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Abstract

A fundamental problem in robotics is to compute a path for a robot from its current location
to a given goal. In this paper we consider the problem of a robot equipped with an on-board
vision system searching for a goal ¢ in an unknown environment.

We assume that the robot is originally located at a point s on the boundary of a street
polygon. A street is a simple polygon with two distinguished points s and g which are located
on the polygon boundary and the part of the polygon boundary from s to g is weakly visible to
the part from ¢ to s and vice versa.

Our aim is to minimise the ratio of the length of the path traveled by the robot to the
length of the shortest path from s to g. In analogy to on-line algorithms this value is called
the competitive ratio. We present a series of strategies all of which follow the same general high
level strategy. In the first part we present a class of strategies any of which can be shown to
have a competitive ratio of 7 + 1. These strategies are robust under small navigational errors
and their analysis is very simple.

In the second part we present the strategy continuous lad which is based on the heuristic
optimality criterion of minimising the local absolute detour. We show an upper bound on
the competitive ratio of continuous lad of ~ 2.03. Finally, we also present a hybrid strategy
consisting of continuous lad and the strategy Move-in-Quadrant. We show that this combination
of strategies achieves a competitive ratio of 1.73. This about halves the gap between the known

V2 lower bound for this problem and the previously best known competitive ratio of 2.05.
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Figure 1: An example of a lower bound for searching in simple polygons.

1 Introduction

Finding a path from a starting location to a goal within a given scene is an important problem in
robotics. Depending on the information available to the robot, e.g. if it has a map of its environment
or knows the location of the goal, different techniques for planning a path can be applied. While
most of the previous work has focussed on efficient algorithms for path planning if the robot knows
its entire environment in advance, a more natural and realistic setting is to assume that the robot

has only a partial knowledge of its surroundings.

In this paper we assume that the robot is equipped with an on-board vision system that provides
the visibility map of its local environment. The search of the robot can be viewed as an on-line
problem since it discovers its surroundings as it travels. Hence, one way to analyse the quality
of a search strategy is to use the framework of competitive analysis as introduced by Sleator and
Tarjan [17]. A search strategy is called c-competitive if the path traveled by the robot to find the
goal is at most ¢ times longer than a shortest path. The value c is called the competitive ratio of

the strategy.

As Figure 1 illustrates, there is no strategy with a competitive ratio of o(n) for scenes with
arbitrary obstacles having a total of n vertices [3] even if we restrict ourselves to searching in a
simple polygon. In this case, if an adversary places the target into the spike that is last explored
by the strategy, then the robot will travel a distance of Q(nd) while a shortest path has length at
most d + €. Hence, the competitive ratio is Q2(n) for large d and small .

Therefore, the on-line search problem has been studied previously in various contexts where the
geometry of the obstacles is restricted. Papadimitrou and Yannakakis were the first to consider the
case of traversing an unknown scene with rectangular obstacles in search of a goal whose location
is known [16]. They show a lower bound of Q(/n) for the competitive ratio of any strategy. Later
Blum, Raghavan, and Schieber provided a strategy that achieves this bound [3]. If the aspect ratio
or the length of the longest side of the rectangles are bounded, better strategies are possible [4, 14].
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Figure 2: A lower bound for searching in rectilinear streets.

Kleinberg studies the problem of a robot searching inside a simple polygon for an unknown
goal located on the boundary of the polygon [10]. He introduces the notion of essential cuts inside
a polygon of which there may be considerably fewer than polygon vertices and gives an O(m)-

competitive strategy for orthogonal polygons with m essential cuts.

Klein introduced the notion of a street as the first class of polygons which allow strategies with a
constant competitive ratio even when the location of the goal is unknown [9]. In a street the starting
point s and the goal g are located on the boundary of the polygon and the two polygonal chains
from s to g are mutually weakly visible. Klein presents the strategy lad for searching in streets
which is based on the idea of minimising the local absolute detour. He gives an upper bound on its
competitive ratio of 1 + 3/27 (~ 5.71). Unfortunately, the analysis is quite involved, though it was
recently improved by Icking to 1+7/2++/1+ 7n2/4 (~ 4.44) [7]. Though Klein’s strategy performs
well in practice—he reports that no example has been found for which his strategy performs worse

than 1.8—a tighter analysis remains elusive.

A strategy based on a different approach was presented by Kleinberg [10]. His strategy for
searching in streets can be shown to have a competitive ratio of 21/2 by a very simple analysis.
A further improvement using ideas very similar to Kleinberg’s achieves a competitive ratio of

1+ (14 m/4)% (~ 2.05) [11]. Interestingly, for rectilinear streets Kleinberg shows that his strategy
achieves an optimal competitive ratio of v/2. The optimality is due to the trivial lower bound
example shown in Figure 2. Here, if a strategy moves to the left or right before seeing g, then g can
be placed on the opposite side, thus forcing the robot to travel more than 1/2 times the diagonal.

Curiously enough, this is the only known lower bound even for arbitrarily oriented streets.

Finally, a more general class of polygons, called G-streets, has been introduced by Datta and

Icking that allows search strategies with a competitive ratio of 9.06 [5].

In this paper we present several strategies to traverse a street. All of them are similar to
the original approach presented by Klein. The first strategy which can been viewed as a class of

strategies, is called Walk-in-Circles and presents a very simple criterion for the robot to advance.



Its analysis is equally simple and gives a competitive ratio of # + 1. The second strategy that is
presented is a slight modification of lad and is called continuous lad. We can show an upper bound

of 2.03 on its competitive ratio.

The paper is organised as follows. In Section 2 we introduce the basic geometric concepts
necessary for the rest of the paper. We also describe a “High Level Strategy”—first introduced by
Klein [9]—that all presented algorithms follow and state some results about search strategies that
follow this High Level Strategy. In Section 3 we then describe and analyse the family of strategies
Walk-in-Circles. The second strategy, continuous lad, is presented and analysed in Section 4.
Finally, in Section 5 we show that a hybrid strategy consisting of continuous lad and the strategy

Move-in-Quadrant [11] achieves a competitive ratio of 1.73.

2 Preliminaries

Since we deal with point sets in the plane IE?, we need the standard definitions of distance, norm,

angle, etc. for points. If p, ¢, and r are three points in the plane, then we denote

(i) the Lo-distance between p and ¢ by d(p, q),

)
(ii) the Lo-norm of p by ||p||,
(iii) the line segment between p and ¢ by pg, and
)

(iv) the counterclockwise angle between the line segment gp and the line segment g7 at ¢ by Zpgr.

If P is a path in IE?, we denote its length by A(P). Furthermore, if p and ¢ are two points on
P, then we denote the part of P from p to ¢ by P(p, q).

A simple polygon is a simple, closed curve that consists of the concatenation of line segments,
called the edges of the polygon, such that no two consecutive edges are collinear. The end points

of the edges are called the vertices of the polygon.

We consider a simple polygon P in the plane with n vertices and a robot inside P which is
located at a start point s on the boundary of P. The robot has to find a path from s to the goal
g. We denote the shortest path from s to g by sp(s, g).

The search of the robot is aided by simple vision (i.e. we assume that the robot knows the
visibility polygon of its current location). Furthermore, the robot retains all the information seen
so far (in memory) and knows its starting and current position. We are, in particular, concerned

with a special class of polygons called streets first introduced by Klein [9].

Definition 2.1 [9] Let P be a simple polygon with two distinguished vertices, s and g, and let L

and R denote the clockwise and counterclockwise, resp., oriented boundary chains leading from s to



Figure 3: The visibility polygon V' (p) of p with windows wy, ..., ws.

g. If L and R are mutually weakly visible, i.e. if each point of L sees at least one point of R and

vice versa, then (P,s,g) is called a street.
The only available information to the robot is its visibility polygon.

Definition 2.2 Let P be a street with start point s and goal g. If p is a point of P, then the
visibility polygon of p is the set of all points in P that are seen by p. It is denoted by V (p).

A window of V(p) is an edge of V(p) that does not belong to the boundary of P (see Figure 3).

A window w splits P into a number of subpolygons P, ..., P, one of which contains V' (p). We
denote the union of the subpolygons that do not contain V' (p) by P,.

The end point of a window w that is closer to p is called the entrance point of w. We assume
that a window w has the orientation of the ray from p to entrance point of w. We say a window w
is a left window if P, is locally to the left of w w.r.t. the given orientation of w. A right window is

defined similarly.
Let p be the current location of the robot and P,, the path the robot followed from s to p. We

assume that the robot knows the part of P that can be seen from P,,, i.e. the robot maintains the
polygon V(P.p) = Uyep,, V(). We say a window w of V(p) is a true window w.r.t. Py, if P, is
not contained in V(P,,). We say two (true) windows wy and wy are clockwise consecutive if the
clockwise oriented polygonal chain of V(p) between w; and w; does not contain a (true) window

different from w; and ws. Counterclockwise consecutive is defined analogously.

If wy is the window of V(p) that is intersected the first time by P,,, then it can be shown
that all left true windows are clockwise consecutive and all right true windows are counterclockwise
consecutive from wg [9, 10, 11]. Hence, if left true windows exist, then there is a clockwise-most

left true window in V (p) which we call the left eztreme true window and denote by w™. The right



extreme true window w™ is defined similarly. The entrance point v (v™) of wt (w™) is called the
left (right) extreme entrance point of V(p). It can be easily shown that g is contained in either P, +

or P,- and that either v™ or v~ belongs to sp(s, g).
The algorithms we propose all follow the same high level strategy as described by Klein [9].

The general idea is that the robot moves from one point that is known to lie on sp(s, g) to a point

on sp(s, g) that is closer to g by a sequence of moves as described below.

Algorithm High Level Strategy
Input: a street (P, s, g) and a path Py, from s to the current position of the robot p;

while vt and v~ are both defined and g is not reached do
Compute a path P, from p to some point ¢ on vto—;
Follow the path P,; until one of the following events occurs:
a) g becomes visible: the robot moves directly to g;
b) P,+ or P,- becomes visible:
if P+ is visible
then the robot moves to v™;
else the robot moves to v™T;
end if
c) vT (v7) changes and the new extreme entrance point 4% (97) is not collinear with
vT (v7) and the robot position p (see Figure 4a): the robot moves to v~ (vt);
d) vt (v™) changes and the new extreme entrance point % (97) is collinear with v+
(v™) and the robot position p;
Let p be the current robot position;
Compute V (p) and v* and v~ anew;

end while;

In [9] it is shown that the Cases a)—d) are the only possible events and that the actions described
by the robot above in the Cases a)—c) lead to a point on sp(s,g) that is closer to g. Note, in
particular, that if ¢ is reached, then an event of Category b) occurs. Furthermore, it is shown
that as long as only events of Category d) occur, the sequences of points (v) and (v™) form two
reflex chains and that the visibility polygon of the robot weakly advances along these chains so
that eventually one of the Events a)—c) occurs. An example of how the robot moves is given in
Figure 4b.

The only detail left open by the above description is what path P, to choose. The particular
method used to determine this choice is called a “low-level strategy” [9]. In the following we

investigate two low-level strategies and analyse their performance.



Figure 4: (a) As the robot moves to p the left extreme entrance point “jumps” from v* to 4% and
the robot moves directly to v~ = ¢~. (b) An example of the execution of the High Level Strategy
where only events of Category d) occur. Note that at p; = ¢7 an event of Category b) occurs.

Note that the two other previously described strategies [10, 11] do not follow the above high-
level strategy. Instead, as long as the angle /vt pv™ is small, they choose an arbitrary ray between
vT and v~ and follow this ray until either an events in one of the categories a) or c) occurs or the

angle /vt pv~ becomes large enough (> 7/2) while ignoring the events of categories b) and d).

2.1 Definitions and Preliminary Results about Low-Level Strategies

A first observation we can make about the high level strategy is that if one of the Cases a)—c)
occurs, then we know which of v* or v~ belongs to sp(s,g) and, hence, the competitive ratio of
the strategy is given by ratio of the length of the path that the robot travels between two points p
and ¢ on sp(s, g) and the shortest path sp(s, g)(p, ¢) from p to q.

So in the following we assume that the robot starts out at a point p; € sp(s, g) and encounters

a number of events of Category d). Each of these events correspond to a point p;, 4 > 2, at which
_I_

new left and right extreme entrance points v,

_|_

7

and v; as well as a new path P; from p; to a point

t; on v; v, are computed. Let d;" be the distance from p; to v{" and d; be the distance from p; to

’Ui.

Given p;, the point p;y; is defined as the first point on P; such that either the left or the right
_I_

extreme entrance point of V' (p;;1) is different from v;” or v; , respectively (see Figure 5). At the

point p;,; the robot computes a new target point and a new path P;;;.



Figure 5: p;11 is the first point on P; where the left or right extreme entrance point changes.

We denote the angle Api_|_1v;|'pi by aj' and the angle /p;11v; p; by o; . The angle Av{"pivi_ is
denoted by ;. We can make the following elementary observation about the angles v;1; and 7;.
Observation 2.1 ;11 =7v; + aj' +o; .

Let af = df — (df; — d(vj",v},)) and af = d; — (dj; — d(vj,v;;,)). Note that either
d(vit, v} 1) = 0 or d(v;, v ;) = 0. Furthermore, note that the distance of p;;; to v} is dif — af

’L

and the distance of p;1; to v, isd; —a; . Let V"' be the shortest path from p; to v, and Y, the

7 )

the shortest path from p; to v, .

If the distance of the robot position to v{" and v, does not increase as the robot moves on P;,
for all 1 < ¢ < k, then the length of Vi'" or Y, can be expressed as d;" plus the sum of the aj' ord;

plus the sum of the a; , respectively.

Lemma 2.2 If, for all1 < j <k, d(pj_|_1,v;') < d;' and d(pj+1,v;) < d;, then we have, with the

above definitions,
i—1 1—1
= Z a;' + d;" and AVT) = Z a; + d;.
7=1 7=1

Proof: We only show the lemma for A(V;"). The proof is by induction. Since d(po,v) = df
by definition, the claim holds for ¢ = 1. Recall that a} + df,; = df + d(v;",v},) and A(V}},) =

2

AV + d(vf, vg:_l) since the vertices vy, .. -av;:|-1 form a reflex chain. Hence,
1—1

AV = M) +d(f k) =Y af +dF +d(]f, v Za +df +af —Za +dfyy
7=1

which completes the proof. a
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Figure 6: The subsegment of target points.

3 Strategy Walk-in-Circles

In this section we present a family of strategies for the problem of searching in an unknown street.
We show that a robot using a strategy from this family follows a path that is at most 7 + 1 times
longer than the shortest possible path. We then use this new strategy as part of a hybrid method
to obtain an equally simple strategy of slightly more complex analysis with a competitive ratio of
%\/m ~ 2.76. More importantly, we show that the m 4 1 strategy is robust under small

navigational errors.

Let ¢; be the subsegment of v;'v; which consists of the points ¢ such that d(v;",t) < d(v, pi)
and d(v; ,t) < d(v;,p;) (see Figure 6). The algorithm chooses a point ¢; in the target segment
£; and moves in a straight line towards it. If a new window appears, the robot recomputes ¢;
according to the updated points v;,; and vlf:_l, and the new position p;; 1, until the goal is found
(see Figure 7).

In the analysis we only consider the case where the goal turns out to be on the right side. This

is without loss of generality since the local target selection strategy is invariant under reflections.

The length of the path traversed by the robot is determined by the sum of the length of all
segments P;pi+1, i-€. Zf;ll d(pi, pi+1), where k is the number of extreme entrance points seen by the
robot until one of the events of Category a)—c) occurs. Let ¢ be the intersection point of the ray
with origin in v; going through p;;; and the circle centred at v; passing through p; (see Figure 7).
By the triangle inequality, we have d(p;, pi+1) < d(ps, ¢) + d(q, pi+1)-

In turn the length of d(p;,q) is bounded by the length of the circular arc p;g. Recall that

a; = [p;y1v; pi = Lqu; p;. The length of the circular arc p;q is given by o - d(p;,v;) = a; - d; .

1



Figure 7: A single step in the strategy.

Thus,
k—1 k k
> d(pipiv1) < D (dpig) +d(g,pir1)) <D ( -d; +d(q, pz+1))
=1 =1 =1

and the competitive ratio is determined by

Z?:l d(pi, pit1) + d(Pr+1, vk_) < k -d; + Z@ 1d(g, pit1) + d(piy1, vy, )
A(VL) - A(Vy)

Recall that A(V, ) is the length of the shortest path from the p; to v, . Since we assume that v,
is located on sp(s, g), V. is a part of sp(s, g).

Note that since ¢; is contained in the circle C; with centre v, and radius d(v; ,p;) by the
definition of ¢;, the whole line segment p;?; is contained in C; and, therefore, d(v;, pi+1) < d(v;, p;).
The definition of ¢ now yields d(q, pi+1) = d(q,v; ) — d(piy1,v; ) = a; and Lemma 2.2 implies that
Z?:l a; + d(Pr+1,v;) = Zk 1 a; +d; <A(V,) and d; < A(Vy), for all 1 < ¢ < k; hence, we
obtain

k

k k k—1 k
Yoo d(pi,v;)+ Y d(gpiv1) + dlpryr,vp) = Doaidy + > e +dy < (Z o7 + 1) A(V)
=1 =1 =1 =1

=1

As it was noted by Klein (see proof of Lemma 2.7 in [9]), the angle /v p;v; never exceeds .
Observation 2.1 implies that Avg:_lpi_|_1vi__|_1 > Av{"piv{ + o, , and thus = > Zv,jpkvk_ > /g povy +
> ;a; . From which we obtain the following upper upper bound for the competitive ratio of the

algorithm

> d(piy piv1)

— < w4 1.
AV

10



Theorem 3.1 A robot moving traveling under the strategy Walk-in-Circles has a m 4+ 1 competitive

ratio.

As the target in each step ¢ is selected from the interval ¢; this provides a margin of navigational
error for the robot. That is, the strategy is robust under small constant bias of compass heading.
The tolerance of the strategy is proportional to the aspect ratio of the shortest vs. longest edge

encountered and the smallest distinguished angle between left or right extreme entrance points.

3.1 A Hybrid Method

From the analysis above it is clear that the competitive ratio of strategy Walk-in-Circles is directly
dependent on the total “turn” angle ® =} . a; . As it was pointed out, ® is smaller than 7 minus
the initial angle Zv]"pyv; . This implies that, if the initial angle is large, the strategy gives a better

competitive ratio.

In this section we consider a hybrid method, in which a strategy similar to that proposed by
Kleinberg [10] is followed for initial angles /v; pjv] smaller than 7/2 and the strategy Walk-in-

Circles is used for angles larger than 7 /2.
Hybrid Strategy.
Cases a)—c) are as in the High Level Strategy.

Case d) If /v pjv] < 7/2 then the robot moves on the line perpendicular to v;'v;.! As the
_I_

robot advances it updates the vertices v;" and v; as the windows seen change. When either of
Av{"ppl or vy pp1 = 7/2, where p is the current position of the robot, it switches to strategy

Walk-in-Circles, with p as starting point.
Case e) If /v]pjv] > m/2 then the robot uses strategy Walk-in-Circles.

From the analysis of strategy Walk-in-Circles, it follows that Cases a)-c) and e) have a com-
petitive ratio of at most 7/2 + 1. Case d) requires a more careful analysis.

If, as in the previous section, we assume that the goal lies on the right side, then the optimal
trajectory is given by d(pi,v; ) + >; d(v; ,v;, ;). Let j be the index of the reflex vertex in which
the robot switched strategies. Notice that Zvj_pv;' is now bigger equal to /2.

Lemma 3.2 The distance traversed by the robot up to the point where it switches strategy is bounded
by d(p1,p) < \/d(p1,p;~t)2 — d(p,p;t)2 on either side.

Proof: For the vertex forming the right angle, the lemma follows trivially from the Theorem of

Pythagoras. On the opposing vertex, say as in Figure 8, the law of the cosines states d(p;, vj_)2 =

Yf line I, perpendicular to the line through vi" and v; that goes through p; does not intersect vi"vl_, then the
robot follows the side of the triangle (pl,vi",vl_) that is closer to Iy. This does not change the analysis.

11



Figure 8: A hybrid strategy.

d(p1,p)*+d(p, vj_)2—2 d(p1, p) d(p,v; ) cos(Lp1pv; ); which implies d(p1, v; )% > d(p1, p)*+d(p, vj_)2
as Lp1pv; > 7 /2, from which the lemma follows. a

As the robot applies strategy Walk-in-Circles as if p was the starting point, we have
that the length of the distance traversed by it from p onwards is bounded by (7/2 +
1) ( (p,v;) + Zk ! d(v;, z-l—l))' Thus the competitive ratio is given by R/A(V;_;) where,

k—1

Ro= \fdlpr,v;)? = d(py v+ (m/2+ 1) (o, 07) + Y d(v7v5) ).

=3

Let A(V,_,)" = d(p,v;) + Zk 1d( v, v4q). Since A(Viy) > A(V,_;), then R/A(V,,)
R/A(Vy_,)'. Without loss of generality, we can assume that d(p1,v;) = 1. If R/A(V, ;)
(m/2+ 1+ ), for some r > 0, then R < (7/24+ 14 ) A(V,_,)’, which implies

[VANPAN

1—d(p,v;)? + (7/2+ 1) d(p,v}) < (77/2-|-1-|-1")—|-rz_:d(v{,v{_|_1).

Since Zk ! d(v; ,v;; ;1) can be arbitrarily small, for the expression above to be satisfied we need
m/2+1—/1-d(p,v;)? - (7/2+1)d(p,v;) > —r. Let f(z) =7m/2+1 - V-2 —(r/2+ 1)z
This function has an absolute minimum in the domain of interest at z,,,;, = (7 + 2)/\/m
with f(@min) =7/2+1 - %\/m, from which the fact that r > %\/m —7m/2-1
follows. Since the competitive ratio R/A(V,_;) is bounded by 7/2 + 1 + r, we have the following

theorem.
Theorem 3.3 The Hybrid Strategy has a competitive ratio of at most %\/71'2 +4r+ 8.

The value %\/71'2 + 4w + 8 is approximately 2.76.

12



4 lad and Beyond

In this section we consider a new strategy which is similar in spirit to the first strategy that was
proposed to traverse streets [9]. In [9] the strategy lad is presented which is based on the idea of
minimising the local absolute detour. The importance of lad—apart from being the first strategy
proposed—Ilies in the fact that it is the only strategy that uses a heuristic optimality criterion to
guide the robot. All other strategies that have been presented have no comparable feature. The
well-chosen heuristic and its excellent performance in practice make lad a very attractive strategy.
Unfortunately, it seems that it is exactly this property that makes lad also extremely difficult to
analyse. As mentioned before the best performance guarantee is 1+ 7/2 + \/m (~ 4.44)
which seems to be a very loose bound considering that the competitive ratio of the strategy observed

in practice is less than 1.8 [9].

In the following we present a slight variant of lad which we call continuous lad that also follows
the paradigm of minimising the local absolute detour but whose analysis turns out to be much
simpler and tighter. It can be shown to achieve a competitive ratio of ~ 2.03 which is slightly
better than the best performance guarantee of ~ 2.05 known so far [11]. We start out with some

additional definitions and observations.

4.1 The Strategy lad

We give a short description of the rationale behind lad as well as its definition, so as to stress both
the differences and similarities between it and continuous lad. Consider a point p; that is known
to belong to the shortest path from s to g and assume that v; and v are defined. The robot
computes a point ¢; on ﬁ and chooses the line segment p;¢; as its route of travel. The local
absolute detour if v} lies on the path from s to g is given by the distance which the robot travels
from p; to vi" via t; which is d(p1,t1) + d(t1,v]) minus the length of the shortest path d(p,v{)
from p; to v". Similarly, the absolute detour for v is given by d(p1,t1) + d(t1,v]) — d(p1,vy).
The strategy lad now chooses ¢; on ﬁ so that it minimises the maximum of both local absolute

detours, i.e., the local absolute detour is minimised if
d(pla tl) + d(tla vil—) - d(pla vil—) = d(pla tl) + d(tla vl_) - d(pla vl_)a (1)
where d(vi,t1) + d(t1,v7) = d(v],vy). Solving for d(vi,t;) yields

+y _ = + o=
d(vf’, t) = d(p1,v7) d(P1,2v1 )+ d(vy, v ) (2)

_|_

In general, if the robot has not been able to decide whether v;" or v; belongs to the shortest

_|_

7

path from s to g after 7 steps, it chooses a new target point ¢; on v; v, and the line segment

‘P; = p;t; to travel from its current position p; to ¢;. Let Q; be the path of the robot from p; to p;

13



and recall that Vi'" is the shortest path from p; to v{" and V; the shortest path from p; to v, . If
v{" lies on the shortest path from s to g, then the local absolute detour is given by the distance the
robot travels from p; to vy which is A(Q;) + A(P;) + d(t;, v;") minus the length of the shortest path
}\(V{") from p; to v{". A similar statement holds if v; belongs to sp(s,g). Hence, the maximum

local absolute detour is minimised if

AQi) + A(P) +d(ti, vf) = AVT) = MQi) + A(Pi) +d(ti, v) — AV (3)

_|_

7

and the point ¢; on v;"v; is given by

d(v{", ti) — }‘(Vz-l—) — }\(Vz;) + d(v;—’ vz_) ] (4)

Note that A(V;") = Z;;ll d(vl;,vf) and A(V;]) = 23;11 d(v3,,v;) where we define v = vi = p;.

4.2 Walk-in-Circles and lad

It is tempting to try to use the ideas of the analysis of the strategy Walk-in-Circles to analyse the
strategy lad, as this would imply a bound of ~ 4.14 on it. In fact, in most cases lad chooses a target
point t; located inside the circles defined by Walk-in-Circles. However, as the following example

shows, there are some rare cases for which lad chooses points outside the circles of reference.

For the analysis of the strategy Walk-in-Circles to apply we need d(v;", p;) > d(v;, ;). Consider
the polygon in Figure 9. In this case p; = (0,—1), v = (~1/2,0), and v; = (y + 1,y) with

y=—1/2+ Y% 4 /14 /T0y/10.

For this value of y, the target point ¢; is located on the y-axis. Let the point v, be located in
the ray from the origin trough v], and such that d(v,v]) = ¢, for some arbitrarily small € > 0. In
such a case, the new target point ¢, is arbitrarily close to ¢; as nothing else has changed. However,
as the robot is located on the pedal point of the line perpendicular to the trajectory and passing
through v;", the distance to v; can only increase as the robot continues moving on towards the
point ts & t;. Thus 5 is not contained in the circle entered at v;' and passing through p, as

required by the analysis Walk-in-Circles.

This points to the fact that the lad strategy is difficult to analyse, while not so complex strategies
yield better bounds.

4.3 The Strategy continuous lad

In the strategy continuous lad the robot also follows a path from p; to t; where ¢; is determined
by Equation 4; however, the robot does not move on a straight line segment. Instead, it moves
on a path P; such that for each point p on P; the local absolute detour is minimised. Instead of

being a line segment, P; is now part of a hyperbola. Although this slight modification may seem
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Figure 9: A polygon with a lad-walk inside.

to complicate the analysis further, it, in fact, allows to prove a much tighter upper bound on the
competitive ratio for continuous lad than for lad. Note also that although the strategies seem to
be almost identical, the points p; at which the left or right extreme entrance points change for lad

and continuous lad can be quite far apart.

We assume that the robot travels along a path P; from p; to p;;1 such that every point p on
P; satisfies Equation 3 if we replace ¢; by p and P; by P;(pi, p). If the robot follows the strategy

continuous lad, then a;” = a; and the location of ¢; is only determined by d;" and d; .
Lemma 4.1 If the robot travels on a path P; such that for all p € P;,

AMQi) + MPi(pi p)) + d(p, o) = AVF) = MQi) + AMPi(pi, p) + d(p, v;7) — A(V)),

Proof: The proofis by induction on . For i = 1, we have A(V;') = d(p1, v{) and A(Vy ) = d(p1,v])

and if we set p = p,, then the above equation immediately yields

a; = d(p1,vy) — d(p2,vy) = d(plavi) - d(p2,vf') = ail_'

Since the robot moves into the interior of the triangle (p;, vy, v]), it is easy to see that af > 0.

Just consider the circles around v; and v]” with radius d(p;,v;") and d(p1,v] ), respectively. So now
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assume the claim is true, forall 1 <7 < k 1. Since d(p;y1,v]) = df —af < df, for alll <7< k-1,
Lemma 2.2 holds and }\(Vk ) Z] o al 4 df. Similarly, we have A(V;) = Z] 0a; +d; . By the

=Y %=1 4~ and the above equation again yields

induction hypothesis Z i—0 @;

J= 0 .7
ap = di — d(pry1,v;) = df — d(pryr, ) = of-

The inequality a,': > 0 follows as in the case i = 1. a

4.4 Analysis of the Strategy continuous lad

In the following we assume that the robot travels on a path P; such that, for all points p;; on
P; the distances aj' and a; are the same, i.e. ;" = a; = a;. We analyse a step of the High-
Level-Algorithm which consists of k consecutive events of Category d) and one event in one of the
Categories a)—c). As a first step we compute an upper bound on the length of the path that is
given by the line segments connecting the points p; to p;11. In a second step we then show how to

extend this analysis to Q.

We present two bounds for the length of the path connecting the points p;, 1 < j < k. The
first bound gives a good approximation if the angle ¥; is small and the second bound approximates

large angles.
Lemma 4.2 If af = a, then d(p;, pity1) < a}/ cos(vi41/2).

Proof: Let p;11 be a point such that aj' = a; and uj’ the point on piv;" at distance aj' from p;.
The point u; is defined analogously. Consider the quadrilateral Q) formed by p;, uj’, u; , and p;y1

as shown in Figure 10a.

The location of p;,; is completely determined by the angles aj' and 7;. The angle of

Q@ formed at uj’ is (m + aj')/2 and at u; it is (7 4+ o; )/2. Since aj' + a; + 7 = 7Yit1, We can
choose aj' and o in order to maximise the distance of p;; to p;. Let §; = Auj’piﬂu;. Note that
0;=2r—v;i— (m+af)/2—-(n+a;)/2=7—vi—af /2—a] /2.

In order to compute the angle that maximises d(p;, p;11) we consider the situation in Figure 10b.
Let 6; = Au_u‘i'pH_l and 8, = ZpH_lu_u"'. Hence, é; + 65 = ® — 6;, where the angle 0, is fixed.
Furthermore, we introduce a coordinate system such that the origin is located at wu; = (1,0),
and p; is located on the line L = {(z,y) | « = 1/2}. Let C be the circle that passes through u;
Pi+1, and ui and c its centre. The path of all points with é; + d; = 7w — 6; is the arc A of C from

u; to uj that contains p;;; (see [15, Sec. 16, Th. 4]).

7 )

We claim that d(p;, p;+1) is maximal for §; = §,. Let ¢ be the topmost point of the arc 4, i.e.,
01 = 62 if p;11 = q. We note that c is located on the line L. If ¢ is above p;, then the circle with

centre p; and radius d(p;, ¢) contains C' and, hence, ¢ is the point with maximal distance to p;.
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Figure 10: (a) Illustrating the proof of Lemma 4.2. (b) Maximising the distance from p; to p;41 by
choosing §; and §,.

We claim that ¢ is above p;. Let r be the point (1/2,0). In order to show that ¢ is above
p; we compute the distances d(p;,7) and d(c,7). The angle /rp;u; is obviously 7;/2. Hence,
d(pi,7) = 1/2cot(7;/2). By [15, Sec. 16, Th. 2] the angle /u] cu; equals 26; and, hence, the angle
Lreu] equals (1/2)(2m— 26;) = vi+a; /2+ o /2; this yields d(c,r) = 1/2 cot(y; + o /2+a; /2) <
1/2 cot(y;/2) = d(p;,7) as claimed.

Therefore, we can assume o;" = o; and we have the configuration displayed in Figure 11. Since

aj' z aj_ + v z
cos | | =—F and cos | 22— ) = ——,
2 a; 2 d(piapi-l—l)

we obtain (o /2)a
cos(a; /2)a;
d 2y Pi = . . .
o P) = ot @) )
With (o +7:)/2 < 7i11/2 < 7/2 and cos(e; /2) < 1 the claim follows. O

For large angles we make use of the observation that d(p;y1,v;") < df and d(pi11,v]) < df
by Lemma 4.1. Hence, continuous lad belongs to the class of Walk-in-Circles Strategies and the
distance between p; and p;1; is less than or equal to aj'dj' + a; which we state as a lemma for

further reference.
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Pit+1

Figure 11: Choosing ;.

Lemma 4.3 If aj' =a; , foralll <1i <k, then
d(piy1,p) < min{efdf, a7 di} + a;.

We now can analyse the competitive ratio of continuous lad. To do so, we first consider the
path P/ that consists of the line segments connecting the points p;. For the analysis we split the
execution of the strategy into two parts. In the first part we consider the length of the path of
the robot until the angle between v; and v; is equal to some angle ¥ and in the second part we
consider the length of the remaining path of the robot. In order to see that it is possible to chose
v to be any value that is greater than or equal to o, let p;(f) denote the position of the robot at
time ¢ while traveling on P;. We argue that y(t) = Zv; p;(t)v; is a continuous and monotonously

increasing function as the robot travels on P;.

We assume that the robot has reached the point p; and the angle Zvi_piv;" is ;. At p; the robot
chooses a point t; on the line segment W and moves on the path P; from p; to ; until a new
left or right extreme entrance point becomes visible. We assume that p;(0) = p; and p;(1) = ¢;.
Since d(p;(t),v;") and d(p;(t),v; ) both decrease monotonically and continuously with ¢, the angles

+

.

T(t) = Lpivi pi(t) and o (t) = Lp;i(t)v] p; are continuous and monotonously increasing functions

of t and, therefore, v;(t) = v; + o} (t) + o (¢) is also a continuous and monotonously increasing
function of ¢. Hence, if 79 < v < g, there is one 0 < iy < k and one 0 < ¢y < 1 with v;,(¢0) = 7.
We can assume in the following that the robot follows the Strategy continuous lad until either one

of the extreme entrance points is undefined or v;, (o) = 7, for some iy and ¢;. We insert the point
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Pig+1 = Pi,(to) into the sequence of points (pi,...,pr) so that now there are k + 1 points p;. If
Yo > 7, then we define p;,4+1 = po. In both cases we have v;,11 > 7.

In order to analyse the competitive ratio of continuous lad we need to estimate the length of the
path P; that is the concatenation of parts of hyperbolas. Recall that if A(P;) is the set of all finite
sequences of points on P; that occur in order, i.e. A(P;) = {(r1,...,7m) | m >1,7; € P;,foralll <
j < m, and r;;; occurs after r; on P;}, then A(P;) = sup{>_7"; Yd(rj,ria) | (r1y -y mm) € A(PS)}.
We will make use of this definition, to estimate the length of P;.

So consider a sequence (rq,...,7,) € A(P;). Since we are interested in obtaining a supremum
and adding points only increases Z;”:_ll d(rj,7j4+1), we can assume that (py, ..., px) is a subsequence
of (r1,...,7m). We define as before v"’ to be the left entrance point of V' (r;), d;' = d(r;, v;'), and
a;' = d;' (d;"_l_1 — d(v]", v 1)). We deﬁne vy, dy,
above definitions Lemmas 2.2 and 4.1 still hold which implies that Lemmas 4.2 and 4.3 hold as

well.

a;, vj, etc. analogously. Note that with the

So let R, be the path connecting the points 74, ..., r,, by line segments. We now observe that if
the angle v; at r; is less than or equal to -y, then Lemma 4.2 yields that d(r;_1,7;) < aj_1/ cos(y/2).
Otherwise, Lemma 4.3 yields that d(rj,7;41) < a;'d;' + a;' and d(rj,7j11) < o d; +a;. If jo is
the index, such that v;,4+1 = 7, then we obtain the following analysis of the length of R,, where

we assume w.l.o.g. that v | € sp(s,g).

m—1 Jo m—1
Zdr],rﬁ_l ‘|‘d+ = Zd(rwrﬁ-l + Z dr],rﬁ_l)—l—d"'
=1 =1 J=jo+1
0 a-]— m—1
oot/ 5"
< | AV - ) a] of +
=1 cos(v/2) =1 j=jo+1 J=do+1
<

ﬁia;'—l—(ﬂ'—'y—l—l) ()\(V;';) —f:a;')

< max{L/ cos(y/2), 7 — v+ L}A(V}})

So let the angle v be chosen such that the maximum of {1/cos(y/2),m — v + 1} is minimised,
e., that 1/cos(y/2) = m# — v + 1. By numerical evaluation we obtain that v ~ 2.111. Hence,
(m—2.111)+1 (~ 2.03) is an upper bound on the length of the path R,, that connects the points
r; by straight line segments. Since (rq,...,7y,) is chosen arbitrarily from A(P;), the supremum of
0y Yd(rj,rix1) | (r1,---,7m) € A(P;)} is also bounded by 2.03. We state this as a theorem.

Theorem 4.4 The strategy continuous lad has a competitive ratio of at most 2.03.
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Figure 12: The path C.

Although we obtain an estimate of the length of the path Qp in this way, it is still interesting to
look at how much is lost by traveling on a hyperbola instead of a straight line. In the next section
we show that the length of such a path is at most 3/4/2 (~ 1.061) times longer than the length of

a line segment.

4.5 Bounding the Length of P;

The optimal strategy that minimises the local absolute detour would be to travel from point p;
to point p;1; on a straight line segment. A robot using continuous lad, however, travels on a
hyperbola. In this section we give an upper bound on ratio between the length of the path P;
that consists of all points p with d(v", p;) — d(vi", p) = d(v;,p:;) — d(v],p) and the length of a line
segment between the start point and some other point of P;. This indicates how much is lost in

continuous lad by traveling on a hyperbola.

If we assume that the path is parameterised over [0,1] and that the position of the robot for
t € [0,1] is given by p(t) and the length of the path is given by P;(¢), then we are interested in
measuring the ratio of the length of P;(t) w.r.t. to d(p;, p(t)).

So we want to compute the maximum of the ratio P;(t)/d(p;,p(t)), over all £ € [0,1] and all

possible triangles (p;, v{", v; ). In order to compute this ratio we take the following view of P;. If we
_I_

7

_I_ —
fix v;", v;

; and the point ¢; on v

v, where P; ends, then the set of possible starting points p; lies
on a semi-infinite path C of which P; is the part from p; to some point p;1; closer to #;. Hence, it
suffices to consider C. If we assume a coordinate system with the origin at v; and with v{" on the
positive z-axis, set the length of W to be 1, and the distance of the end point ¢; of C to v; to
be a € [0,1] (see Figure 12), then the points (z,y) on C are given by the solutions to the following

set of equations.
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2’ +y* = (a+d)? and 1-2)P+y*=(1-a+d)?

which has the solutions

z = a+(2a—1)d and y= 2\/a(1 —a)d(1+d).

If we parameterise C by d, then

p(d) = ( a+ (2a—1)d ) and

Va(l —a)d(1+d)

C(doy dy) = 7“%19(6)
do
_ N%_ma@_a) (E——
dy
= d[’/HZE}Hg dé

where C(dy, d1) denotes the length of the path from p(dy) to p(d;). Note that since z(a, d) is linear

in d and

- Ve(l—a)2d+1)
od " Vdd+1)  ~
Py gy~ Ll 9
(0d)? " 2 (d(d+ ))3/2‘ ’

C is the graph of a concave, monotone function.
We are interested in the ratio
a 1 a
C(do,di) 1+ 35 (6+1) S
d(p(do), p(d1))

(5)

=
\/(( 2a — 1)(d; — dy))? (2\/a 1= a) (V&(T+di) — V(1 + do)) )
If we substitute e = §/(a(1 — a)) in the right hand side of Equation 5, then

dé = a(l—a)de.

With e; = d;/(a(l — a)) we obtain

C(do,dl) = ]_—CL/ \/ 1_a€+ )d€
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Note that the above substitution is injective for d, i.e., , for each d and each 0 < a < 1, there is a
e with e = d/(a(1 — a)). Hence, an upper bound on the ratio if we substitute e for d, for all e > 0
and 0 < a < 1 also yields an upper bound on the ratio in Equation 5.

Since d; = a(1 — a)e;, we have
d(p(do), p(d1)) = d(p(a(l — a)eo), p(a(l — a)er))
= a(l- a)\/Sa(l — a)ereg + 4(e1 + eo) + (e1€0)? — 8y/e1y/1 + a(l — a)err/egy/1 + a(l — a)eq.

We first show that d(p(a(1— a)e1), p(a(l—a)eg))/(a(1— a)) has a minimum at a = 1/2. To see

this consider the function

fla) = (1_0)6160—\/_\/1 l—ael\/_\/l a(l — a)e

With
Y () = (1 - 20) [ereo — LY/EVIF 0= ever 1 yEreoyl+a(l — dereg
da 1€0 ™ 5 T+ a(l—a)e; 2 T+ a(l—a)e

it can be easily seen that %(a) = 0if and only if a = 1/2, %(a) < 0, for a < 0, and %(a) > 0, for

a > 0; hence, a = 1/2 is a minimum and we obtain

C(a(l — a)eg,a(l — a)ey) < / \/1 a(l—a) e-|-1)d5

d(p(a(l — a)eo), p(a(l — a)er)) ~ \/4(e1 +eo)t+el+el— 2\/6160 (e1 +4)(eo + 4)‘

The numerator of the above quotient achieves its maximum for a — 0 or ¢ — 1. Hence,

el
C(a(l— a)eg, a(l — a)eq) e{
max <
a€l0,1] d(p(a(l - a)eO)ap(a(l - a)el)) \/4((31 + eo) + e% + 6(2) — 2\/e1e0 el + 4)(@0 + 4)
Verver 1+ n (er+ 3+ /erver 1) — eor/eo+1— SIn (o + 3 +ﬁ¢eoT)
\/4 (e1+ eo) + €2 +e2 — 2y/ereo(er + 4)(eo + 4)

In the following we show that C(do, d1)/d(p(do), p(d1)) is bounded by 3/4v/2 (~ 1.061), for all
0 <dy <dj.

In order to see this we show that

D(eg,e1) = 3/4\/5\/4 (e1 +eo) +e? +e2 —2¢/ereo(er +4)(eo +4) — /erv/er +1 —
—ln<e1+ +Veiver + >‘|'\/_0\/eo—|- +Z ln<eo+ -I-\/_O\/ff(JT)
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We consider the derivative of D w.r.t. eg.

. \/81(%814—1)(%80{—1) _ \/3031(%81+1)
w3 TV N 1

1+ —.
\/460 + e — 8y/eper(fe1 4+ 1)(3eo + 1) + dey + €2

DEO (eO) el)

€0

In the following we compute the roots of D., w.r.t. ey. Let

3v/2 el(lel + 1)(l€o +1) eoel(lel +1)
D (e, €1) = T\/_ (4—4\/ : - \/ 2 +2e9 | +

\/% \/%60—|—1

1 9 1 1 9
1+ —y|4eg+ef —84/eper | —e1 +1 —eo+ 1) +4e; + ¢
€o 4 4

1 (—6x/§\/%\/m+ 3v2y/erver T deo + 6v2y/erv/er T 4 3v2e) Vo T4
vV 60(60 —|— 4)

16
4/eq + 1\/460 + e — 2, /e1v/e1 + 4 /eqy/eq + 4+ 4dey + e2/eo + 4)

vV 60(60 —|— 4)

If D.,(eo,e1) =0, then D;(eg, e1)16+/eo(eo +4) = 0. So assume Dj(eq, e1)16+/ep(eo +4) = 0.
Then,

—6\/5\/%\/60 44+ 3\/5\/5\/61 + deg + 6\/5\/5\/61 44 — 3\/563/2\/60 +4=
4+/eg + 1\/460 +e2 — 2 /e1ve; +4/egveg + 4 + deg + et eg + 4

By squaring both sides and subtracting the terms on the right hand side from the terms on the

left hand side we obtain

Ds(eg,e1) = 2ef — 4 /er/er + 468/2\/60 + 44 8ejel — 32ereq + 1663/2\/60 + 4 /e1v/er +4 —
8eZeq + 2e2el 4 32e; + 32eq + 8e? — 24el — 16,/e1v/e1 + 4/egv/ e + 4.

Clearly, if Dy(eg, e1) = 0, then Dsy(eg, e1) = 0. We again split the terms on the two sides and

obtain

2ej + 8ejed — 32ere0 — 8efeg + 2elel + 32e; + 32¢p + 8eF — 24el =
4yfery/er + dey*\/eo + 4 — 166y *veo + dy/ery/er + 4+ 16+ /ery/er + dy/egv/en 1 4.

Again we square and subtract the terms on the right hand side from the terms on the left hand

side. This yields the following.

Ds(eg,e1) = 4 (896e1e3 — 512e1eq — 384e] + 256e2 + 256e3 + 144es + 64e;ef + 608eTel —
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640eTeq — 2e2el 4 8eZe) — 8eqel 4 32eiel — 256e2ed + 192e3ed — 256e5eq +
8eles — 6deded + 128e3 + 32e) + 16e] — 24e5 + €5 + 32e1e] — 512e1ed + 24ejel —
32efeq + efey — Seleo)

Note that
D3(€0, 61) = 4(60 — 2)4(61 —|— 4 —|— 60)2(61 — 60)2.

Hence, the only values of eg for which D, (eg, e1) can vanish are eg = 2 and eg = e;. Therefore, the
minimum of D(eg, e1) is either assumed for ey = 2 or ey = e; or at the boundaries of the domain

of D which are at eg = 0 or ¢y = e;.

For eg = e; we have D(eg, eg) = 0. It can be easily seen that D(2, e;) only vanishes for e; = 2
and that D(0,e;) > 0, for eg > 0. Hence, D(eg, e1) > 0 and C(dy, d1)/d(p(do), p(d1)) is bounded by
3/4+/2, for all 0 < dy < d; as claimed.

5 Changing the Strategy

If we take a closer look at the analysis of Strategy continuous lad, then we notice that the ratio
obtained for small angles is much tighter than the bound on large angles. Unfortunately, it is
not obvious how to improve the analysis. However, there is another option. Since the robot can
measure the angle between v and v, at its position, it is possible to change the strategy once a
certain threshold is reached. We assume that the robot has encountered k events of Category d)

in continuous lad and switches to a new strategy at point py.

In the following we consider the Strategy Move-in-Quadrant which was already presented in

[11] but we provide a tighter analysis if the angle v, is larger than 7 /2.

In order to present the strategy we need the notion of a projection of a point. The orthogonal

projection p’ of a point p onto a line segment [ is defined as the point of [ that is closest to p.

Strategy Move-in-Quadrant
Input: A point pi in P such that the angle v = ka_pkv,‘: is > m/2;
i:=k;
while v} and v; of V(p;) are defined do
Move to the orthogonal projection p;11 of pi onto the line segment /; from v{" to v ;
Compute the points v;:|-1 and v ; of the visibility polygon V(p;y1) of piy1;
=14+ 1;

end while;

The correctness of the strategy has been proven in [11]. Note that the Strategy Move-in-Quadrant
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Vit1

Figure 13: Introducing a new segment between [; and ;1.

also follows the schema of the High-Level-Strategy except that events of Category d) are replaced
by events of Category d'): t; = p;41 is reached.

5.1 Analysis of the Strategy Move-in-Quadrant

In the following we assume that the Strategy Move-in-Quadrant has stopped after m — k iterations.

As before the shortest path goes either through v or vy [11].

Recall that 7 is defined to be the angle ka_pkv,‘: which we assume to be greater than or equal
to v, > /2. We introduce a coordinate system where pj is the origin. Let Arj be the angle
between the z-axis and the line segment ppv, and 5,;" the angle between the y-axis and the line

segment pkv,‘:. We choose the orientation of the axes so that §; = Ar;, and define §;, = 5,;" = Ary.

Now suppose that we have arrived at point p; and move to point p;; in the next iteration. To

simplify the analysis, we consider the line segment [} from the intersection point of v{" v, with the
line through p; and v,‘: to the intersection point of vlf:_lvi__l_l with the line through p, and v, as
shown Figure 13.

The line segment I} is located between I; and l;1;. If we consider the path P! from p; to p;
that visits the orthogonal projections of p; onto the line segments /; and l; in order, for k < 5 < ¢,
then the length of P/ is obviously greater than or equal to the length of P;. Furthermore, P; and

P! share the same start and end point. Hence, for the simplicity of exposition we assume in the
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Figure 14: (a) The relationship between the angles o, a, 7, and o; = m —2a; . (b) Computing
d(pr, v if d(px,v;") = 1.

following that v{" and v; are located on the line from py, to v,‘: and v, , respectively, and that either
v{" = v;:|-1 orv; =;4.

Let L; be the length of the path P; traveled by the robot from pj to reach p;; let a; be the
angle /p;v] pr, and d; the distance d(p,v; ) (see Figure 14a and b). Similarly, let o} be the angle
/prvi p; and d the distance d(pg,v; ). We define the angle o; as min{w/2 — ] ,7/2—a; } and the
distance d; as min{d;, d; }. Note that 7/2—a;] +7/2—a; = v, and, therefore, ] +a; +28;, = 7/2
or m/2 — a} = a + 28 and /2 — aj = & + 26;. In particular, &; = 7/2 — o if and only if
d; = dj.

Our approach to analyse our strategy is based on the idea of a potential function Q; [11]. It is
our aim to show that L; + Q; < (%t + cot %)d;, for all k£ < i < m, where we define Q; = a;d;. So
suppose the robot has reached the point p; and L; < (yi/2+ cot vx/2 — o;)d; and d; is equal to the
distance between py and v; . For simplicity of description we assume that the distance from p;, to
+

.

. is 1.

For the distance d; we obtain

P
sin o

d; = —————. 6

‘ cos(ay + 26;) (6)

Equation 6 can be seen as follows. Consider the triangle displayed in Figure 14b.

v; is the intersection point of the line with slope tand; through p; and the line with slope
tan(w/2 + aj' + 6) through v{". Hence, the coordinates of v; are given by the solution to the
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Figure 15: Case 1 if the robot moves from p; to p;y1.

equation
) cosdr \  [—sindy n cos(Z 4+ aff +6;)
—sind,/ \ cosdy H sin(% + aj' + dx)
which yields the solution

sin a;f cos(26r)

A=————F —andp=-———"""—
cos(aj + 26) ek cos(aj + 26)

for g and A. Hence,

_ sin o

o — * cos O,
" cos(af +26;) \ —sindy

and d(px,v; ) is given by

+
ki

cos(af + 28;)

_ sin &
d(pk’ v; )

(7)

The robot moves now from p; to p;41. Since d; =d;, ¢, =7/2—a; <7/2— aj'. We distinguish

three cases.

+ + - -
Case 1l o, <af <o <oy,

Hence, d;,; = d; . Note that p;; is on the circle C;” with centre at ¢; = (cosdy, — sinéy)d; /2 and
radius d; /2 (see Figure 15). Let o; be the angle /p;c; v;". Note that o] =7 — 2a; = 20;. The

arc A; of C; from p; to p;y1 has length

(07 = 0734)d7 /2 = 20 — csy1)d; /2 = (o — i) dy
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Figure 16: Case 2 if the robot moves from p; to p;y1.

Clearly, the line segment p;p;11 is shorter than the arc A;. Hence,

Liyi = Li+d(pi,pi+1)
<7—k + cot E) di — aid; + (o — @ip1)d;

IA

2 2
- <‘g—k + cot ’);_k> diy1 — oip1diyg.

Case 2 of < o}, < aj,, (see Figure 16).

Hence, d;y1 = d; = sin a;:l/cos(a;"_l_l + 26;.) by Equation 7. Note that p;;; is on the circle Ci‘"
with centre at cj' = 1/2(— sindg, cosd;) and radius 1/2. The arc A;" of Ci‘" from p; to p;+1 has
length 1/2(af — crlf:_l) = aj'_l_l — af . Clearly, the line segment p;p;11 is shorter than the arc A} .

Hence,
Liyn = L;+d(pi,piv1)
< <’);_k + cot ’);_k> d; — a;d; + aj'_l_l —af
We want to show that
<’);_k + cot ’);_k — ai> d; + (a;"_l_1 - aj') < <’);_k + cot ’);_k - ai_|_1> dit1 (8)
or
. . .. + +
')’_k 4 cot ')’_k > az—l—ldz—l—l - azdz + Qi — oy
2 2 = dit1—d;
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with v, —7/2 < oy < a;q41 < 7w/4—6;. Let §; = aj'_l_l + ; hence, a1 = m/2—ay ;= z—|—1+25k =
aj' + B; + 26;,. If we now define

cos(oc;l'+,3i+25k) cos(oz?'—|—25k)
sin(oc?'—l—,@i) _ sinoz?' !

cos(oc;l'+,3i+25k) cos(oz?'—|—25k)

then we want to prove that f(a,3,d) < v/2 + cot(y/2), where v = 7/2 + 24, for all (¢, 3,0) €

A={(z,y,z) |2 >0,y>0,z> 0,2+ y+ z < m/4} since we assume that aj'_l_l <agg,ie. ol

7+1
T/2 — aj'_l_l — 26 or aj' + B; + 6 < m/4.

ﬁ' (oz;l'+,3i—|—25k)sin(oc?'—|—,3i) (oc;l'—|—25k)sinoc?'
4

f (i, Bi, 6r) =

IA

As a first step we show that

af sin(2a+ B +28)  1lcos(2a+ B +26)  sin(2a+ G)
da (8,9) = 1-4 <2 sin 3 2 sin [ cos 26 sin 3 cos 26
cos(2a+ ) 1lcos(2a+ 5 — 26)
sin 3 2 sin 3 cos 28 >

> 0,
for all (e, S, 5) € A. To see this consider

of p
o <3 (o B, 5)51nﬁ> _2cos25

The equation

(cos(2ac+ B + 46) + sin(2a + S + 26)).

cos(2a + B +44) +sin(2a+ B+ 26) =0
has as only solution 2a+ 3 = —71'/4—35 in the range 2a+ 8 € [—7/2,7/2]. Hence, for (o, 3,6) € A,
of
<
£ <3 (o, B, 5)51nﬁ> < 0

and the minimum value of % (a, B,6)sin 3 is achieved for the maximum value of o which is 7 /4 —

B—38 A ={(z,y)|2>0,y>0,z+y < m/4}, then

of _ . of <_ B >
(a ,%l(lsr)leA da (@ f,9) = (ﬁ S)EA' da B=0,80
Let f. (8,0) = (% B —46,8,8). We want to show f, (3,8) > 0. To see this consider

%(fa (8,0)sinfBcos28) = (1 —sin28)(sinf + BeosB)+ Bsinfcosd > 0.

Hence, f, (8,6) is monotone in 8 and

min fo (6,6) = lim f.(8,9)

(B.5)€
B J¢] <sin(ﬁ —28) cos(f +49) )
o ﬁg% 4sinf cos26 cos 26 +2sinff + 2 cos(B + 20)+
3cosﬁ sinﬁ—|—25>
cos 28 cos 26
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Thus, we have shown that f is monotone in « and, therefore,

max f(e,8) = mux f(5-5-85:)

(a,B,0)€A (B.5)EA’

If we define g (8,8) = f (£ — 8 —6,5,6), then

3}
a8 <3ﬁ (5, )2cos25 cosQﬁ -1

which is equal to 0 if and only if cos(28) = 1 or sin(46)/2 = cos 24, the latter of which only holds

1
> sm (46) cos(2f) — cos 26 cos 28 — 3 sin 46 + cos 24
s(2
<A< /4 the former holds only if 3 = 0. Therefore, we

for 6 = w/4. Furthermore since 0

< 0 and, thus, 2 30 2(8,68) /2(cos28(cos2B — 1)) is

can see easily that aﬁ ( (8, ) Tﬁl))

1
2 cos 28(co
monotonously decreasing in 3.

It can be easily checked that

dg
égg)aﬁ(ﬁ ,6)=0

and, therefore, g—g, (8,6) <0, forall0 <3 <m/4—4. This in turn implies that g is monotonously

decreasing in 3 and

WheaT (080 = pel¥ic 9(6,9)
= hm —|-5_|_ p _I_ B cos(3 + 24) BeosB 38sin(B + 26)

2siné sin 3 cos 26 4sin 3 cos 26

ﬁ sin(8 — 25) B cos(f + 49)
4sinfBcos28  4sinBcos28

™ ™

= %—I—cot <%>

where ¥ = 7/2 4 2§ as claimed.

Case 3 a"’ < a++1 and a;,; < a"’
Hence, d;11 = d 1 = land oy = 7/2 - 2—+1 (see Figure 17). Note that p;;1 is again on the
circle C;” with centre at ¢ = 1/2(—siné, cosd) and radius 1/2. As in Case 2 the arc A of C;
from p; to p;+1 has length 1/2(0{" — crlf:_l) = aj'_l_l — aj' and the line segment p;p;11 is shorter than
the arc A;". We obtain
_ T N

Liy1 = Li+d(pi,pis1) < ‘|' cot o= — di + (e}, — o)

We split A;" into two arcs A, and A where A] is the arc from p; to the diagonal of the first quadrant

and A! is the arc from the diagonal of the first quadrant to p;1;. The arc A, is paid for by the
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Figure 17: Case 3 if the robot moves from p; to p;y1.

increase d;|; — d; while the arc A just reduces the potential. More precisely, we have

2 2

_ <72_k+ t%—al>di_—|—<<%—5k>—a;">—|—<a;"+1—<%—5k>>
(et (50 o i 1)

B ™ n ™
= -|- t?—z—5k+ai+1—z+5k

Yk
< 9 ~+ cot ? — al_|_1> d+_|_1.
Here, the last inequality can be easﬂy seen if we set az—l—l = m/4 — §;, in Inequality ( ). We then
have o1y = 7/2 — (7 /4 — &) since off, | + aj,; + 26, = 7/2 and ;41 = 7/2 — aj, ;. This proves

the claim.

<7k—|—cot7—k—al>d —|—( oy aj'):

In fact, we can show the following lemma.

Lemma 5.1 For all k <i<m,

-— —|— cot < , —
2 d(pk’ vz-l_) d(pk’ v; )

. - . . T
7k> Z max{Ll + d(puvl ) Lz + d(puvl )}

Proof: To see that L; + d(p;,v; ) < (7/2 + cot (v%/2))d(po, v; ) we add a point v, on the
y-axis at infinity. Then, v;,; = v; and the line segment vl+1vl‘:_1 is parallel to the line segment
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Figure 18: Bounding the final competitive ratio.

pkv;' ; therefore, p;11 = v; . Since the functions considered in the above analysis are continuous,
the analysis still holds and L; + d(p;,v; ) = L; + d(p;, pi+1) = Liy1 < (/2 + cot (v&/2))diy1 =
(71/2 + cot (7&/2))d(po, v; ). An analogous construction yields the result for v; . a

5.2 The Final Ratio

In order to obtain the final competitive ratio for one step we have to take into account that the
robot has to move to either v}, _, or v, ;. If v, is undefined, then v | belongs to the shortest
path from s to g. Lemma 5.1 gives an upper bound on the maximum distance the robot travels in
order to reach ¢, _; in Figure 18 which is located on the line through p;, and v} .

+

m

The length of [}, grows monotonously with 8 if the lengths of [ | of I,,_; are fixed. Hence,
the maximum ratio of (eA(I}_;) 4+ A(lm—1))/A(F_,) is achieved for the minimum angle § which

is 0 = v = /24 26;. Let the length of l;';_l be d; and the length of [,,_; be d;. Hence, the

maximum distance traveled by the robot from pj, to v}._; is bounded by

Let l,,_1 be the line segment between v, _, and 17:1_1 and 6 the angle between lA:,'L_l and [,,_1.

c(0r)d1 + do
V& + &3 — 2d1d; cos(§ + 26)

F(ér) = max

where ¢(§) = 7/4+ 6 + cot(mw /4 + §). This maximum is achieved at

— ¢(8x) sin2éy,
¢(dr) — sin 24,

1
dy = max{0, d;
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and yields a value of

1—c(dy) sin 28
F(é) = c(%) + C(5k)isin25kk
\/1_|_ (1—c Sx sin25k)2 +2(1—c(5k)sin25k)sin25k

¢(d)—sin 28y c(dx)—sin 24,

The same analysis applies if v} is undefined.

If we combine this result with Lemma 4.2, we obtain the following upper bound on the distance
traveled by the robot if the shortest path from s to g goes through v . Recall that P; is the path

the robot follows from point p; to p; 1, where we set p,,.1 = v ;.

m k-1 m

YIAP) = DOAP)+ Y d(pj, pis)

3=0 3=0 J=k
< #i F P8 | MV )—i !
>~ COS(’)/k/2) par aj k m—1 = aj

1
< max{m, F(5k)} }\(V:;—l)

with v, = 7/2 + 26;. Again the minimum competitive ratio is achieved if both the terms in the
maximum are equal. This yields a value of 1.91 for y; and a competitive ratio of ~ 1.73. We state

this result as a theorem.

Theorem 5.2 If a robot uses the strategy continuous lad until the angle v = /v~ pvt where p is
the robot position and v* and v~ are the extreme entrance points of V(p) equals 1.91 and then
switches to the strategy Move-in-Quadrant, then the competitive ratio of the path traveled by the

robot 1s at most 1.73.

6 Conclusions

We have presented a number of strategies for a robot to search in a street if it is given the visibility
map of its local surroundings. All the strategies presented follow that same “high level strategy” as
outlined by Klein [9]. We use the framework of competitive analysis to show performance guarantees

on our algorithms.

In the first part we introduce a family of strategies called Walk-in-Circles. The strategies are
extremely simple and have an equally simple analysis. It also turns out that Walk-in-Circles is

robust under small navigational errors.

In the second part we consider the strategy continuous lad that is very closely related to the

strategy lad [9]. It employs the optimality criterion of minimising the local absolute detour. The
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resulting path the robot follows is concatenation of parts of hyperbolas. Though the path generated
by the strategy is fairly complicated, its analysis turns out to be much simpler than the analysis
of the strategy lad which uses the same optimality criterion by chooses to travel on straight line

segments.

The strategy continuous lad has a relatively good competitive ratio of 2.03. Surprisingly, this
strategy combined with the strategy Mowve-in-Quadrant—which has the best previously known

competitive ratio of 2.05—results in a hybrid strategy with a competitive ratio of 1.73.

Often the idealistic assumption that a robot can follow a precomputed path without deviation
is violated by real life robots. An interesting open problem is, therefore, if it is possible for a
robot to traverse a scene with a predetermined maximal navigational error per unit traversed at
a predetermined competitive ratio. Also the gap between the lower bound of /2 and the upper

bound of 1.73 for search strategies in streets is still significant and needs to be improved.
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