� �

� � �

� �

� � �

� � � � �

� � � � �

� � �

� � �

� � � �

� � � � �

� � � � � �

� � �

1 1 2 8

3 2 4 3

5 9 6 10

7 4

8 5 9 6

10 11

11 12 12 7

� �

� �

� � �

� � �

� � �

� � � �

� � �

� � �

� � � � �

� � � � �

� � � � �

� � � � � �

Fig. 8. Partitioning over the class of p erfe ct elimination or derings of the �l le d gr aph G(F ). The original

or dering is shown on the left, and an or dering and a p artition that solve pr oblem (Pr3) ar e shown on the

right. The �gur e il lustr ates that the upp er and lower triangles of the matrix on the left ar e not pr eserve d

under the p ermutation, but the structur e of F is pr eserve d.

is shown on the right in G(F ).) It is easily seen that the p ermutation moves some elements of

the lower triangle into the upp er triangle and vice versa, and that it preserves the structure

of F .

Problem (Pr3) turns out to b e much harder than (Pr2), but can b e solved by developing

several results concerning transitive p erfect elimination orderings: i.e., p erfect elimination

orderings of subgraphs of chordal graphs which make them transitively closed subgraphs as

well. Algorithms to solve (Pr3) will b e rep orted in [14 , 15 ].

The numerical stability of the partitioned inverse approach to triangular solution has

b een investigated in [10]. The metho d has b een shown to b e normwise backward stable and

normwise forward stable when a certain scalar which can b e considered as a ‘growth factor’

is small; this condition is satis�ed when L is well-conditioned. However, the metho d do es

not enjoy the comp onentwise backward and forward stability prop erties of the substitution

algorithm. If the factors are not invertible in place, then the partitioned inverse approach

may b e unstable even when the ‘growth factor’ is small.

There are several other directions to explore in future work.

The �rst issue concerns the uniqueness of the minimum-cardinality partition. Algorithms

that we have designed for computing the partitions in all of the ab ove problems b elong to

the class of greedy algorithms. F urther, for each i, they include as many elementary matrices

as p ossible into a factor P

i sub ject to the condition that the factors P

1

, : : :, P

i�1 have b een

obtained similarly

. It is easily seen, however, that minimum cardinality partitions need not

b e unique: for instance, for problem (Pr2-Cholesky), it is p ossible to design an algorithm

that pro cesses the vertices of the elimination tree from n down to 1 to compute the partition

in the order P

m

, : : :, P

1

. Such a partition would put, for each i, as many elementary

matrices as p ossible into P

i sub ject to the condition that factors P

m

, : : :, P

i+1 have b een

obtained similarly

. In the context of highly parallel triangular solution, it may b e preferable

to have each factor contain roughly the same numb er of nonzeros, since the matrix-vector by substitution metho ds. W e see that when L has a fairly rich structure the partitioned

inverse approach is much b etter than the substitution metho d, but when L is very sparse

there is little gained. The use of an MLMD primary ordering improves b oth substitution and

partitioned metho ds. However, with the intro duction of the additional �ll in the exact factor

L

3

(compared with L

2

), the numb er of levels in G(L) increases sharply (as do es the time for

substitution) while the numb er of factors in the b est reordered partition drops dramatically .

The di�erence in the solution time, even for this problem of mo dest size, is ab out a factor of

twenty

. Thus we conclude that the metho d can b e quite useful in highly parallel machines

when the matrix L has a rich enough structure, as happ ens when it is an exact triangular

factor.

5. Concluding remarks. W e have considered the characterization and computation

of partitioned inverse representations involving the fewest factors of a given sparse triangular

matrix L. Three v ariants of this problem have b een considered in this pap er; for complete-

ness, here we will also describ e a fourth v ariant which will b e considered in a future pap er.

The four problems minimize the numb er of factors in the in-place partitioned inverse of L

� over a �xed row and column ordering of L|problem (Pr1),

� over symmetric p ermutations of L which preserve its lower triangular structure|

problem (Pr2),

� over symmetric p ermutations which preserve its lower triangular structure, when L

is a Cholesky factor|problem (Pr2-Cholesky), and

� over symmetric p ermutations of the �l le d matrix F = L + D + L

T

which preserve

the structure of F , again when L is a Cholesky factor|problem (Pr3).

When L is obtained from unsymmetric, symmetric inde�nite, or incomplete factoriza-

tion, Algorithms RP1 and RP2 may b e used to compute the b est reordered partition in

O (ne) time and space. When L is a Cholesky factor, Algorithm RPtree is an extremely

e�cient O (n) time and space algorithm for computing the reordered partition corresp onding

to the third problem listed ab ove. W e b elieve that the results in this pap er demonstrate the

p otential sup eriority of the partitioned inverse approach over the conventional substitution

algorithm for sparse triangular solution on highly parallel computers.

W e now discuss the fourth v ariant of the partitioning problem. Given the factorization

A = LD L

T

of a symmetric, p ositive de�nite matrix, consider the �lled matrix F = L + D + L

T

and the corresp onding undirected graph G(F ) which is chordal. In problem (Pr3) we ask

for the minimum numb er of factors m in the partitioned inverse representation of L over all

vertex orderings that preserve the structure of the �lled graph G(F ) (rather than preserving

the structure of the DAG G(L) as (Pr2) do es). Such an ordering would have to b e applied

to the original matrix A, b efor e the computation of the factorization.

W e illustrate this idea by means of the example in Fig. 8. The �lled matrix F shown

on the left corresp onds to the Cholesky factor L in Fig. 5, and the �lled graph G(F ) is the

undirected graph corresp onding to the DAG G(L) in the latter �gure. It can b e shown that a

solution to (Pr3) would partition the vertices of G(F ) into two factors P

1

= f1; 3; 4; 7; 8; 9; 12g

and P

2

= f2; 5; 6; 10; 11g. A renumb ering of the columns and rows of F obtained by num-

b ering the vertices in P

1 b efore P

2

(and top ologically within each P

i

) and the corresp onding

partition are shown in the matrix on the right of Fig. 8. (The corresp onding vertex ordering

15 n � (L) L evels Substitution F actors Partitioned

in G(L) Time soln. time

256 32,896 256 7.34 1 0.04

512 131,328 512 50.22 1 0.21

T able 2

CM-2 times (se c onds) for ful l matrix substitution and p artitione d solution.

Matrix Ordering F actor- � (L) L evels Substitution F actors Partitioned

ization in G(L) Time soln. time

L

1

RCM ILU 23,526 823 19.22 816 11.66

L

2

MLMD ILU 26,793 78 1.38 66 1.20

L

3

MLMD exact 118,504 311 16.78 16 0.87

T able 3

CM-2 times (se c onds) for sp arse triangular substitution and p artitione d solution.

for computing a matrix-vector pro duct involving a triangular matrix. Hence the co de for

triangular solution using the partitioned inverse approach is nearly identical to that for our

substitution metho d in that the inner lo op involves the same op erations. But the numb er of

executions of the lo op in the partitioned inverse approach is equal to the numb er of factors

in the partition of L rather than the numb er of levels in its graph.

W e rep ort the CM p erformance of these two metho ds for an n � n, dense, unit lower-

triangular matrix L. Our results are obtained with CM F ortran in the ‘slice-wise’ execution

mo del, which treats each W eitek chip of the CM-2 as a pro cessor. F or this exp eriment we

used 256 W eitek pro cessors on the Connection Machine at NASA Ames. Results are given

in T able 2. Clearly

, the partitioned metho d is sup erior, by a factor roughly equal to the

ratio of the numb er of levels in G(L) (which is n in this case) to the numb er of factors in

the partition of L (one).

Next, we p erformed an exp eriment using a sparse matrix A of order 4037 obtained from

a triangular mesh in the region around a three-element airfoil. Three unit lower triangular

matrices L

1

, L

2

, and L

3 were obtained by approximate factorization. L

1 is obtained by an

incomplete LU factorization of A; we carry out the Gaussian elimination pro cess, but we

allow nonzeros in L (and U ) only where there is a nonzero in A

2

. The ordering of A is

obtained from a lexicographic sort of the (x; y ) co ordinates of the grid which leads to the

matrix; this ordering pro duces a large numb er of levels in G(L). L

2 is the incomplete LU

factor obtained when a v ariant of MLMD is used as the primary ordering of A. L

3 is the

exact lower-triangular factor of A, with the same primary ordering as for L

2

.

In T able 3 we give the size of these factors, the numb er of levels (this is prop ortional to

the time required for our parallel substitution algorithm), and the numb er of factors, which

is in practice prop ortional to the time required by the partitioned inverse approach.

These results con�rm that the time required to solve a triangular system by partitioning

of the inverse is quite well predicted by the numb er of factors in the partition. It also

shows that the numb er of levels in G(L) is a go o d predictor of the time required for solution

14

MLMD ordering is more e�ective in almost all cases than MMD in reducing the numb er

of factors in the partition of b oth L and L

Q

. In some cases, the initial numb er of factors

obtained when MLMD is used as the primary ordering is lower than the �nal numb er of

levels obtained with MMD after the secondary reordering (Q in problem (Pr2)). However,

b ecause of the increased �ll, cho osing b etween MMD and MLMD as the primary ordering is

not straightforward.

4.2. T riangular solution on a CM-2. Now we compare the p erformance of the parti-

tioned inverse approach with the conventional substitution algorithm for triangular solution

on a CM-2.

An e�cient parallel substitution algorithm was implemented in CM F ortran, a dialect of

F ortran 90. The data structure consists of several arrays of length equal to � (L). W e asso ciate

a set of � (L) virtual pro cessors with the nonzeros, one with each p osition in these arrays.

W e store the factors

^

L and D where L =

^

LD and

^

L is unit triangular, and solve Lx = b via

^

Lx = D

�1

b , since this removes a multiplication from the inner lo op. The matrix

^

L is stored as

a one-dimensional array containing its nonzeros in column-ma jor order. In addition, the level

of vertex j in G(L) is stored along with

^

L

ij

. The elements of b are stored at the pro cessors

containing the corresp onding diagonal elements of

^

L. The solution x overwrites b . Finally , a

Bo olean vector indicates the lo cation of the diagonal elements in the arrays. This vector thus

segments the arrays into columns of di�ering lengths|in other words, the matrix is stored

as a ragged array of columns of nonzeros. The Connection Machine software provides some

op erations for such data structures. It allows broadcast of v alues from diagonal elements to

all elements of the corresp onding column (called a segmented copy scan) and summation of

the v alues in a column (with a segmented add scan). Also, the Connection Machine router

allows pro cessors to send data to any other pro cessor or read from any other pro cessor; this

is expressed using a vector-v alued subscript in CM F ortran. Calls to utility library routines

were used for the scan op erations, which are not part of CM F ortran.

The substitution algorithm for triangular solution lo ops sequentially over levels of G(L)

starting with the source vertices (level zero). At the b eginning of step ‘, those elements x

j

for which level (j ) = ‘ are known. Recall that x

j is stored in the pro cessor holding

^

L

j j

. These

known v alues of x are sent to the pro cessors holding the corresp onding column of

^

L by a

segmented copy scan. These pro cessors then multiply their

^

L v alue by the element of x they

receive. The router is then used to p ermute all these pro ducts into row-ma jor order, so that

the elements of each set R

i

� f

^

L

ij x

j j L

ij

6= 0 and level (j ) = ‘g are stored in consecutive

lo cations. The vector-v alued subscript used to accomplish this p ermutation is computed in

a prepro cessing step. The rows R

i now form a ragged array

. A segmented add scan forms

the sums of these partial results within rows. Finally

, the router is used to send the sum of

the elements of R

i to the pro cessor holding

^

L

ii and b

i where it can b e subtracted from b

i

. (In

fact, our co de avoids this last subtraction entirely

, doing it as part of the add scan ab ove.)

Thus an iteration of the lo op involves one parallel multiplication, one copy scan and one

add scan, and two uses of the router for p ermutation of data. The time required to set up

and load the data structure, including the computation of the p ermutation used, the loading

of b and extraction of x , was not timed.

The sequential algorithm for solving a triangular system is quite similar to the algorithm

13

T able 1

Comp arison of exe cution times on a Sun SP

ARCstation IPC for thr e e se c ondary r e or dering schemes with

the MMD primary or dering. The p ar ameters � (A) and � (L) have b e en sc ale d by a thousand for c onvenienc e.

Original Data MMD etree CPU time (sec) F actors

Problem n � (A) time � (L) height RP1 RP2 RPtree (Pr1) (Pr2)

BCSPWR10 5,300 8.27 1.72 23.2 128 1.07 1.26 0.10 70 32

BCSSTK13 2,003 40.9 4.74 264 654 61.1 22.1 0.05 53 24

BCSSTM13 2,003 9.97 1.12 42.6 261 5.08 2.63 0.03 25 16

BLCKHOLE 2,132 6.37 0.73 53.8 224 3.15 2.58 0.05 24 15

CAN1072 1,072 5.69 0.72 19.4 151 0.78 0.92 0.02 21 16

DWT2680 2,680 11.2 1.82 49.9 371 2.43 2.45 0.05 50 36

LSHP3466 3,466 10.2 1.03 81.2 341 4.48 4.14 0.07 37 25

NASA1824 1,824 18.7 1.42 72.2 259 6.01 3.88 0.03 34 16

NASA4704 4,704 50.0 3.92 275 553 33.8 16.1 0.12 41 17

39x39 9pt 1,521 10.9 0.50 31.6 185 1.35 1.50 0.02 19 15

79x79 9pt 6,241 45.9 2.17 190 429 12.7 11.4 0.12 30 23

complexity of parallel triangular solution. On the other hand, the complexity of a conven-

tional triangular solution algorithm is governed by the height of the elimination tree. T able 1

shows b oth these quantities, and it is seen that the numb er of factors in the partitioned in-

verse is several fold smaller (by a factor of sixteen on the average) than the elimination tree

height. Hence the use of the partitioned inverse p otentially leads to much faster parallel

triangular system solution on massively parallel computers.

F or the k � k mo del grid problem ordered by the optimal nested dissection ordering, the

height of the elimination tree is 3k + �(1), while the numb er of factors (in (Pr1) and (Pr2))

is 2 log

2 k + �(1). The results in T able 1 show that the numb er of factors for these irregular

problems is only weakly dep endent on the order of A, compatible with logarithmic growth.

The RPtree algorithm has O (n) time complexity while RP1 and RP2 are b oth O (n� (L))

algorithms (recall that � (L) � e). This is con�rmed by the exp eriments: on the average

problem in this test set, RPtree is more than a hundr e d times faster than RP1 or RP2, and

the adv antage increases with increasing problem size. F rom a practical p ersp ective, the time

needed by the RPtree algorithm is quite small when compared to the cost of computing

the initial MMD ordering. An equally imp ortant adv antage of the RPtree algorithm is that

it requires only O (n) additional space, whereas b oth RP1 and RP2 require O (� (L)) addi-

tional space. However, Algorithms RP1 and RP2 can b e used to partition triangular factors

arising from approximate or incomplete Cholesky factorizations as well as unsymmetric and

symmetric inde�nite factorizations.

W e have also exp erimented with a v ariant of the Minimum-Length-Minimum-Degree

(MLMD) ordering [5] as the primary ordering, but we do not rep ort detailed results here. The

MLMD ordering incurs a great deal more �ll in L than the MMD algorithm, and its current,

fairly straightforward implementation is quite slow compared to the MMD algorithm. W e

b elieve an implementation comparable in sophistication to the MMD algorithm should not

b e signi�cantly slower than MMD, and may also reduce �ll. In spite of the greater �ll, the

12 of the elimination tree [13] is that if v is the parent of a vertex u in the elimination tree,

then hadj (u) � fv g [ hadj (v ). Hence hd (u) � 1 + hd (v ). On the other hand, if u and v can

b e included in the same transitively closed column subgraph, then hadj (u) � fv g [ hadj (v ).

It then follows that u and v can b e p ossibly included in the same column subgraph only if

hadj (u) = fv g [ hadj (v ), or equiv alently

, hd (u) = 1 + hd (v ). F urthermore, if v has a child

u not satisfying the degree condition, then v but not u is adjacent to some higher numb ered

vertex x, and hence v cannot b elong to the same memb er as u. Thus we partition the

children of v into two subsets: C

1 consists of children u such that u and v can b e included

in the same column subgraph; C

2 includes the rest of its children. It follows that if m

i is

the maximum memb er v alue among vertices in C

i

, then the inclusion of v into a column

subgraph containing a child preserves transitivity only if m

1

> m

2

.

It can b e established by induction that Algorithm RPtree solves (Pr2) by partitioning

G(L) into the minimum numb er of factors over all top ological orderings [16 ].

4. Exp erimen tal Results. In this section we provide exp erimental results to demon-

strate the sup eriority of the partitioned inverse approach over the conventional substitution

algorithm for highly parallel triangular solution. First we describ e the p erformance of the

v arious partitioning algorithms, and then we rep ort results for triangular solution on a CM-2.

4.1. P artitioning algorithms. W e implemented Algorithms RP1, RP2, and RPtree

and compared their p erformances on eleven problems from the Bo eing-Harwell collection [6].

All the algorithms were implemented in C, within Alv arado’s Sparse Matrix Manipulation

System [1]. Each problem was initially ordered using the Multiple-Minimum-Degree ordering

of Liu [12], and the structure of the resulting lower triangular factor L was computed. W e

call this the primary ordering step. Then Algorithms RP1, RP2, or RPtree were used in

a secondary ordering step to reorder the structure of L to obtain the minimum numb er of

partitions over reorderings that preserve the DAG G(L). All three algorithms lead to the

same numb er of factors in the partition since they solve the same problem.

The exp eriments were p erformed on a Sun SP

ARCstation IPC with 24 Mbytes of main

memory and a 100 Mbyte swap space running the SunOS 4.1 version of the Unix op erating

system. The unoptimized standard system compiler was used to compile the co de. Let � (A)

denote the numb er of nonzeros in the strict lower triangle of A; � (L) is then e, the numb er of

edges in G(L). W e scale these numb ers by a thousand for convenience. In T able 1, we rep ort

the scaled v alues of � (A) and � (L), the CPU times taken by the primary and secondary

ordering algorithms (in seconds), and the height of the elimination tree obtained from the

primary ordering.

T able 1 also rep orts the numb er of factors in the partitioned inverse of L. The numb er

in the column ‘F actors(Pr1)’ corresp onds to the numb er of factors in the solution of problem

(Pr1), i.e., the b est no-�ll partition problem. The numb er in the column ‘F actors(Pr2)’

indicates the numb er of factors in the solution of problem (Pr2), i.e., the b est reordered

partitioning problem. Note the substantial decrease in the numb er of factors obtained by

the p ermutation.

Later results in this section will show that when the partitioned inverse is employed on

a highly parallel computer, the numb er of factors in the partitioned inverse determines the

11

Input : The elimination tree of a DAG G(L) and the higher degrees of the vertices.

Output : A mapping of the vertices such that memb er (v ) = ‘ implies that v 2 P

‘

.

for v := 1 to n !

if child (v ) = 0 then fv is a leafg

memb er (v ) := 1;

else fv is not a leafg

u := child (v ); m

1

:= 0; m

2

:= 0;

while u 6= 0 do

if hd (u) = 1 + hd (v ) then

m

1

:= maxfm

1

; memb er (u)g;

else fhd (u) < 1 + hd (v )g

m

2

:= maxfm

2

; memb er (u)g;

�

u := sibling (u);

o d

if m

1

� m

2 then fv b egins a new factorg

memb er (v ) := m

2

+ 1;

else fm

1

> m

2

, v can b e included in a factor which includes a childg

memb er (v ) := m

1

;

�

�

rof

Fig. 7. Algorithm RPtr e e.

the children of each vertex are ordered arbitrarily

. If child (v ) = 0, then v has no child and

is a leaf of the elimination tree; if sibling (v ) = 0, then v has no right sibling. Algorithm

RPtree is shown in Fig. 7.

The reader can verify that P

1

= f1; 3; 4; 7; 8; 9g, P

2

= f2; 5; 10g, and P

3

= f6; 11; 12g for

the graph in Fig. 5. The time and space complexities of the algorithm are easily shown to

b e O (n). W e turn to a discussion of the correctness of the algorithm.

Condition 1 of problem (Pr2) requires that if a vertex v b elongs to P

‘

, then all predeces-

sors of v must b elong to P

1

, : : :, P

‘

. The elimination tree T , b eing the transitive reduction

of the DAG G(L), preserves path structure: i.e., there exists a directed path from v to w

in G(L) if and only if there is a (p ossibly some other) directed path from v to w in the

elimination tree T . Hence the predecessors of a vertex in G(L) remain its predecessors in

the elimination tree. F urther, since we assign memb er v alues in a top ological ordering of the

vertices in the elimination tree, to satisfy Condition 1 we need consider only the children

of a vertex v among its predecessors. Now since Algorithm RPtree assigns memb er v alues

such that memb er (v ) is greater than or equal to memb er (u) for any child u, the condition is

satis�ed.

Condition 2 requires that each factor P

‘ b e transitively closed. An imp ortant prop erty

10

P1 partitions L into six factors as shown on the left; Algorithms RP1, RP2, or RPtree will

partition it into three factors as shown on the right. 1

2

3 4

5

6

7 8

9

10

11

12

Fig. 6. The elimination tr e e of the Cholesky factor in Fig. 5.

The elimination tr e e of L (equiv alently G(L)) is a directed tree T = (V ; E

T

), whose

vertices are the columns of L, with a directed edge (j; i) 2 E

T if and only if the lowest-

numb ered row index of a sub diagonal nonzero in the j -th column of L is i. (The edge is

directed from j to i.) The vertex i is the p ar ent of j , and j is a child of i. If (j; i) is an

edge in the elimination tree, the lowest-numb ered vertex in hadj (j ) is i. The elimination

tree of the graph G(L) in Fig. 5 is shown in Fig. 6. (The vertex numb ering corresp onds to

the original ordering shown on the left in Fig. 5.) A comprehensive survey of the role of

elimination trees in sparse Cholesky factorization has b een provided by Liu [13].

Our partitioning algorithm will require as input the elimination tree with vertices num-

b ered in a top ological ordering. It also requires the sub diagonal nonzero counts of each

column v of L, stored in an array hd (v ) (the higher degree of v ). The algorithm uses a

v ariable memb er to partition the vertices; memb er (v ) = ‘ implies that v b elongs to the set

P

‘

.

Unlike Algorithms RP1 and RP2 which compute the factors P

1

, : : :, P

m in that sequence,

Algorithm RPtree examines the vertices of the elimination tree in increasing order of their

numb ers. If a vertex v is a leaf of the tree, then it is included in the �rst memb er (the

vertices in P

1

). Otherwise, it divides the children of v into two sets: C

1 is the subset of

the children u such that the column subgraph of G(L) induced by u and v is transitively

closed, and C

2 denotes the subset of the remaining children. Let m

1 denote the maximum

memb er v alue of a child in C

1 and m

2 denote the maximum memb er v alue of a child in C

2

.

Set m

i

= 0 if C

i

= ;. If C

1 is empty

, or if m

1

� m

2

, then we will show that v cannot

b e included in the same memb er as any of its children, and hence v b egins a new memb er

(m

2

+ 1). Otherwise, m

1

> m

2

, and v can b e included together with some child u 2 C

1 such

that member (u) = m

1

.

W e now describ e the details of an implementation. The vertices of the elimination tree

are numb ered in a top ological ordering from 1 to n. The descendant relationships in the

elimination tree are represented by two arrays of length n, child and sibling . The array

child (v ) represents the �rst child of v , and sibling (v ) represents the right sibling of v , where

9 vertices, we need to maintain only the sets E and E

+

in the algorithm. Thus we can disp ense

with the pro cessing of vertices by level v alues.

The second improvement is to reduce the cost of checking condition 2 in Algorithm RP1.

If u and v are b oth numb ered vertices which have b een included in the current factor P

k

,

and v is a successor of u, then hadj (v ) � hadj (u), otherwise v would have failed condition 2.

Thus we need not consider vertex u when applying the requirements of condition 2 to a vertex

that is also a successor of v . W e make use of this in the faster implementation by deleting

from pr e d (w ) some of the predecessors of w that need not b e examined in checking condition

2. In the situation ab ove, when v is included in P

k we remove u from the predecessor sets

of v ’s successors, thus avoiding some of the unnecessary checking.

In condition 2

0

, the test whether u 2 P

k

\ pr e d (v ) can b e done e�ciently by maintaining

an array that maps each vertex to the factor to which it has b een assigned. Fig. 4 contains

a description of Algorithm RP2.

The worst-case time complexity of Algorithm RP2 is O (ne) as well (and there are DAGs

which attain this b ound), though practically the ab ove improvements should reduce the

running times in many cases.

3. Cholesky factorization. Now we consider the restriction of (Pr2) to Cholesky fac-

tors. Then the graph G(L) viewed as an undirected graph is chor dal; i.e., every cycle with

more than three edges has a chor d , an edge joining two nonconsecutive vertices on the cy-

cle. The chordality of G(L) simpli�es the problem a great deal since it su�ces to consider

the transitive reduction of G(L), the elimination tree, instead of G(L). This simpli�cation

enables the design of an O (n)-time and space algorithm (Algorithm RPtree) for computing

the partition.

�

� �

�

�

� � �

� � �

�

�

� � �

� � � �

� � � � �

� � �

1 1 2 7

3 2 4 3

5 8 6 10

7 4

8 5 9 6

10 9

11 11 12 12

�

�

�

�

�

� � �

� �

� � �

� � � �

� � �

� � � � �

� � �

Fig. 5. A Cholesky factor L, its DAG, and its p artitions. The original or dering and the p artition found

by Algorithm P1 ar e shown on the left, and the or dering and p artition found by Algorithm RPtr e e ar e shown

on the right.

In Fig. 5, we display the structure of a Cholesky factor L and the asso ciated chordal

graph G(L). The vertex numb erings on the left in G(L) corresp ond to the matrix on the left,

and those on the right corresp ond to the reordered matrix shown on the right. Algorithm

8 the worst-case, this cost is

P

v 2V d

I

(v )d

O

(v ), where d

I

(v ) is the indegree and d

O

(v ) is the

outdegree of v . Since d

I

(v ) � n � 1, and

P

v 2V d

O

(v ) = e, the time complexity of the

algorithm is O (ne). If we assume that the indegrees and outdegrees are b ounded by d, then

the complexity is O (d

2

n). The space complexity is O (e).

Input : A lower triangular matrix L = L

1

� � � L

n and its DAG G(L).

Output : p ermutation Q : V �

! f1; : : : ; ng and a partition of L into factors.

forall v 2 V do

pr e d (v ) fu : L

v u

6= 0g; c ount (v ) indegree(v );

o d

i 0; fi elementary matrices have b een included in factorsg

k 1; P

k

;; fP

k is the factor b eing computedg

E fv 2 V : c ount (v ) = 0g; fvertices eligible to b e tested for inclusion in current factorg

E

+

;; fvertices eligible to b e tested for inclusion in the next factorg

while i < n do

while E 6= ; do

cho ose v 2 E and delete it from E ;

if ( [Condition 2

0

] Every successor of v is a successor of all

u 2 P

k

\ pr e d (v ) ) then

i i + 1; Q(v ) i; P

k

P

k

[ fv g;

for every successor w of v do

pr e d (w ) pr e d (w ) n pr e d (v ); c ount (w ) c ount (w ) � 1;

if c ount (w ) = 0 then E E [ fw g; �

o d

else

include v in E

+

;

�

o d

k k + 1; P

k

;; E E

+

; E

+

;;

o d

Fig. 4. Algorithm RP2.

At the exp ense of additional space, in most cases we can reduce the running time required

by Algorithm RP1 by incorp orating two enhancements.

The �rst improvement is that a vertex need not b e tested for inclusion into a factor P

k

until all of its predecessors have b een numb ered. T o accomplish this, in c ount (v ) we count

the numb er of unnumb ered predecessors of each vertex v ; initially

, this is its indegree. When

this count b ecomes zero, we include v in a set E of vertices eligible to b e tested for inclusion

in a factor P

k

.

If an eligible vertex v satis�es condition 2

0

, then it is deleted from E and included in the

factor P

k

. Otherwise, it is included in E

+

, the set of vertices eligible to b e tested for inclusion

in the next factor P

k +1

. F urther, since newly eligible vertices are adjacent to currently eligible

7

Alv arado, Y u, and Betancourt did not consider the issue of optimality

, but later it was proved

by Alv arado and Schreib er [2] that Algorithm P1 solves problem (Pr1).

Best reordered partitions. Now we describ e Algorithm RP1 that solves the reordered

partitioning problem (Pr2). A vertex v in the DAG G(L) is a sour c e if there are no edges

directed into v : i.e., there are no edges (u; v ). The level of a vertex v is the length of a

longest directed path into v . It follows that if v is a source, then level (v ) = 0; furthermore,

if v is not a source, then level (v ) is the length of a longest path from a source to v . The level

v alues of all the vertices of G(L) can b e computed in O (e) time. W e de�ne the set hadj (v )

to b e the set of all vertices adjacent to v and numb ered higher than v .

Input : A lower triangular matrix L = L

1

� � � L

n and its DAG G(L).

Output : A p ermutation Q : V �

! f1; : : : ; ng and a partition of the p ermuted matrix L

Q

into factors.

Compute level (v ) for all v 2 V ;

max level max

v 2V

(level (v ));

i 0; fi elementary matrices have b een included in factorsg

k 1; fP

k is the factor b eing computedg

while i < n do

P

k

;;

‘ minfj j there is an unnumb ered vertex at level j g;

rep eat

for every vertex v at level ‘ do

if (([Condition 1a] v is unnumb ered) and

([Condition 1b] Every predecessor of v has b een numb ered) and

([Condition 2] Every successor of v is a successor of all

u 2 P

k such that u is a predecessor of v ) ) then

i i + 1; Q(v ) i; P

k

P

k

[ fv g;

�

o d

‘ ‘ + 1;

un til ‘ > max level or no vertices at level ‘ � 1 were included in P

k

;

k k + 1;

o d

Fig. 3. Algorithm RP1.

Algorithm RP1, shown in Fig. 3, renumb ers the elementary matrices during the course

of its execution since it computes an appropriate symmetric p ermutation Q to minimize the

numb er of factors. Conditions 1a and 1b in the algorithm ensure that the �rst condition of

problem (Pr2) is satis�ed; similarly condition 2 ensures that the column subgraphs of the

factors are transitively closed.

Alv arado and Schreib er [2] proved that Algorithm RP1 �nds a b est reordered partition.

The time complexity of the algorithm is dominated by the checking of condition 2: in

6

As noted ab ove, the action of the p ermutation Q on L is to reorder the elementary

matrices whose pro duct is L; however, these elementary matrices cannot b e arbitrarily re-

ordered, since we require the resulting matrix L

Q to b e lower triangular. F rom the equation

L

i

= I + m

i e

i

T

it can b e veri�ed that the elementary matrices L

i and L

i+1 can b e p ermuted

if and only if l

i+1;i

= 0. These precedence constraints on the order in which the elementary

matrices may app ear is nicely captured in a graph mo del of (Pr2).

A top olo gic al or dering of G(L) is an ordering of its vertices in which predecessors are

numb ered lower than successors; i.e., for every edge (j; i) 2 E , i > j . By construction, the

original vertex numb ering of G(L) is a top ological ordering. A p ermutation Q that leaves

L

Q lower triangular corresp onds to a top ological reordering of the vertices of G(L).

The graph mo del of (Pr2) is:

(Pr2

0

) Find an ordered partition P

1

� P

2

� � � � � P

m of the vertices of G(L) numb ered in

a top ological ordering such that

1. for every v 2 V , if v 2 P

i then all predecessors of v b elong to P

1

, : : :, P

i

,

2. the column subgraph of each P

i is transitively closed, and

3. m is minimum sub ject to these conditions.

The p ermutation Q in (Pr2) can b e obtained by renumb ering the vertices in the ordered

partition P

1 to P

m in increasing order, and in top ological order within each subset P

i

.

2.2. P artitioning algorithms. W e now describ e \greedy" algorithms for solving the

b est no-�ll and b est reordered partitioning problems.

Input : A unit lower triangular matrix L = L

1

L

2

� � � L

n and its DAG G(L).

Output : A b est no-�ll partition of L.

i 1; fL

i is the lowest-numb ered elementary matrix not included in a factor yetg

k 1; fP

k is the factor b eing computedg

while (i � n) do

fFind the largest integer r � i such that L

i

� � � L

r is invertible in placeg

r i;

while r < n and in G(L) every successor of the vertex r is a successor of all predecessors v

of r such that i � v < r do r r + 1; o d

P

k fi; : : : ; r g; k k + 1; i r + 1;

o d

Fig. 2. Algorithm P1.

Best no-�ll partitions. Algorithm P1, shown in Fig. 2, was prop osed by Alv arado, Y u

and Betancourt [3]. This algorithm greedily tries to include as many elementary matrices

in the current factor as p ossible, while maintaining the two prop erties that a factor should

invert in place, and that the ‘left-to-right’ precedence constraint in problem (Pr1) should

b e ob eyed. The condition that in the graph G(L) every successor of a vertex r is also a

successor of every predecessor of r ensures that inclusion of the vertex r in the current factor

P

k will continue to make G(P

k

) transitively closed, and thus P

k will b e invertible in place.

5 of such edges. Thus the column subgraph of P is the subgraph induced by the edges that

corresp ond to nonzeros in the column set P .

In what follows, we identify a subset of columns P with the factor formed by multiplying,

in order of increasing column numb er, the elementary matrices corresp onding to columns

in P . The condition that the nonzero structure of a factor P should b e the same as the

structure of its inverse corresp onds in the graph mo del to the requirement that the column

subgraph of P should b e transitively closed [8]. (A DAG G is tr ansitively close d if and only

if for every pair of vertices j and i such that there is a directed path in G from j to i, the

edge (j; i) is present in G.)

Hence the graph mo del of (Pr1) is as follows:

(Pr1

0

) Find an ordered partition P

1

� P

2

� � � � � P

m of the vertices of G(L) such that

1. for every v 2 V , if v 2 P

i then all vertices numb ered less than v b elong to P

1

,

: : :, P

i

,

2. the column subgraph of each P

i is transitively closed, and

3. m is minimum over all partitions satisfying the given conditions.

The reader will note that we have identi�ed a factor P

i in (Pr1) with a subset in the

vertex partition in its graph mo del (Pr1

0

), since there is a one-to-one corresp ondence b etween

them. W e will not distinguish b etween them, and it should b e clear from the context whether

the factor or the vertex subset is b eing discussed.

W e illustrate these concepts by means of an example. Consider the matrix L with graph

G(L) illustrated in Fig. 1. The original ordering of its rows and columns is shown on the left;

the corresp onding vertex ordering of G(L) is indicated by the vertex numb ers on the left.

As shown in the partition of the matrix on the left in Fig. 1, L has a b est no-�ll partition

with four factors:

L = (L

1

)(L

2

L

3

L

4

)(L

5

� � � L

9

)(L

10

L

11

L

12

) :

It is p ossible to symmetrically p ermute the rows and columns of L such that L remains

lower triangular; this corresp onds to reordering the elementary matrices while preserving the

lower triangular structure of L. The p ermutation corresp onds to a reordering of the vertices

of G(L). If in Fig. 1 we reorder the vertices with the numb ers shown in the right, then a

b est no-�ll partition of the p ermuted L is

L = (L

1

� � � L

6

)(L

7

� � � L

12

) ;

which has only two factors. The matrix on the right in Fig. 1 corresp onds to the reordered

matrix, and its partition into two factors is also shown.

A formal statement of the b est reordered partitioning problem is as follows:

(Pr2) Given a unit lower triangular matrix L =

Q

n

i=1

L

i

, �nd an admissible p ermutation

Q and a partition L

Q

� QLQ

T

=

Q

m

i=1

P

i

, where

1. each P

i

=

Q

e

i+1

�1

k =e

i

L

k

, with e

1

= 1 < e

2

< � � � e

m

< e

m+1

= n + 1,

2. each P

i is invertible in place, and

3. m is minimum over all p ermutations Q such that L

Q is lower triangular.

4

W e have taken the opp ortunity for writing this survey article to provide a uni�ed discus-

sion of the algorithms that have app eared in two di�erent pap ers, to improve the description

of the algorithms (esp ecially Algorithm RP2 in section 2), to illustrate the di�erences b e-

tween the algorithms by means of examples, and to correct minor errors.

2. Tw o partitioning problems. W e b egin by providing formal statements and graph

mo dels of the b est no-�ll and b est reordered partitioning problems, and then describ e al-

gorithms for computing the partitions when L is obtained from unsymmetric, symmetric

inde�nite, or incomplete factorizations.

2.1. Graph mo dels. A formal statement of the b est no-�ll partitioning problem is as

follows:

(Pr1) Given a unit lower triangular matrix L =

Q

n

i=1

L

i

, �nd a partition into factors

L =

Q

m

i=1

P

i

, where

1. each P

i

=

Q

e

i+1

�1

k =e

i

L

k

, with e

1

= 1 < e

2

< � � � e

m

< e

m+1

= n + 1,

2. each P

i inverts in place, and

3. m is minimum over all partitions satisfying the given conditions.

�

� �

�

�

� � �

� �

�

�

� � �

� � �

� � � �

� �

1 1 2 7

3 2 4 3

5 8 6 10

7 4

8 5 9 6

10 9

11 11 12 12

�

�

�

�

�

� � �

� �

� � �

� �

� � �

� � � �

� �

Fig. 1. A lower triangular matrix, its DAG, and its p artitions. The original or dering and the p artition

found by Algorithm P1 ar e shown on the left, and the or dering and p artition found by Algorithms RP1 or

RP2 ar e shown on the right.

It is helpful to consider a graph mo del of (Pr1) and the other partitioning problems. Let

G(L) denote a directed graph with vertices V = f1; : : : ; ng corresp onding to the columns

of L and edges E = f(j; i) : i > j and l

ij

6= 0g. The edge (j; i) is directed from the lower-

numb ered vertex j to the higher-numb ered vertex i. It follows that G(L) is a directed acyclic

graph (DAG). If there is a directed path from a vertex j to a vertex i in G(L), we will say

that j is a pr e de c essor of i, and that i is a suc c essor of j . In particular, if (j; i) 2 E , then j

is a predecessor of i and i is a successor of j .

Given a subset P of the columns of L, the c olumn sub gr aph of G(L) induc e d by P is

the graph whose edge set is the subset of edges in E that are directed from vertices in P

to all vertices in V , and whose vertex set is the subset of vertices which are the endp oints

3

T o b egin we review the partitioned inverse approach to parallel triangular solution.

Any unit lower triangular matrix L can b e expressed as a pro duct of elementary matrices:

L =

Q

n

i=1

L

i

, where the elementary matrix L

i is unit lower triangular and nonzero b elow the

diagonal only in column i. Hence it has the representation L

i

= I + m

i e

i

T

, where m

i has its

�rst i comp onents zero, and e

i is the i-th co ordinate vector. (Here it will b e convenient to

include L

n

� I among the elementary matrices.) The elementary lower triangular matrices

can b e group ed together to form m unit lower triangular factors L =

Q

m

i=1

P

i

, where each

factor P

i is chosen to have the prop erty that P

�1

i can b e represented in the same space

as P

i

. (Here m � n is a numb er to b e determined.) Each factor P

i

=

Q

e

i+1

�1

k =e

i

L

k

, with

e

1

� 1 < e

2

< : : : < e

m

< e

m+1

� n + 1. The factor P

i is lower triangular and is zero b elow

its diagonal in all columns except columns e

i through e

i+1

� 1. This leads to a partitioned

representation of the inverse of L of the form L

�1

=

Q

1

i=m

P

�1

i

(each P

�1

i is explicitly stored)

that can b e stored in just the space required for L.

It follows that the solution to Lx = b can b e computed by means of m matrix-vector

pro ducts

x = L

�1

b =

1

Y

i=m

P

�1

i b :

By using as many virtual pro cessors as there are nonzeros in P

i and summing the pro ducts

f(P

i

�1

)

k ‘ b

‘ j (P

i

�1

)

k ‘

6= 0g in logarithmic time, we may exploit parallelism fully in computing

the matrix-vector pro ducts.

W e consider the problem of computing partitioned inverses with the fewest factors in this

pap er, since in practice the complexity of highly parallel triangular solution is determined

by the numb er of factors. There are two v ariations of this problem, and we describ e them

next after intro ducing some notation.

A matrix X is invertible in plac e if and only if (X

�1

)

i;j

= 0 whenever x

i;j

= 0, for any

assignment of (nonzero) numerical v alues to the nonzeros in X . Since the elementary lower

triangular matrices are invertible in place, there is always at least one partition of L with

factors that invert in place. A partition in which the factors P

i are invertible in place is called

a no-�l l p artition. A no-�ll partition of L with the fewest factors is a b est no-�l l p artition .

An admissible p ermutation Q of L is a symmetric p ermutation of the rows and columns of

L such that the p ermuted matrix QLQ

T

is lower triangular. A b est r e or der e d p artition of L

is a b est no-�ll partition of QLQ

T

with the fewest factors over all admissible p ermutations

Q of L.

An overview of this survey is as follows. W e shall describ e e�cient algorithms for

computing b est no-�ll and b est reordered partitions of lower triangular matrices in section 2.

Then we shall show in section 3 that if L is restricted to b e the unit lower triangular

matrix from an LD L

T

(Cholesky) factorization, there is an even more e�cient algorithm

for computing these partitions that makes use of the elimination tree. In section 4 we

demonstrate the usefulness of these ideas in practice by comparing the partitioned inverse

approach with a conventional triangular solution algorithm on a Connection Machine CM-2.

W e conclude by summarizing our �ndings and describing b oth ongoing and future extensions

of this work in section 5.

2

HIGHL Y P ARALLEL SP

ARSE TRIANGULAR SOLUTION

�

FERNANDO L. AL V ARADO y

, ALEX POTHEN z

, AND ROBER

T SCHREIBER x

Abstract. In this pap er we survey a recent approach for solving sparse triangular systems of equations

on highly parallel computers. This approach employs a partitioned representation of the inverse of the

triangular matrix so that the solution can b e computed by matrix-vector multiplication. The numb er of

factors in the partitioned inverse is prop ortional to the numb er of general communication steps (router steps

on a CM-2) required in a highly parallel algorithm. W e describ e partitioning algorithms that minimize

the numb er of factors in the partitioned inverse over all symmetric p ermutations of the triangular matrix

such that the p ermuted matrix continues to b e triangular. F or a Cholesky factor we describ e an O (n)

time and space algorithm to solve the partitioning problem ab ove, where n is the order of the matrix. Our

computational results on a CM-2 demonstrate the p otential sup eriority of the partitioned inverse approach

over the conventional substitution algorithm for highly parallel sparse triangular solution. Finally we describ e

current and future extensions of these results.

AMS(MOS) sub ject classi�cations: primary 65F50, 65F25, 68R10.

Keyw ords. chordal graph, directed acyclic graph, elimination tree, graph partition-

ing, massively parallel computers, partitioned inverse, sparse triangular systems, transitive

closure.

1. In tro duction. W e survey some recent developments in the solution of sparse tri-

angular linear systems of equations on a highly parallel computer. F or concreteness, we

consider a unit lower triangular system Lx = b , but the results in the pap er apply in a

straightforward manner to upp er triangular systems as well. W e discuss the situation when

there are multiple right-hand side vectors b , and all these vectors are not necessarily av ail-

able at once. Such situations o ccur in �nite element applications, preconditioned iterative

solvers for linear systems, solution of initial v alue problems by implicit metho ds, v ariants of

Newton’s metho d for the solution of nonlinear equations, and in numerical optimization.

There are two p ossible approaches to the parallel solution of triangular systems of equa-

tions. One approach is to exploit whatever limited parallelism is av ailable in the usual

substitution algorithm [4, 7, 9, 11 ]. The second approach requires prepro cessing, and works

with a partitioned representation of L

�1

.

�

T o app ear in Sp arse Matrix Computations: Gr aph The ory Issues and Algorithms , J. A. George, J. R.

Gilb ert and J. W. H. Liu, eds, IMA V olumes in Mathematics and its Applications, Springer-V erlag. A part

of this work was done while the authors were visiting the Institute for Mathematics and its Applications

(IMA) at the University of Minnesota. W e thank the IMA for its supp ort.

y

Electrical and Computer Engineering Department, 1425 Johnson Drive, The University of Wisconsin,

Madison, WI 53706 (alv arado@ece.wisc.edu). This author was supp orted under NSF Contracts ECS-8822654

and ECS-8907391.

z

Department of Computer Science, University of W aterlo o, W aterlo o, Ontario Canada N2L 3G1

(ap othen@narnia.uwaterlo o.ca, na.p othen@na-net.ornl.gov). This author was supp orted by NSF grant CCR-

9024954 and by U. S. Department of Energy grant DE-FG02-91ER25095 at the Pennsylv ania State University

and by the Canadian Natural Sciences and Engineering Research Council under grant OGP0008111 at the

University of W aterlo o.

x

RIACS, MS T045-1, NASA Ames Research Center, Mo�ett Field, CA 94035 (schreib er@riacs.edu).

This author was supp orted by the NAS Systems Division under Co op erative Agreement NCC 2-387 b etween

NASA and the University Space Research Asso ciation (USRA).

1 multiplication involves as many virtual pro cessors as the numb er of nonzeros.

There is some exibility in assigning elementary matrices to factors, and this may b e

exploited to reduce the disparity b etween the numb er of nonzeros in the di�erent factors. If

no successor of v 2 P

i is included in P

i or P

i+1

, then it is p ossible to include v in the latter

factor, while preserving the fact that the column subgraph G(P

i+1

) is transitively closed.

A second issue is to reduce the numb er of factors in the partitioned inverse further by

p ermitting some �ll during the inversion of the factors, taking care that the metho d remains

numerically stable. A third issue is to partition the matrix L into a blo ck triangular matrix

ensuring only that the diagonal blo cks incur no �ll up on inversion. Then the sub diagonal

blo cks of L need not b e inverted, since the solution to the triangular system can b e decom-

p osed in the usual way into the solution of several subsystems. The solution vector asso ciated

with each subsystem can b e computed using the partitioned inverse of its diagonal blo ck,

and then by blo ck back-substitution the contribution this solution vector makes to higher

numb ered subsystems can b e eliminated. F ourthly

, it may b e p ossible to use the transitive

reduction of the DAG G(L) to design partitioning algorithms which are more e�cient in

practice than RP1 or RP2.

REFERENCES

[1] F. L. Al v arado, Manipulation and visualization of sp arse matric es, ORSA J. Comput., 2 (1990),

pp. 180{207.

[2] F. L. Al v arado and R. Schreiber, Optimal p ar al lel solution of sp arse triangular systems. SIAM

J. Sci. Stat. Comput., to app ear, 1992.

[3] F. L. Al v arado, D. C. Yu, and R. Bet ancour t, Partitione d sp arse A

�1

metho ds, IEEE T rans.

Power Systems, 5 (1990), pp. 452{459.

[4] E. Anderson and Y. Saad, Solving sp arse triangular systems on p ar al lel c omputers, International

Journal of High Sp eed Computing, 1 (1989), pp. 73{95.

[5] R. Bet ancour t, An e�cient heuristic or dering algorithm for p artial matrix r efactorization, IEEE

T rans. Power Systems, 3 (1988), pp. 1181{1187.

[6] I. S. Duff, R. G. Grimes, and J. G. Lewis, Sp arse matrix test pr oblems, ACM T rans. Math. Softw.,

15 (1989), pp. 1{14.

[7] S. C. Eisenst a t, M. T. Hea th, C. S. Henkel, and C. H. Romine, Mo di�e d cyclic algorithms for

solving triangular systems on distribute d-memory multipr o c essors, SIAM J. Sci. Stat. Comput., 9

(1988), pp. 589{600.

[8] J. R. Gilber t, Pr e dicting structur e in sp arse matrix c omputations, T ech. Rep ort 86-750, Computer

Science, Cornell University

, 1986.

[9] S. W. Hammond and R. Schreiber, E�cient ICCG on a shar e d memory multipr o c essor. Interna-

tional Journal of High-Sp eed Computing, to app ear, 1992.

[10] N. J. Higham and A. Pothen, The stability of the p artitione d inverse appr o ach to p ar al lel sp arse

triangular solution, T ech. Rep ort CS-92-52, Computer Science, University of W aterlo o, Oct 1992.

(Also Numerical Analysis Rep ort No. 222, Department of Mathematics, University of Manchester,

England.) Submitted to SIAM J. Sci. Stat. Comput.

[11] G. Li and T. F. Coleman, A new metho d for solving triangular systems on a distribute d memory

multipr o c essor, SIAM J. Sci. Stat. Comput., 10 (1989), pp. 382{396.

[12] J. W. H. Liu, Mo di�c ation of the minimum-de gr e e algorithm by multiple elimination, ACM T rans.

Math. Softw., 11 (1985), pp. 141{153.

[13] J. W. H. Liu, The r ole of elimination tr e es in sp arse factorization, SIAM J. Mat. Anal. Appl., 11

(1990), pp. 134{172.

[14] B. W. Peyton, A. Pothen, and X. Yuan, Partitioning a chor dal gr aph into tr ansitive sub gr aphs

for p ar al lel sp arse triangular solution. W ork in preparation, Oct. 1992.

[15] , A clique tr e e algorithm for p artitioning a chor dal gr aph into tr ansitive sub gr aphs. W ork in

preparation, 1992.

[16] A. Pothen and F. L. Al v arado, A fast r e or dering algorithm for p ar al lel sp arse triangular solution,

SIAM J. Sci. Stat. Comput., 13 (1992), pp. 645{653.