factor of 3.41 of the minimum number of queries. As long as 6 is a constant,
we use O(log, p) queries, which is asymptotically optimal. Assuming that € is constant is
quite realistic for 1D-battleships where typically there is only a limited number of types of
ships.

3.2.5 Time complexity

We now show how to implement the above algorithm such that finding all queries takes
O(n + m) time, where m is the number of edges in the complement of the interval graph.
For easier maintenance, we group the intervals into bundles. Here, a bundle is a maximal
set of intervals that all have the same start point, or a maximal set of intervals that all have
the same end point. Each interval hence belongs to two bundles.
We maintain the following data structures:

e We store a list S of bundles of intervals with the same start point. The bundles in
S are sorted by the start point of the intervals in it. Recall that all start points are
integers between 1 and 2n; we can therefore initialize S with a bucket sort in O(n)
time.

15



e Similarly we store a list £ of bundles of intervals with the same end points, sorted by
end points.

e Each interval stores cross-references to the bundles that contain it and where it is
stored in these bundles, so that it can be deleted from the structures in constant time.
Each interval I; also stores pj, i.e., the number of paths that start at I;. This can be
computed initially for all intervals with a reverse topological order in O(m + n) time,

since p; =1+ >, /. Pk-
e We store the current scenario in a flag.

e We store the current total number of paths p, and the current number p,., of paths
that do not use a clique interval. The p is simply the sum of all p;; pres: is initialized
to p and will be updated later. We do not change p,.s; when we move to a different
scenario, but depending on the current scenario we use pjegqr = P OT Diegal = P — Prest-

e Each bundle B stores a list of its intervals and also the number of paths p(B) that
start at an interval in this bundle. This can be computed initially in O(n) total time
by summing the p; over all intervals in the bundle.

e We store the clique intervals implicitly, by maintaining a reference to the first bundle
B* in § that does not contain clique intervals. We initialize B* to be the first bundle
in § and will update it during the algorithm.

All lists in our data structure are doubly-linked list for easier deletion. Now each round
of the algorithm proceeds as follows:

e Find the first bundle in £. The first interval in this bundle is I;, and its end point is
fi-

e For as long as the start point s of intervals in B* satisfied s < f;, advance B* to be
the next bundle in S. With every advancement of B*, subtract p(B*) from p,.s, since
these paths now start in clique intervals. If we are in the restricted scenario, all newly
added clique intervals can be eliminated as discussed in Section 3.2.2. We will study
below what needs to be done to eliminate an interval.

The time required to do this is proportional to the number of bundles that we have
advanced.

e If there is only one clique interval [;, and if we are in the restricted scenario, then add
I; to X, eliminate [;, and move to the unrestricted scenario. This ends the round.

e Otherwise, find the second bundle in £. If the start point s; of the first interval in this
interval satisfies s; > f;, then all clique intervals end at f;.

e Check whether p; > %plegal. If this is true, and if not all clique intervals end at f;,
then the next query is (fi, f; +1). This is case (C3).3

3Note that occasionally we will apply case (C3) even if case (C1) or (C2) was possible; this is necessary
because we cannot test whether (C1) or (C2) applies in constant time.
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o If p; < 35Piega O if all clique intervals end at f;, then we are in case (C1) or (C2) (by
Lemma 9 and Lemma 10). Thus, we now must search for ¢, and do this as follows:

Fora=1,2,3,...

— Compute the number n; of paths starting in an interval in the first o bundles of
S. (Thus, ny =p1 + ...+ pj, for some ji.)

— Compute the number n, of paths starting in an interval in the o« bundles before
B*in §. (Thus, ny = pj, + ... + px for some js.)

— Compute 13 = DPregar — N2, thus ng = pi1 + ...+ Pjo—1 + Prest-

— Stop as soon as n; > %plegal or ng < %plegal. The last bundle that has been added
is the bundle containing I,-,..., I,+.

Note that we can compute the value of ny,n9,n3 by adding to the values of the pre-
vious round. Since we search for ¢ in parallel from both ends, starting at the bundles
containing [; and Iy, this search takes at most O(1 + min{¢ , k — £*}) time.

e Compute p; + ...+ pp- and pp+y1 + ... + pg, determine whether case (C1) or (C2)
applies, and find the appropriate query. These values can be computed in O(1) from
ny or ng computed in the previous step, by adding/subtracting the number of paths in
the bundle containing I, ..., I,+.

Once we have done the query, the data structures must be updated. The crucial obser-
vation for doing so is that p; (the number of paths starting at interval I;) does not change,
since we always delete clique intervals. Also, f; and I are updated dynamically during the
algorithm. All that remains to do is to eliminate an interval I;. To do so, we first decrease
p by p;. Then we remove all references to I; in the bundles that contain it. If the bundle is
now empty we delete it as well. This takes constant time per deleted interval.

Finding the next query to perform thus takes constant time per query, with two excep-
tions: advancing [, takes time proportional to the number of steps that are advanced, and
finding the bundle containing I, takes time proportional to the number of bundles that had
to be searched. However, both these operations are constant amortized time. To see this,
note that once an interval is a clique interval, it stays a clique interval until it is eliminated,
because being a clique interval only depends on the location of the first end point f;, and
fi increases throughout the algorithm. Hence, B* advanced only once per bundle, or O(n)
time total.

As for the time to find the bundle containing ¢, this is proportional to the minimum of
£ or k — ¢. However, if we do this search, then we end in case (C1) or (C2) and eliminate
at least min{/¢, k — £} — 1 intervals. Thus, the time spent on finding ¢ is proportional to the
number of eliminated intervals, hence the overall time for this is also O(n).

We conclude:

Theorem 4. Given an n-vertex interval graph G with m edges in its complement, we can
find the hidden independent set in G using q queries, where q is asymptotically optimal if at
most a constant number of intervals start in any one point. The overall computation time
and space is O(n +m).
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4 Conclusions and future work

In this work we studied a problem motivated by applications in bioinformatics and game
playing: given an interval graph, how can we find an independent set chosen by an adversary
with as few queries as possible? We gave adaptive polynomial-time algorithms both for ver-
ifying whether some independent set is the one chosen by the adversary, and for discovering
what set the adversary has chosen. The algorithm for verification of an independent set gives
the optimal number of queries for all instances. The algorithm for independent set discovery
gives a number of queries that is optimal to within constant factor, provided that no more
than a constant number of intervals start at the same point. Both algorithms are optimal in
the adaptive sense as well as in the worst case sense. We also proved a stronger lower bound
than the one implied by a simple information theory argument.
Several questions which remain unanswered deserve further study:

e The staircase example (Figure 2) shows that the information-theoretic lower bound is
not always tight. In this case Q(,/p) queries are necessary, where p is the number of
independent sets in the graph. Is this the worst possible or is there perhaps a graph
requiring an even higher number of queries? Alternatively, can we prove a matching
upper bound; that is, an algorithm that finds any hidden independent set with at most

Q(\/p) queries?

e One of the problems that motivated this work is gene finding using PCR techniques.
In this setting we need to consider not only the number of probes but also the fact that
obtaining primers (probing material which corresponds in our setting to unit intervals)
is often done via an external provider. Thus, the turnaround time between each primer
request might dominate the entire computation. To speed up this process we might
consider performing several probes in parallel rounds. In each round we decide upon a
set of queries and obtain answers for them performing as many as possible at the same
time. What is the minimum number of queries required if the entire computation is
done in a given number of rounds??

e Alternatively, using biological background information, we might be able to eliminate
certain edges of the directed complement G’ a priori and thus reduce the number of
probes needed. (Note that G is now no longer necessarily an interval graph.)

e Another motivation for our work is the game Battleship. In this paper we considered
a 1-dimensional variant of Battleships. The conventional 2-dimensional game seems a
natural candidate for further study. Can the algorithms be extended to an intersection
graph of rectangles of height 1 or width 17 What about other shapes, such as ships on
a diagonal or the tetromino shapes of Tetris fame?

4This is similar to network sorting of a set of numbers. In this problem, given an integer n the goal
is to produce a predetermined sequence of comparison/exchanges, called a sorting network, such that the
sequence of comparison/exchanges sorts any given set of n numbers. The quality of the sorting network is
measured by both the number of comparators (probes) and the depth (rounds) of the network of comparators
(see [KnuT73]).
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In the board version, the number of ships and their shapes are known a priori. Hence,
not every independent set can be a possible hidden independent set. Can this infor-
mation be used to our advantage? Finally, in some variants, “yes” queries are rewarded
by being allowed to fire again. What are good strategies in this scenerio?

e From both applications, and out of general interest, the problem on arbitrary graphs
also deserves study. More precisely, assume that we are given a graph G = (V, E'). The
queries are of the form “Given a clique K in G, is X N K # ()?” Under what type of
conditions can we successfully identify an independent set using clique queries? Can
we generalized the queries to subsets of vertices other than cliques?
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