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Abstract.

With each real number θ, 0 < θ < 1, we can associate the so-called characteristic

word w = w(θ), defined by

wn = b(n+ 1)θc − bnθc,

for n ≥ 1. We prove the following: if θ has a purely periodic continued fraction expansion,

then w(θ) is a fixed point of a certain homomorphism ϕ = ϕθ.

I. Introduction.

Let θ be a real number, 0 < θ < 1. Many authors have studied the so-called charac-

teristic word w = w(θ), the infinite word of 0’s and 1’s defined by

wn = b(n+ 1)θc − bnθc (1)

for n ≥ 1. See, for example, Bernoulli [1772], Markoff [1882], Venkov [1970, pp. 65-68],

Stolarsky [1976], Fraenkel, Mushkin, and Tassa [1978], and Porta and Stolarsky [1990].

An extensive bibliography of papers on the subject can be assembled by consulting the
references of the last three papers.

For example, if θ = 1

2
(
√
5− 1), we find

w = w1w2w3 · · · = 1011010110 · · · , (2)

the so-called Fibonacci word.

It is well-known that the Fibonacci word is the unique fixed point of the homomor-

phism ϕ, where ϕ(0) = 1, ϕ(1) = 10. For this and other properties see, for example,

Berstel [1986].
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