Abstract

In this paper we introduce bag relational algebra with aggregation over a particular
representation of incomplete information called c-tables ([Grah84]). The c-table
representation is an extension of the Codd relational model ([Codd75]) with richer
semantics for null values. The reason c-tables were chosen for our exploration is that they
are the least expressive relational representation of incomplete information over which
relational algebra is closed and can be "well defined" (see [ImLi84]). We justify the need
for duplicate preserving relational algebra over this representation of incomplete
information by introducing aggregation over c-tables with duplicates.

1. Introduction

Many times when information is entered into databases, the values of some of the fields
are left empty for various reasons. In some cases partial information about the blank
fields is available, but existing relational databases don't allow such information to be
processed. Imielinski and Lipski in [ImLi84] were one of the first to propose richer
semantics of null values which allows information about null values to be entered into a
relational database. However their model didn't support duplicate semantics. Later on
some research was done in the area (see [LiWo094]), but no justification for exploring
duplicate semantics for incomplete information was given.

It is our believe that incomplete databases have an important role in the area of
information systems. However, in order to become popular, tools for efficient storage
and retrieval of such information need to be developed. Although the problem of
efficient storage is somewhat solved, it turns out that the problem of querying incomplete
information is intrinsically computationally expensive. This is probably the reason Iittle
work was done in the area of querying incomplete information (see [Grah91], [Reit86],
[YuCh88] and [Lips95]) and no work was done in the area of aggregating over
incomplete information.

In this paper we explore the problem of querying and aggregating incomplete
information. Even though, the time and space complexity of most of the presented
methods is higher then polynomial, we believe the proposed algorithms are feasible in
practice. The reason for our optimism is that in most real world problems the size of the
uncertain information is a small percentage of the total size of the database. Since the
major complexity of the proposed algorithms comes from the size of the uncertain
information, if this information is small, there is hope that the proposed algorithms can be
applied in practice and will run in reasonable space and time.

The major contributions of this paper include:

extending c-tables to have linear conditions

defining duplicate semantics for c-tables

proposing an algorithm for normalizing c-tables

proposing algorithms for calculating bag relational algebra operations over c-
tables

e proposing algorithms for performing aggregation over c-tables



In what follows in section 2 we define a representation of incomplete information
as c-tables with linear conditions, explore the fundamental properties of linear conditions
and of c-tables over them and present algorithms for their manipulation. In particular, in
section 2 an original algorithm for normalizing c-tables is proposed. In section 3 we
define bag relational algebra operators over c-tables and give algorithms for their
implementation. In section 4 the problem of aggregating over c-tables is explored and
finally in section 5 a summary or the presented material and areas for future research are
presented.

2. C-tables with linear conditions

The problem of representing incomplete information in the relational model is almost as
old as the relational model itself (see [Bisk81],[Codd75],[Codd79],[Gran77] and
[ImLi81]). For example null values appear in relational tables and their meaning can be
no information available, only partial information available, value not applicable and s.o.
Most work on null values has concentrated on the first two meanings of a null value.
Known representation of relational tables adapting those meanings of nulls include:

Codd tables
Naive tables
Horn tables

C-tables

Codd tables are relational tables, where the value of some the fields can be null. Naive
tables are an extension of Codd tables, where nulls are marked, i.e. each null is given a
label and nulls having the same label are mapped to the same constant. C-tables are naive
tables with Iocal conditions associated which each tuple and a single global condition
associated with each table (a more detailed overview follows in section 2.1). Horn tables
are a special kind of c-tables, where the conditions that can appear are restricted to horn
clauses.

Imielinski and Lipski ([ImLi84]) have proven that from the above four
representations, relational algebra can be "well defined" only over c-tables. The c-tables

defined in [ImLi84] have local conditions over (R,>,=) (i.e. Boolean expressions with

variables and constants defined over the ordered set R extended with > and =) and no
global conditions. However, to achieve closure over aggregation we will extend the local

conditions to be over (R,> ,=+ )U(S,=,#), where R is the set of real numbers and S is
the set of strings over some finite alphabet. As well, we extend the [ImLi84] definition of
a c-table by adding global conditions (first introduced in [Grah84]). Note that, we don't

explore (Z,>,=,+), where Z is the set of integers because the general problem of deciding
whether a condition over this system is satisfiable is not decidable (see [Mati70]). Also
note that, extending the definition of a c-table with global conditions doesn't add any
expressive power, but allows for a more compact representation.

A good survey of the existing approaches to representing and querying
incomplete information can be found in [Grah91].



2.1. Definitions

Formally, we introduce a c-table T¢ as a finite, unordered set of c-tuples plus a
global condition 7. A c-tuple in an extension of a relational tuple with a local condition.
More precisely, if T is a Codd table with attributes A;, A», ..., A,, a relational tuple is a
sequence of n mapping from A; to D(A;), for i=1..n, where D is used to represent the
domain of an attribute. On the other hand a c-tuple is a sequence of mappings from A; to

D(A,)UV; plus a local condition over L¢, where V; is used to represent a possibly infinite,
countable set of variables over D(A;). As mentioned earlier, local and global conditions

can range over (R,>,=,+) U(S,=,#).
Before formally introducing the semantics of a c-table, let's look at the example in
table 2.1.

name school condition
John y x=1
Mark |y x#1

q zZ TRUE

g.c. (g#"Mark) A(g+John) A(z#y) A ((y="Western") or (y="Eastern"))
Table 2.1. An example c-table

The different parts of a c-table will be referred as the main part, where the actual data is
shown, the local condition part and the global condition part. In the above example x.y,z
and ¢ are used to represent variables ranging over the corresponding domains. Since our
model is limited only to the domains of real numbers and strings, the domain type of a
variable that doesn't appear in the main part of a c-table can be inferred by the context in
which it appears. In the above example, x ranges over the set of real numbers, the reason
being the existence of the local condition x=1.

The example c-tables expresses that either there are no students or that there is a
student, whose name is not John or Make. As well, either there are no other students or
exactly one of John or Mark are students. Moreover the one that is in school, studies in
either "Western" or "Eastern", but not in the same school as the first student. Note that in
this example (and trough out the paper) we are using the Closed World Assumption
([Reit78]). This assumption states that a database representation contains only the things
that are known to be true, i.e. it doesn't contain things for which we don't have enough
information to determine whether they are true or not.

To formally define the semantics of a c-table, Imielinski and Lipski in [ImLi84]
introduce a function Rep, which maps a c-table T¢ to a possibly infinite set of Codd
tables. In [ImLi84] this function is defined relative to the open world assumption. We
define it relative to the close world assumption as:

Rep(T)={T |3 v, s.t. v(T,)=T}

In the definition v is a mapping that maps the variables in 7. to constants in the
corresponding domains, it is generalized to a c-tuples t¢ of T¢ as



substituting the variables in #¢ with the corresponding constants to which v maps them.
The mapping v is further extended to a c-table T¢ as the bag of tuples {lv(¢¢)l}, where t¢
are the c-tuples of T¢. The presented definition of v applied to a c-table is unique and
differs from the definitions presented in [ImLi84] and [Grah91]. The reason being, that
unlike related research, we define semantics for c-tables with duplicates.

Intuitively, the meaning of the Rep function is that, given a c-table T¢ the function
returns all possible representations of T¢, i.e. all Codd tables that T¢ could represent
under different valuations' v. We define the semantics of a c-tables Tc as the set of Codd
tables it represents - i.e. as Rep(T¢). Possible representations of the c-table defined in
table 2.1 are:

name school name school
John Western Mark Eastern
Paul Eastern Mike Northern

Table 2.2. Possible representations of the c-table defined in table 2.1.

Note that, these are only two of the possible representations and in particular, there may
be infinitely many representations of a c-table. As well, the order of the tuples in the
presented example is preserved. This is done to show that order preservation is possible,
however, as stated earlier, throughout this paper we will analyze c-tables as unordered
bag of c-tuples in order to simplify the reasoning.

2.2. Satisfaction decidability of linear conditions trough variable elimination

Before proceeding further with analyzing c-tables, a procedure for satisfaction checking
of linear conditions is presented. This procedure will be helpful later when an algorithm
for normalizing a c-table is presented.

The first to propose such an algorithm for linear conditions was Tarski in

[Tars51]. He proposed a satisfaction decidability algorithm for (R, +,*,>,=), for R the
set of real numbers. A more efficient algorithm for the less expressive system (R,+,>,=)

we are interested in is developed by Ferrante and Rackoff in [FeRa75], where R is an
ordered group (under addition) that is divisible and torsion-free (the set of real numbers

! From now on, we will use the term valuation to denote the mapping of the set of variables in a c-table to
constants in the corresponding domains
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