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Ito, Weddell and Coburn

Abstract

Most semantic data models and object-oriented data models allow
entity and object classes to be organized according to a generalization
taxonomy. In addition, range restrictions (or property typing) may be
specified not only on properties associated with a given class, but also
on properties inherited from superclasses. In this paper, we consider a
more general form of specialization constraint in which range restrictions
are associated with property value paths, instead of with the properties
themselves. One consequence is that the constraints enable a form of
molecular abstraction, in which the internals of more complicated objects
can be defined in terms of a collection of more primitive classes.

We consider the problem for two models. The first imposes no con-
straints on class membership for an object beyond those implied by sub-
classing constraints. In this case, we present a sound and complete ax-
iomatization for arbitrary specialization constraints, and efficient decision
procedures for the corresponding membership problems.

The second model is more typical and requires that each object is
created with respect to a particular class. Membership problems in this
case are shown to be NP-hard, and NP-complete if class schema include a
“bottom” class. We exhibit polynomial-time decision procedures when a
bottom class does exist and antecedent specialization constraints satisfy
a bounded path length condition.

We also consider a case concerning the second model in which class
schema satisfy a lower semi-lattice condition. A sound and complete
axiomatization for well-formed specialization constraints is presented,
together with efficient decision procedures for the membership problem
for well-formed constraints, and for determining if an arbitrary constraint
is well-formed. We prove that the membership problem for arbitrary
specialization constraints remains NP-complete, however, even for class
schema satisfying the lower semi-lattice condition.

Key Words: complex objects, dependency theory, logical database de-
sign, object-oriented databases
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1. Introduction

Most semantic or object-oriented data models assume that entities or ob-
jects have an identity separate from any of their parts, and allow users to
define complex object types in which part values may be any other objects
[1, 2,9, 13, 14, 15]. Such types are usually called classes, and can be orga-
nized in a generalization taxonomy by allowing a class definition to mention
at least one superclass—more than one if the data model supports so-called
multiple inheritance. In addition, range restrictions (or property typing) may
be specified, not only on properties associated with a given class, but also on
properties inherited from superclasses. In this paper, we consider a more gen-
eral abstraction, called specialization constraints, in which range restrictions
are associated with path descriptions. Specialization constraints can be used
to assert property typing, since one kind of path description is an individual
property name. Since another kind of path description, denoted Id, allows
one to refer to property value paths of zero length, specialization constraints
also abstract superclass relationships.

To concentrate on the essential ideas, we define a simple complex object
model in the next subsection. An example class schema characterizing infor-
mation about students and courses for a hypothetical UNIVERSITY applica-
tion in terms of this model appears in Figure 1. Our diagrammatic convention
is to represent each class by a labeled rectangular box, where the label men-
tions the class name together with a set of immediate properties; a * following
a property name indicates that the property is set-valued. For example, an
object in the student class has a set-valued Takes property, while each object
in the course class has three single-valued properties: Inst, In and Num.

We represent specialization constraints as directed arcs between classes.
The path description associated with an unlabeled arc is assumed to corre-
spond to Id, and therefore asserts that the ‘to’ class is a superclass of the
‘from’ class. Thus, the unlabeled arc from gradCourse to course implies that
each gradCourse object is also in the course class, and must therefore also
have Inst, In and Num property values (although it is more common to say
that gradCourse inherits these properties from course). The arc labeled Num,
from course to int [100-699], represents a property typing constraint which
restricts the values of the Num property for course objects. Another arc, from
gradCourse to int [500-699], represents another property typing constraint
which further restricts the values of the Num property for course objects that
are also gradCourse objects.

Most semantic or object-oriented data models can express the organiza-
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student{Takes*}

gradStudent

Takes course{Inst,In,Num} In dept{Head}
Num
int [100-699]
Takes . Num int [400-699]
gradCourse Num int [500-699]

Figure 1: A UNIVERSITY Schema Diagram.

tion of information discussed so far in this example, without recourse to a
general purpose constraint language containing arbitrary queries. However, so
far as we are aware, the use of such a language would be necessary to express
the specialization constraint represented by the arc labeled Takes.Num. This
constraint also limits property values, but this time for a complex property of
graduates, corresponding to the (set of) integers that are the course numbers
of courses that they are taking. Since most models are unable to express such
constraints, it is unlikely that existing query languages, or their parsers or
optimizers, can benefit in any way from the use of such constraints.

To see how such constraints can be beneficial, consider a second schema,
Figure 2. This schema characterizes (some of) the form of a parse tree for
the relational algebra, and therefore how a query optimizer may access and
update objects representing algebraic queries. First focus on the part of the
schema outside of the area bounded by the dashed line. The four classes named
sel, proj, join and rName represent four kinds of objects corresponding to
selection, projection, and join operators, and relation names respectively. (For
simplicity our discussion will ignore the project list and selection condition of
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the project and select operators, respectively. That is, we will only consider the
expressions that these operators take as operands.) The sel and proj objects
have single expressions as their Arg, while join objects have any number of
expressions as their Args. The rName objects do not have properties. The
part of the schema inside of the area bounded by the dashed line captures
the additional structure of algebraic expressions in so-called project-select-join
(PSJ) normal form. A PSJ query is a “projection of a selection of a join of a
canonical expression,” where a canonical expression may in turn be a relation
name or PSJ query.

Ar exp Args «\\\\\
unExp{Arg} join{Args*}
rName
r-—-r——"}\"~"~~*/ "~~~ 7777 A
|
sel pProj |
|
|
|

Figure 2: An ALGEBRA Schema Diagram.

Access to the components of a PSJ object can now be expressed more
easily. For example, suppose it is known (through type checking) that a vari-
able V references a psj object. Then, by following the generalization hierarchy
(i.e. unlabeled arcs) to unExp, we find that V.Arg references an exp object.
However, the arc from psj, labeled Arg, indicates that, for this subclass of
unExp, Arg is actually a sel object. Thus V.Arg references a sel object; a
subclass of exp. Similarly, access to the join of V’s selection can be expressed
simply as V.Arg.Arg.
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It is also possible to create more sophisticated object indices. Assume
that the sel and join classes have additional real-valued Selectivity and
Size properties, respectively. Then one can create an index of PSJ objects
sorted in order of the value of

(Arg.Selectivity)*(Arg.Arg.Size).

Such an index would be useful, for example, in performing join order selection.

In summary, specialization constraints also support a form of molecu-
lar abstraction useful to components of software development environments,
which often require the manipulation of canonical forms. Although space pre-
vents us from elaborating further on this, they are also useful to applications
in computer aided design; they can be used to model typing information re-
lating to the interconnection of internal components of complicated objects
[4]. Finally, as the previous example illustrates, they enable more convenient
object access as well as more sophisticated object encoding.

The remainder of this section is organized as follows. A formal definition
of specialization constraints and the data model outlined above is presented
next. Note that our definition of logical consequence will be based on a recent
trend to view databases, hereafter referred to as interpretations, as labeled
directed graphs [5, 6, 10, 18, 17]. We conclude with an overview of related
work, and an outline of our results in the remaining sections.

1.1 Definitions
A database schema is an ordered pair (S,%) consisting of a class schema
and a finite set of constraints. The class schema S consists of a finite set

of declarations of the form
Cc{PpPy,..., P}

in which C' is a class name, and the P; are its immediate properties, written
Props(C). The set of class names in S is denoted Classes(S), and the do-
main of a property P, written Dom(P), is defined as {C' € Classes(S) | P €
Props(C)}. (Our usual convention when presenting examples will be to begin
class names in lowercase and property names in uppercase.)

An interpretation for S is a (possibly infinite) labeled directed graph
G(V,A). The label for a vertex v is denoted Cl(v), and corresponds to a
subset of Classes(S). The label for an arc corresponds to a property name.
G(V, A) must also satisfy the following condition.

A property value integrity condition: If u Love A, then
Cl(u) N Dom(P) # 0.
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The condition requires any object with one or more values for property P to
be in at least one class for which P is an immediate property.

Example 1: The declarations for the ALGEBRA class schema, Figure 2,
are listed in the first column of Table 1. An example interpretation for the
ALGEBRA class schema appears in Figure 3. There are a total of five objects
(we take the words “object” and “vertex” to be synonymous): a projection,
a selection, a join and two relation names. The interpretation corresponds to
(part of) the parse tree that might be produced by a query optimizer when
applied to the input expression mx(o,(R1 X R3)). O

Table 1: An ALGEBRA Schema.

S )Y

exp{}

join{Args} join(Id:exp) join(Args:exp)

rName{} rName (Id: canExp)

unExp{Arg} unExp (Id:exp) unExp (Arg:exp)
FUNC(Arg)

sel{} sel(Id:unExp)

proj{} proj(Id:unExp)

canExp{} canExp (Id:exp)

psi{} psj(Id:proj) psj(Arg:sel)

psj(Id:canExp) psj(Arg.Arg: join)

psj(Arg.Arg.Args:canExp)

A path description, pd, is either Id (short for identity), or a sequence of
property names separated by dots. Their composition and length are defined

as follows:
pd; if pd, is Id,
pdy o pdy = pdy if pd; is Id,
pd;.pdy otherwise.
0 if pd is Id,
len(pd) = ¢ 1+ len(pd;) otherwise, where pd has the form P o pd,,

where P is a property.
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{rName,
canExp,

exp}

{rName,
canExp,

exp}

Figure 3: An interpretation of the ALGEBRA schema.

Note that composition is associative, that is, pd; o (pdyo pds) = (pd; 0 pdy) o pds.
The following is also a straightforward consequence of our definitions.

len(pd, o pdy) = len(pd;) + len(pdy)

Given an interpretation G(V, A), we say that a path in G(V, A) is de-
scribed by a path description pd if and only if the path is of zero length (i.e.
consists of a single vertex) and pd is Id, or pd corresponds to the sequence of
property labels on the path.

Example 2: In Figure 3, the single path from the vertex u to the vertex v is
described by the path description Arg.Arg.Args. O

We consider two kinds of constraints in . The first, called a property
functionality constraint (FUNC), allows us to characterize properties that are
single-valued and total on their domain classes. Each is declared with the
form FUNC(P), and is satisfied by an interpretation G(V, A) for S if and only
if G(V, A) satisfies the following two additional conditions.

1. (property functionality) If u L. v and u £ w are in A, then v = w.

2. (property value completeness) If Cl(u) N Dom(P) # (), then there is an arc

P
u— v € A.

The second kind of constraint is called a specialization constraint (SC),
and is our main concern in this paper. An SC (over S) is used to assert a
type condition on a path description, and has the form Cy(pd : C3). Assuming
that S is the schema over which the constraint is expressed, then Ci(pd : C2)
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is satisfied by an interpretation G(V, A) for S if and only if whenever there
exists a path in G(V, A) from a vertex u to a vertex v described by pd, then
Cy € Cl(u) implies Cy € Cl(v).

Example 3: The third entry in the third column of Table 1 is the only FUNC
needed for the ALGEBRA schema. Note that this constraint is satisfied by
the interpretation in Figure 3. The remaining entries in the second and third
columns of Table 1 are the SCs needed for the ALGEBRA database. It is
a simple exercise to confirm that each is satisfied by the interpretation for
ALGEBRA given in Figure 3. Recall from our introductory comments that
the entries in the second column, with the form Ci(Id : Cy), represent the
superclass relationships. This should be clear from the above definitions, since
such constraints distinguish interpretations in which a vertex v has C in its
class label, but not Cb. O

Let ¥ be a finite set of constraints (SCs and FUNCs). By Ypyyc and
Ysc, we mean the sets of FUNCs and SCs in X, respectively. An instance of
either kind of constraint o is a logical consequence of ¥, written ¥ |= o, if any
interpretation satisfying ¥ must also satisfy o.

As discussed, specialization constraints using Id are our means of estab-
lishing a generalization taxonomy among classes. It is therefore worthwhile to
distinguish database schema which fail to satisfy the usual requirement that
such taxonomies be acyclic. Accordingly, we shall say that S is a generaliza-
tion taxonomy with respect to X if and only if there are no two distinct classes
C1,Cy € Classes(S) such that

by ): Cl(Id : 02) and X ): CQ(Id : 01)

However, note that we continue to allow multiple inheritance; there may exist
Cy,C4,C5 € Classes(S) such that ¥ = C1(Id : C2) and ¥ = C1(Id : C3), but
where ¥ = C3(Id : C3) and ¥ = C3(Id : C2). The three ALGEBRA classes
psj, proj and canExp are an example of this.

The notion of a specialization constraint so far presented is very general,
allowing us to express such constraints as

exp(Arg : exp) (1.1)
or even

rName(Arg : exp). (1.2)
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Concerning the first example, the diagram of the ALGEBRA schema in Fig-
ure 2, together with our intuition about the information it describes, suggests
that not all exp object can meaningly have an Arg property value, such as
those that are also join objects. The second example is more extreme; we
might expect that there will never be any rName object with an Arg property
value, which implies that 1.2 is vacuously satisfied. These examples illustrate
the need to be able to distinguish some kinds of path descriptions—in partic-
ular, those that correspond to single or set-valued functions which are total
with respect to some class.

We begin by first defining the more restricted notion of well-formed path
function [17]. A path description pd is a well-formed path function with
respect to (S, X) and a class C' € Classes(S) if and only if for any interpretation
G(V, A) satisfying ¥, whenever there is a vertex u € V' such that C € Cl(u),
then there must be a unique path in G(V, A) from u described by pd. The
set of well-formed path functions with respect to (S,%) and C is denoted
PathFuncs(C'), where (S,¥) is assumed to be understood from context.

A path description pd is well-formed with respect to (S, %) and a class
C € Classes(9S) if and only if it is a well-formed path function with respect to
(S,2 U Srunc) and C, where

Srunc = { FUNC(P) | P is a property in S}.

As above, the set of path descriptions that are well-formed with respect to
(S,%) and C is denoted PathDescs(C'). Note that that PathDescs(C) (and
PathFuncs(C)) can still be countably infinite for some classes. For example,
when S = {a{A} } and ¥ = {a(A: a) }, then PathDescs(a) consists of Id, A,
A.A A.A.A and so on.

We extend the concept of well-formedness to SCs. An SC C1(pd : Cy) is
well-formed with respect to (S, X) if and only if pd € PathDescs(C4). Finally,
a finite set of constraints ¥ is well-formed with respect to (S, X) if and only
if every SC in ¥ is well-formed with respect to (S, ).

Example 4: For the ALGEBRA schema in Table 1, PathFuncs(psj) and
PathDescs(psj) denote

{Id, Arg, Arg.Arg}
and

{Id, Arg, Arg.Arg, Arg.Arg.Args}
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respectively. Also, both SCs 1.1 and 1.2 above are not well-formed with respect
to the ALGEBRA schema, since Arg ¢ PathDescs(RName) U PathDescs(exp).
O

1.2 Review and outline

Our form of specialization constraint is more general than the combination
of subsetting and typing constraints considered by Di Battista and Lenzerini
[11], although other forms of constraints are included in their theory which
are not expressible in our own. Arisawa and Miura [3] consider richer forms
of subclass constraints, such as Cq *x Cy *x U3 < C4 + C5, which states that the
intersection of (the extensions of) classes C;, C and Cj is a subset of the union
of classes Cy and C'5. They also outline polynomial time decision algorithms for
cases in which either unions or intersections appear exclusively. Specialization
and subsetting constraints have also been considered in the context of the
relational model. Such constraints are called inclusion dependencies, and have
the form R(A4,...,A,) € S(Bi,..,B,), where R and S are relation names,
and Ay, ..., B, are attribute names. The constraint is satisfied by relations r
and s if the projection of r over Ay, ..., A, is a subset of the projection of s
over By, ..., B,. The inference problem for inclusion dependencies is P-space
complete in the general case [7], but can be solved in linear time if dependencies
are unary (i.e. n = 1) [12]. Casanova et al. [7] also considered the interaction
of inclusion dependencies with functional dependencies. A more general form
of functional dependency, for a data model similar to the one in this paper,
has been considered in Weddell [16, 17]; its interaction with specialization
constraints is under study [8].

The concept of a specialization constraint, as we have defined it, was
first presented in [19]. In the remainder of this paper, we expand on the
results presented by this earlier work, focusing on the various membership
problems for specialization constraints, including the problems of identifying
well-formed path functions and path descriptions. In general, we consider
these problems for two models. The first, the subject of Section 2 which
follows, imposes no constraints on class membership for an object beyond
those implied by subclassing constraints. An object may be a member of any
set of classes as long as the superclass-subclass relationships are maintained.
(An interpretation of the UNIVERSITY database schema, Figure 1, might
therefore include objects in both the student and prof classes, or indeed in
all classes.) For this case, we present a sound and complete axiomatization for
arbitrary specialization constraints, and efficient decision procedures for the
corresponding membership problems.
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The second model is more typical and requires that each object is cre-
ated with respect to at most one class. If the set of classes to which an object
belongs is nonempty, then the set must include one class for which all other
classes in the set are superclasses. In Section 3, membership problems for this
model are shown to be NP-hard, and NP-complete if class schema include a
“bottom” class, denoted 1. We exhibit polynomial-time decision procedures
when L does exist and the length of any path descriptions mentioned in an-
tecedent specialization constraints is bounded by some constant.

In Section 4, we consider another special case for the second model,
in which class schema also satisfy a lower semi-lattice condition. A sound
and complete axiomatization for well-formed specialization constraints is pre-
sented, together with efficient decision procedures for the membership prob-
lem for well-formed constraints, and for determining if an arbitrary constraint
is well-formed. We prove that the membership problem for arbitrary spe-
cialization constraints remains NP-complete, however, even for class schema
satisfying the lower semi-lattice condition.

Table 2 summarizes our complexity results for the various membership
problems, and indicates those cases for which a complete axiomatization is also
presented. The number in parenthesis is the subsection in which the result is
derived. Further summary comments appear in Section 5.

2. Implication Problems for Specialization Constraints

2.1 On finite implications

Let ¥ be a finite set of constraints and let ¢ be an additional SC. In this
section, it will be shown that o is a logical consequence of ¥ if and only if o is
a finite logical consequence of . Formally, o is a finite logical consequence of
Y, written X ="t g if any finite interpretation satisfying 3 must also satisfy
o. By definition, ¥ | o implies ¥ i g. In the following, we will prove
its opposite direction; that is, ¥ [~ o implies ¥ £ g. Let us denote o by
C(pd : C").

For a path description pd (= P1.P. -+ .P,), a pd-List (for S) is a di-
rected graph

Py Py Py,
vy = v = - = vy,

where each v; has a label Cl(v;) that is a subset of Classes(S). If pd = Id,
then the pd-List consists of a single vertex vy with no arcs. Note that the
pd-List is not necessarily an interpretation, since it may not satisfy a property
value integrity condition.
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Table 2: Complexity results for membership problems.

problem (general case) MSC/ L MSC/L MSC/LSL
(bounded)
pd ¢ PathDescs(C) P-time NP-complete P-time P-time
(2.3) (3.1) (3.2) (4.2)
P-ti NP- 1 P-ti P-ti
pd & PathFunes(C) time complete time time
(2.3) (3.1) (3.2) (4.2)
Y Cpd: C) P-time(*) NP-complete P-time P-time(*)
(where pd € PathDescs(C)) (2.3) (3.1) (3.2) (4.2)
S Clpd : C) P-time(*) NP-complete P-time NP-complete
(2.3) (3.1) (3.2) (4.3)
(*) — complete axiomatization
Lemma 1: If ¥ £ C(pd : C"), then there is a pd-List vg P B B,
that satisfies the following three conditions, where pd = P1.Ps. --- . P,,.

PDL 1: The pd-List satisfies a property value integrity condition.
PDL 2: The pd-List satisfies gc.
PDL 3: The pd-List violates C(pd : C'); that is, C € Cl(vg) and C" & Cl(vy,).

Proof. Assume that ¥ = C(pd : C’). Then there is an interpretation G(V, A)
that satisfies ¥ but violates C'(pd : C"). That is, there is a path in G(V, A) from
a vertex u to a vertex v described by pd such that C' € Cl(u) but C" ¢ Cl(v).

P P P,
The path can be denoted wy — u; —> --- —% wu,, where ugp = u and

u, = v.' Let v B, v1 xRN vn, be a pd-List such that Cl(v;) = Cl(uy)
for 0 < i <n. We will prove that the pd-List satisfies PDLs 1 to 3.

Since G(V, A) is an interpretation, it satisfies a property value integrity
condition. Thus it holds that Cl(u;—1) N Dom(P;) # 0 for 1 < i < n. Since
Cl(vi—1) = Cl(ui—1) by definition, the pd-List also satisfies a property value
integrity condition; that is, PDL 1 holds.

' A vertex u; may coincide with another w;, since G(V, A) may contain cycles.
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Since G(V, A) satisfies Xgc (C X) and the path ug D B B,

is a subgraph of G(V, A), the path must satisfy Ygc. Thus the pd-List also
satisfies Yg¢; that is, PDL 2 holds.

Since C' € Cl(up) = Cl(vg) and C" & Cl(uy,) = Cl(vy), the pd-List
violates C'(pd : C'); that is, PDL 3 holds. This completes proving Lemma 1.
O

Example 5: Let S be a class schema defined as follows:

ai{C}, ax{ }, a3{B}, b{A,D}, ci{ }, c2of }, e{C},
where

Dom(A) = {b}, Dom(B) = {ag}, Dom(C) = {aj,e}, Dom(D)
= {b}.
Let Xgc consist of the following seven SCs:

a;(Id:as), a1(C:c9), as(Id:ag), ag(B:b), b(A:a), c1(Id:co),
e(C:c9).
Assume that Ygyyc = (0. The database schema (S, X)) can be illustrated as in

Figure 4.

B

az{B} b{A,D}

A
as

C C

a;{C} co e{C}

c1

Figure 4: A database schema (S, Y).

Let us consider whether or not ¥ |=a3(B.A.C : ¢q1). To say the conclusion
first, it holds that ¥ & ag(B.A.C: c1). In fact, for the SC ags(B.A.C: cy),
there is a ‘B.A.C’-List vy B, V1 A, Vo L, vs satisfying PDLs 1 to 3, as is
given in Figure 5. O
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Vo V1 Y2
@ B @ A @ C

Figure 5: A ‘B.A.C’-List.

U3

The pd-List obtained in Lemma 1 does not necessarily satisfy Xruyyc,
though it satisfies Ygc. Note that if the pd-List does not satisfy Xrync,
then there is a vertex v; that violates property value completeness for some
FUNC(P) € Xpync; that is, Cl(v;) N Dom(P) # () but v; has no out-arc labeled
P.2 By adding one vertex and a number of arcs to the pd-List, however, we
can construct an interpretation G(V, A) that satisfies ¥ U Sgync.® Let us first
consider how to construct such an interpretation.

Let vg A, U1 i RO N v, be a pd-List, where pd = P,.Ps. --- . P,
The augmented graph of the pd-List with respect to .S is a directed graph
G(V, A) obtained by the following procedure.

Procedure 1: (Computing the augmented graph G(V, A) of a pd-List with

respect to S.)

input: a database schema (S, %) and a pd-List v A, 1 B, Uy

1. Assign the pd-List to G(V, A).
2. Add a new vertex u to V', where Cl(u) = Classes(S).

3. For each property P in S and each v;, where 0 < ¢ < n, if Cl(v;)NDom(P) #

() and v; has no out-arc labeled P, then add an arc v; L uto A.

W

. For each property P in S, add an arc u P, wto A O

Example 6: Let us consider how to construct the augmented graph G(V, A)
of the ‘B.A.C-List vg B, U1 A, Vg <, vy in Figure 5 with respect to S.

In Step 1, a vertex u with Cl(u) = Classes(S) is added to V. Since
b € Cl(v1) N Dom(D), an arc vo 2, wis added to A in Step 3. Similarly, since
a3 € Cl(v2) N Dom(B), an arc vy 2, wis also added to A in Step 3. Since

2Since each vertex in the pd-List has at most one out-arc, it satisfies property functionality.

3Note that Srunc € Srync by definition.
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S consists of four properties A, B, C, D, four arcs (such as u A, u) is added
to A in Step 4. As a result, the augmented graph G(V, A) is constructed as
in Figure 6. It is important to note that G(V, A) is a finite interpretation
satisfying ¥ U Spync but violating ag(B.A.C : ¢1), where Spyyc = { FUNC(A),
FUNC(B), FUNC(C), FUNC(D) }. Thus it turns out that 3 £ ay(B.A.C: cy).
Note that there is an infinite interpretation for S satisfying 3, because of a
cycle ao(Id : ag), azg(B:Db), b(A: as). O

Figure 6: The augmented graph of the ‘B.A.C’-List in Figure 5.

Lemma 2: If the pd-List vg A, VU1 o, By v, satisfies PDLs 1 to 3,

then its augmented graph G(V, A) with respect to S is a finite interpretation
satisfying 3 U Sgync but violating C(pd : C").

Proof. Clearly, G(V, A) is finite. In order to prove that G(V, A) is an inter-
pretation, it suffices to show that G(V, A) satisfies a property value integrity
condition. This is true as explained below: For each v;_1 iR v; € A, it holds
that Cl(v;—1) N Dom(P;) # (), since the pd-List satisfies a property value in-
tegrity condition by PDL 1. For each v; L, w added to A in Step 3, it follows
from the if condition in Step 3 that Cl(v;) N Dom(P) # (). Furthermore, for
cach u = u added to A in Step 4, it also follows that Cl(u) N Dom(P) # 0,
since Cl(u) = Classes(S). Thus G(V, A) satisfies a property value integrity
condition.
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We next prove that G(V, A) satisfies ¥ U Spyyc. By construction, it is
clear that G(V, A) satisfies FUNC(P) for every property P in S. It remains to
show that G(V, A) satisfies ¥gc. For an SC C(pd’ : C3) € Ygc, assume that
there is a path in G(V, A) from a vertex w to a vertex w’ described by pd’ such
that Cy € Cl(w). It suffices to show that Co € Cl(w'). If w' = u, then this
is true, since Cl(u) = Classes(S) by definition. Assume that w’ # wu. Since
the destination of every arc added in Steps 3 and 4 is the new vertex u, the
assumption w’ # u implies that the path from w to w’ must be on the pd-List.
Since the pd-List satisfies C}(pd’ : C) € Ysc by PDL 2, C; € Cl(w) implies
Cy € Cl(w').

Finally, G(V, A) violates C(pd : C"), since the pd-List is a subgraph of
G(V, A) and violates the SC by PDL 3. This completes proving Lemma 2. O

We are now ready to prove the following theorem.

Theorem 1: The following three statements are equivalent.
1. X~ C(pd : C").
2. X it Cpd - C").
3. There is a pd-List satisfying PDLs 1 to 3.

Proof. By definition, (2) implies (1). By Lemma 1, (1) implies (3). We prove
that (3) implies (2). Assume that there is a pd-List satisfying PDLs 1 to 3.
Let G(V, A) be the augmented graph of the pd-List with respect to S. Since
¥ C XU Spune, it follows from Lemma 2 that G(V, A) is a finite interpretation
satisfying 3 but violating C(pd : C"). Hence X £t C(pd : C"). 0

2.2 Axioms for SCs

Let 3 be a finite set of constraints and let ¢ be an SC. For a finite set A of
axioms, if o is derivable from X using the axioms in A, then we denote ¥ 4 o
(or £ F o, if A is understood from context). In this section, we will show the
following result.

The following axioms Al to A3 are sound and complete for deciding
whether or not ¥ |= o3 that is, ¥ |= o if and only if ¥ Fs1 4043 0. In
particular, if o is well-formed with respect to (S, 3), then only Al and A2 are
sound and complete.

A1l: (identity) If C € Classes(S), then C(Id: C).

A2: (composition) If C(pd : C") and C'(pd’ : C"), then C(pd o pd' : C").
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A3: (prefix augmentation) For a property P, if C,(P o pd : C') for every
Cp € Dom(P), then C(pd' o Popd : C") for every C € Classes(S) and
every path description pd’.

Lemma 3: Axioms Al to A3 are sound; that is, ¥ F o implies ¥ = o.

Proof. Clearly, Al and A2 are sound. Consider A3. Assume that an in-
terpretation G(V, A) satisfies C,(P o pd : C') for every C, € Dom(P). We
must show that G(V, A) satisfies C(pd’ o P o pd : C'). Assume that there is
a path in G(V, A) from a vertex u to a vertex v described by pd’ o P o pd
such that C' € Cl(u). It suffices to show that C’ € Cl(v). The path can be
divided into two parts: one path from u to a vertex w described by pd’ and the
other from w to v described by P o pd. Since (1) G(V, A) satisfies a property
value integrity condition and (2) w has an out-arc labeled P, it holds that
Cl(w) N Dom(P) # 0. Let Cp € Cl(w) N Dom(P). Then G(V,A) satisfies
Cp(P o pd : C") by assumption. Furthermore, since there is a path in G(V, A)
from w to v described by P o pd, Cp, € Cl(w) implies C' € Cl(v). O

Example 7: Consider the database schema (S,3) of Example 5. For prop-
erty C, where Dom(C) = {aj, e}, both a;(C: c2) and e(C: cy) are in X.
Thus by axiom A3, an SC b(D.C: co) is derived from ¥. Similarly, an SC
as(B.A.C: cg) is also derived from ¥ by axiom A3. O

In the following we will prove completeness of the axioms; that is, X I/ o
implies ¥ }~ 0. Let us denote o by C(pd : C’). The proof will be done by
showing that if ¥ t/ C'(pd : C'), then there is a pd-List satisfying PDLs 1 to 3,
and thus X = C(pd : C") by Theorem 1. In order to construct such a pd-List,
we will introduce the concept of chase, which is a pd-List satisfying >gc for a
class C' € Classes(S) and a path description pd.

The chase of C' and pd under Ysc, written Chasesg,(C,pd), is a pd-

List vg LN U1 B, By v, obtained by the following procedure, where

pd = Pl.PQ. ce .Pn.

Procedure 2: (Computing Chasexg,(C, pd).)
input: a database schema (S,X), a class C' € Classes(S), and a path descrip-
tion pd (: Pl.PQ. s Pn)
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1. Construct a pd-List v 2w 2250 Py, such that Cl(vg) ={C} and

Cl(v;)) =0 for 1 <i <n.
2. Apply the following rule to the pd-List exhaustively:

SC-rule: For an SC C,(pd’ : C) € Xgc, if there are two vertices v;, v;
such that C, € Cl(v;), Cy &€ Cl(vj), and pd" = Piy1.Piyo. -+ .Pj,
then add Cj, to Cl(v;).* O

Example 8: For the database schema (S,Y) in Example 5, let us compute
Chasesxg (a2, B.A.C).

In Step 1, a ‘B.A.C’-List vy B, V1 A, Vg £, vy is constructed, where
Cl(vg) ={az} and Cl(v;) =0 for 1 <14 < 3.

For SC ay(Id : a3) € Xsc, since ag € Cl(vg) and a3 € Cl(vyp), class ag is
added to Cl(vg) by applying the SC-rule for a3(Id: a3z). Then by applying
the SC-rule for a3(B : b) € Xgc, class b is added to Cl(vy), since ag € Cl(vp)
and b € Cl(vy). Finally, we obtain the ‘B.A.C’-List given in Figure 7 as
Chasegsc(aQ,B.A.C). Note that Chasesg (a2, B.A.C) satisfies Ygc. O

Figure 7: Chasegsc as,B.A.C).

Note that the result of Procedure 2 is independent of the order of applying
SC-rules in Step 2.
Let us first consider the case that C(pd : C”) is well-formed with respect
o (S,%); that is, pd € PathDescs(C). We want to show that if ¥ 4, a0y
C’(pd : C"), then Chasesg,(C, pd) satisfies PDLs 1 to 3. We will present three
lemmas, which will be used for the chase to satisfy the three conditions.
Assume in the rest of this section that pd = P;.P,. --- .P, and that the
result of ChasegSC(C, pd) is vg LN 1 B, By vy, unless stated otherwise.
Furthermore, let us denote a prefix P;.Ps. --- .P; of pd by pd;, where 0 < i <

n.>

41f pd’ = 14, then let i = j.
"Note that pd, = Id and pd, = pd.
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Lemma 4: (a) The pd;-List vg A, 1 i NN N v; satisfies Ygc, where

0 <i < n. In particular, Chasesg,(C, pd) satisfies Ysc.

(b) Chasesg(C, pd;) coincides with the pd;-List vg Py B v,

where 0 <7 < n.

Proof. By definition, if a pd-List does not satisfy an SC in Xg¢, then the SC-
rule for the SC must apply to the pd-List. In order to compute Chasesg, (C, pd),
SC-rules for Ygc have been exhaustively applied, and thus Chasesg, (C,pd)
satisfies Xgc. Hence the pd;-List also satisfies ¥g¢, since it is a subgraph of
Chasesgq (C, pd). That is, Lemma 4(a) holds.

We next prove Lemma 4(b). Since the order of applying SC-rules in Step 2
does not affect the final result, Procedure 2 can yield, as an intermediate result,
a pd-List v, iR v] R RN vy, such that (1) Cl(vj) =0 fori+1<j<n
and (2) the pd;-List v, A, v] R RIS N v} satisfies Xg¢. Clearly, the pd;-List
coincides with Chasesg,(C, pd;). On the other hand, by the definition of SC-

P P P; . . . .
rule, once vy —> v] —> - -+ —> v; satisfies Xg¢ in Step 2, the pd;-List remains

unchanged afterward. Hence Lemma 4(b) holds. O

Lemma 5: Cl(v;) = {C; € Classes(S) | Esc Frai,a0y C(pd; : C;)} for 0 < i <

n.

Proof. We first prove that if Yg¢ Fra1a2y C(pd; : Cj), then C; € Cl(v;).
Assume that Xg¢ Fraia0; C(pd; : C;). Then Xg¢ = C(pd; : C;) by Lemma 3.
Thus Chasesg,(C, pd) satisfies C(pd; : C;) by Lemma 4(a). Hence C € Cl(vo)
implies C; € Cl(v;).

We next prove that if C; € Cl(v;), then Ygc Fia1a0y C(pd; : C;). Induc-
tion on the number of applying SC-rules in Step 2.

The basis follows from axiom A1, since Cl(vg) = { C'} and Cl(v;) = () for
1 <j<nin Step 1.

As an induction hypothesis, assume during an execution of Step 2 that
Ysc Franan C(pd; = C;) for every C; € Cl(v;). Assume that a class Cy should
be added to Cl(v;) by applying an SC-rule for C,(pd’ : Cp) € Zgc. Then by
the definition of SC-rule, it holds that Cy, & Cl(v;), C, € Cl(vy), and pd’ =
Piy1.Pgyo. - -+ .Pj for some k. We must prove that Ysc Faiaz; C(pd; 1 Cy).
By the induction hypothesis, C, € Cl(v;) implies that Ygc Fiaia0y C(pdy, :
C,). By axiom A2, C(pd, : C,) and Cy(pd’ : Cy) imply C(pdy,opd’ : Cy). Note
that pd, o pd’ = pd;. Hence Xgc a1 a0 C(pdj : Cp). This completes proving
Lemma 5. O
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Lemma 6: pd € PathDescs(C) if and only if Chasesg,(C, pd) satisfies a prop-
erty value integrity condition.

Proof. If part. Induction on len(pd).

Basis. If len(pd) = 0, that is pd = Id, then clearly pd € PathDescs(C).
Hence the basis holds.

Induction. As an induction hypothesis, assume that if len(pd) < n —1

and Chasesg,(C, pd) satisfies a property value integrity condition, then pd €
PathDescs(C), where n > 1.

Assume that len(pd) = n and Chasesg,(C, pd) satisfies a property value
integrity condition. Then it holds that Cl(v;—1) N Dom(P;) # 0 for 1 <i < n.
In particular, there is a class Cp,—1 € Classes(.S) such that

Cpn—1 € Cl(vp—1) N Dom(Py,). (2.1)

Let G(V, A) be an interpretation satisfying ¥ U Sryyc. Let u be a vertex in V
such that C € Cl(u). In order to prove that pd € PathDescs(C), it suffices to
show that there is a path in G(V, A) from u described by pd. We claim that

pd,,_, € PathDescs(C). (2.2)

Since len(pd,,_;) = n — 1, it follows from the induction hypothesis that
if Chasesg,(C,pd,_,) satisfies a property value integrity condition, then 2.2
holds. Thus it suffices to show that Chasesg(C,pd,,_;) satisfies a property

value integrity condition. By Lemma 4(b), Chasesg,(C, pd,,_;) coincides with

. P’n,7 .
the pd,,_;-List v iR V1 Loy Up—1. Furthermore, the pd, _-List

satisfies a property value integrity condition, since Chasesg,(C, pd) satisfies
that condition by assumption and pd,,_; is a prefix of pd. Hence 2.2 holds.

By 2.2, there must be a path in G(V, A) from u to a vertex w described
by pd,,_;.° We next claim that

Cl(w) N Dom(P,) # 0. (2.3)

By 2.1, it suffices to show that C,,—1 € Cl(w). Since Cy,—1 € Cl(v,—1) by
2.1, it follows from Lemma 5 that ¥ Fa; a0y C(pd,,_; : Cp—1), and thus X |=
C(pd,,_y : Ch—1) by Lemma 3. This implies that G(V, A) satisfies C(pd,,_; :
Cpn—1), since G(V, A) satisfies . Note that C' € Cl(u) and there is a path in
G(V,A) from u to w described by pd,,_;. Hence it must hold that C,_; €
Cl(w), which implies 2.3.

5Since G(V, A) satisfies Spyyc, the vertex w is unique.
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Since G(V, A) satisfies FUNC(P,,) € Srunc, it follows from 2.3 and property
value completeness for FUNC(P,) that there must be an arc w Ln, ! € A
Furthermore, since there is a path in G(V, A) from u to w described by pd,, 1,
there is also a path in G(V, A) from u to w’ described by pd,,_, o P, (= pd).
This completes the induction proof of the if part.

Only if part. Assume that Chasesg, (C,pd) does not satisfy a property
value integrity condition. (We will prove that pd ¢ PathDescs(C).) Then
there is an index ¢ such that

Cl(v;) " Dom(P;11) = 0, (2.4)
where 0 < ¢ < n — 1. Let i be the smallest index satisfying 2.4. For the
pd,;-List vg B B A, v;, construct the augmented graph G(V, A)

with respect to S. We will prove that G(V, A) is an example showing that
pd ¢ PathDescs(C'). It suffices to show that (1) G(V, A) is an interpretation
satisfying ¥ U Spync and (2) there is no path in G(V, A) from vy described by
pd. Note that C' € Cl(vo).

By the minimality of ¢, it holds that Cl(v;) N Dom(Pj11) # 0 for 0 <
j < ¢ —1. Thus the pd;-List satisfies a property value integrity condition.
Furthermore, since the pd;-List satisfies ¥g¢ by Lemma 4(a), it follows from
Lemma 2 that G(V, A) is an interpretation satisfying > U Srync.

Clearly, there is a path in G(V, A) from vy to v; described by pd;. Note
that the path is unique, since G(V, A) satisfies Spync. By Step 3 of Procedure 1,
if there is an arc v; — u € A, then Cl(v;) N Dom(P) # (. Hence it follows

from 2.4 that there is no arc v; P+l w e A That is, there is no path in G(V, A)
from vy described by pd; o Pj+1. Since pd; o P41 is a prefix of pd, there is no
path in G(V, A) from vy described by pd, either. This completes proving the
only if part. Hence Lemma 6 holds. O

Example 9: Consider Chasegsc (ag,B.A.C), given in Figure 7, for the database
schema (S,%) of Example 5. Then Chasesg,(a2,B.A.C) does not satisfy a
property value integrity condition, since Cl(v2) N Dom(C) = (). Thus B.A.C &
PathDescs(az) by Lemma 6. On the other hand, Chasesg,(a2,B.A) satisfies
a property value integrity condition, since a3 € Cl(vg) N Dom(B) and ag €
Cl(v1) N Dom(A). Thus B.A € PathDescs(az) by Lemma 6. O

We are now ready to prove the following theorem.



24 Ito, Weddell and Coburn

Theorem 2: If pd € PathDescs(C'), then the following three statements are
equivalent.”

1. X C(pd : C).
2. E }_{ALAQ} C(pd : C/)
3. C" € Cl(vy).

Proof. By Lemma 3, (2) implies (1). By Lemma 5, (3) implies (2). We
prove that (1) implies (3); that is, if C" & Cl(v,), then ¥ (= C(pd : C).
By Theorem 1, it suffices to show that if C" ¢ Cl(v,), then Chasesg,(C, pd)
satisfies PDLs 1 to 3.

Since pd € PathDescs(C'), PDL 1 follows from Lemma 6. PDL 2 follows
from Lemma 4(a). Finally, since C' € Cl(vg) by definition, if C" & Cl(v,,), then
Chasesg,(C, pd) violates C(pd : C'); that is, PDL 3 follows. O

Finally, let us consider the case that pd is not necessarily in PathDescs(C).
Then we have the following theorem, which is a generalization of Theorem 2.

Theorem 3: The following three statements are equivalent.
1. X C(pd : C').
2. X Fiaranas Clpd : C").
3. At least one of the following two conditions holds.

Condition A: Xty a0y C(pd : C7).
Condition B: For some ¢ such that 0 <i<n —1,
Y Fiaazy Ci(Pig1.Piyo. - -+ Py : C') for every C; € Dom(Pjy1).

Proof. By Lemma 3, (2) implies (1). We next prove that (3) implies (2).
Clearly, Condition A implies (2). Assume that Condition B holds. Then
by axiom A3, for every C” € Classes(S) and every path description pd’,
DM l_{Al’AQ’AS} C”(pd/ o i+l‘P’H—2- A Pn : C/)
In particular, by letting C” = C and pd’ = pd;,
b l_{Al,AQ,AB} C(pd . C,)
Hence Condition B also implies (2). As a result, (3) implies (2).
Finally, we prove that (1) implies (3) by induction on len(pd).

Y is not necessarily well-formed with respect to (S, ).
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Basis. If len(pd) = 0, that is pd = Id, then clearly pd € PathDescs(C').
Thus (1) implies Condition A by Theorem 2. Hence the basis holds.

Induction. As an induction hypothesis, assume that for any SC C(pd :
C"), if len(pd) < n—1, then (1) implies (3). Assume that len(pd) = n. In the
following we will prove that if C'(pd : C') satisfies neither Condition A nor B,
then ¥ = C(pd : C"). (Thus it will turn out that (1) implies (3).)

Assume that C(pd : C”) satisfies neither Condition A nor B. The negation
of Condition A is that

¥ Fiaraz Clpd - C7). (2.5)
The negation of Condition B is that for every ¢ such that 0 <i<n —1,

Y Viarazy Ci(Pit1.Pigo. -+ Py : C') for some C; € Dom(Pi1).  (2.6)
There are two cases to be considered: C' € Dom(P;) and C € Dom(Py).

Case 1. Assume that C € Dom(P;). For simplicity, let pd' = P5.P3. -+ .P,.
By 2.6, there is a class C1 € Dom(P,) such that

Y Fiaras Ci(pd = C"). (2.7)
We claim that

Since len(pd') = n — 1, it follows from the induction hypothesis that if
Ci(pd' : C") satisfies neither Condition A nor B, then 2.8 holds. Hence it
suffices to show that Cy(pd’ : C') satisfies neither Condition A nor B. By 2.7,
Ci(pd' : C") does not satisfy Condition A. Furthermore, by ignoring the case
of i = 0 in 2.6, we notice that C(pd’ : C") does not satisfy Condition B, either.

This completes proving 2.8.
By 2.8 and Theorem 1, there is a pd’-List u Py B By,
satisfying PDLs 1 to 3. Let wy EiN w1 B By wy, be a pd-List such that

Cl(wg) = Cl(vg) and Cl(w;) = Cl(u;) U Cl(v;) for 1 < i < n. By Theorem 1,

in order to prove that ¥ & C(pd : C'), it suffices to show that the pd-List

wo LN w1 i N N w, satisfies PDLs 1 to 3.

As for PDL 1, it suffices to show that Cl(w;—1) N Dom(P;) # 0 for 1 <
i <n. Ifi =0, then Cl(wg) N Dom(Py) # 0, since C € Cl(vy) = Cl(wp) and
C € Dom(Py). Assume that i > 1. Since the pd’-List u; 2, Ug B, o, U,
satisfies PDL 1, it holds that Cl(u;) N Dom(P;+1) # 0. Since Cl(u;) C Cl(w;),

it holds that Cl(w;) N Dom(P;11) # (). Hence PDL 1 holds.
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As for PDL 2, assume that there is an SC Co(Pj.Pjt1. - -+ . Py : Cp) € Xgc
such that C, € Cl(w;), where 0 < j < k < n. It suffices to show that Cy €
Cl(wg). If Cq € Cl(vj), then Cp € Cl(vg) € Cl(wy), since Chasesgq(C, pd)
satisfies Cq(Pj.Pj41. - -+ . P : Cp) € Xgc by Lemma 4(a). On the other hand,
it C, € Cl(uy), then Cy € Cl(ug) C Cl(wy), since the pd’-List uy L2y B

- Iy, satisfies Co(P;.Pjy1. -+ Py : Cy) € Ssc by PDL 2. Hence PDL 2
holds.

Finally, since the pd’-List w4 LN U9 iR N uy, satisfies PDL 3, it
holds that C" ¢ Cl(u,). Furthermore, C' ¢ Cl(v,) by 2.5 and Lemma 5.
Since Cl(wy,) = Cl(v,) U Cl(uy), it holds that C" ¢ Cl(wy,). On the other
hand, C' € Cl(vp) implies C € Cl(wp). Hence PDL 3 holds. This completes
Case 1.

Case 2. Assume that C ¢ Dom(P;). By 2.6, there is a class Cy €
Dom(Py) such that ¥ a1 40y Co(pd : C"). Since Cy € Dom(Py), it follows
from Case 1 above that

Y Fiaraz Co(pd : C") implies ¥ = Co(pd : C').

Thus by Theorem 1, there is a pd-List ug LN U1 P Dy Uy, satisfying
PDLs 1 to 3. Let wy —5 wy —2 -+ =% w, be a pd-List such that Cl(w;) =
Cl(u;) U Cl(v;) for 0 < i < n. It can be proved in the same way as in
Case 1 that the latter pd-List satisfies PDLs 1 to 3. Hence ¥ = C(pd :
C") by Theorem 1. This completes the induction proof that (1) implies (3).

Consequently, Theorem 3 holds. O

2.3 Decision Procedures

In this section, we will prove the following theorem.

Theorem 4: The following three decision problems can be solved in O(D -
(len(pd) + 1)) time, where D is the size of database schema (S, ¥).

a. pd € PathDescs(C) 7
b. pd € PathFuncs(C) ?

c. SE=C(pd:C")? O

To say the conclusion first, the time for computing Chasesg (C, pd) dom-
inates the time complexities of the three decision problems. Let us present
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a procedure for computing Chasesg,(C, pd), which is a refinement of Pro-
cedure 2, and then estimate its computation time. In order to construct
Chasesgq (C, pd), it suffices to compute Cl(vo), Cl(v1),- -+, Cl(vy). The fol-
lowing procedure will compute them in the order of 0,1,---,n.

Procedure 3: (Computing Cl(vg), Cl(v1),- -, Cl(vy).)
input: a database schema (S,X), a class C' € Classes(S), and a path descrip-
tion pd (= P1.Py. -+ .Py).

1. Divide Yg¢ into two sets: Y1q = {Cu(pd' : Cp) € Xsc | pd’ = Id} and
Y14 = Ysc — Y1d-

2. Let CLy «+ {Cy € Classes(S) | £1q Fra1,a2y C(Id: Cp)}.
3. fori—1ton
do begin

4. Let CL « {Cj € Classes(S) | there is an SC Cy(pd' : Cy) € Y14
such that pd’ = Pj41.Pji9. -+ .P; and C, € CL; for some j }.

5. Let CL; < Ug,ccr{Ci € Classes(S) | Y1a Fia1.a2y Cp(Id : Ci)}.

end O

Example 10: Consider the database schema (S,Y) in Example 5. Let us
execute Procedure 3 for class as and path description B.A.C. In Step 1, ¥gc
is divided as follows:

Y1q = {a1(Id : as),as(Id : a3),c1(Id : ca)}
Y 14 =121(C : c2),a3(B : b),b(A : ) e(C: co)}
In Step 2, CLy = {az,as}, since (1) X1q Fa; a2(Id : ag) and (2) az(Id : ag)

and az(Id : ag) € X1q imply as(Id : ag) by axiom A2; that is, X1q Fia1.a2
as(Id : az). No other classes are added to CLy.

Consider the for loop in Step 3. Let i = 1. In Step 4, for each Cy(pd’ :
Cy) € ¥_14, it is examined whether or not Cj should be added to CL. In
this case, only for ag(B:b), class b is added to CL, since ag € CLg. That
is, CL = {b}. In Step 5, CL; = {b}, since there is no SC in ¥14 of the form
b(Id : C) for any C € Classes(S). Similarly, for i = 2, we have CL = {as}
and CLy = {as,a3}. For i = 3, we have CL = CL3 = {).

Consider Chasegsc(ag,B.A.C) (= vo B, V1 A, V9 _C, v3), which was
constructed in Example 8. Then it holds that Cl(v;) = CL; for all i. O
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The correctness of Procedure 3 follows from the following lemma.

Lemma 7: CL; = Cl(v;) for 0 <7 < n.

Proof. Induction on 3.

Basis. Consider the case that ¢ = 0. Assume that a class C} should
be added to Cl(vg) by applying an SC-rule for Cy(pd’ : Cp) € Ysc in Step 2
of Procedure 2. Then clearly, pd’ = Id, that is, C,(pd' : Cp) € Y14. Thus
Ysc Franas C(Id : Cp) if and only if ¥1q Fiar,a2) C(Id : Cp). Hence it follows
from Lemma 5 that CLy = Cl(vp). That is, the basis holds.

Induction. As an induction hypothesis, assume that if j < ¢ — 1, then
CL; = Cl(vj), where ¢ > 1. By Lemma 5, it suffices to show that

CL; = {C; € Classes(S) | sc Fia1,a0y C(pd; : Ci)}. (2.1)

Proof of ‘C’: We prove that if C; € CL;, then Ygc Fia1a0y C(pd; : C;). Let
C; € CL;. There are two cases to be considered: C; € CL and C; ¢ CL.

Case 1. Assume that C; € CL. By definition, there is an SC C,(pd’ :
C;) € Y_14 such that pd" = i+1-Pjy2. --- Py and C, € CL; for some j.
Since pd’ # Id by the definition of ¥_14, it holds that j < i — 1. Thus
C, € CLj implies C, € Cl(v;) by the induction hypothesis. Hence Xgc Fia1,a2;
C(pd; : Cy) by Lemma 5. By axiom A2, C(pd; : Cy) and Cqu(pd' : C;) imply
C(pd; : C;), where pd; o pd" = pd;. That is, ¥sc F(ai.a2y C(pd; : Cy).

Case 2. Assume that C; ¢ CL. By the definition of CL;, the assumption
implies that Y14 Fiaia0y Cp(Id : C;) for some C, € CL. Since C, € CL,
it follows from Case 1 above that ¥ ks, 40y C(pd; : Cp). By axiom A2,
C(pd; : Cp) and Cy(I4d : C;) imply C(pd; : C;), since pd; o Id = pd;. That is,
Ysc Fiaas C(pd; : C;). This completes the proof of ‘C’.

Proof of ‘2’: We prove that if ¥g¢ Fra1a0y C(pd; : Cj), then C; € CL;.
Assume that Xg¢ Fraia0 C(pd; : C;). Then Yg¢ = C(pd; : C;) by Lemma 3.
Let ug —5 uy —2 - iR u; be a pd;-List such that Cl(u;) = CL; for
0 < j <i. We will prove that the pd;-List satisfies ¥g¢. Since C € CLy, this
will imply that C; € C'L;.

Since CL;j = Cl(v;) for 0 < j <i—1 by the induction hypothesis, it fol-
lows from Lemma 4(a) that the pd,_;-List ug P B B satisfies
Ysc. By Step 4, for every SC Cy(pd’ : Cp) € B14, if pd’ = Pj11.Pjto. -+ .P;
and C, € CLj, then Cy, € CL;. Thus the pd;-List satisfies ¥_14. Similarly, by
Step 5, for every SC Cy(Id : Cp) € X1g4, if C, € CL;, then Cy, € C'L;. Thus the
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pd;-List also satisfies ¥14. Since ¥g¢ = X149 U X14 by definition, the pd;-List
satisfies Yg¢. This completes the induction proof. Consequently, Lemma 7
holds. O

Now consider the time complexity of Procedure 3. Let Classes(S) consist
of K classes. (Note that K < D.) We use bit arrays of size K to represent
arbitrary subsets of Classes(.S), such as those denoted by the variables CL or
CL; which are used in the procedure. Testing for class membership or inserting
a class into a given subset can then be executed in constant time. Also, each
of these variables can then be initialized to the empty set in O(K) time.

Clearly, Step 1 runs in O(||X]|) time, where ||X]|| is the size of ¥, and
Step 2 requires O(K) time to initialize CLy. By the definition of Y14, each
application of axiom A2 must be of the form: ‘if C1(Id : Cy) and Cy(Id : C3),
then C1(Id : C3).” That is, axiom A2 is considered as a transitivity rule.
Clearly, axiom Al is considered as a reflexivity rule. Thus CLg must coincide
with the reflexive transitive closure of C with respect to X19. Hence CLg can
be computed by a usual algorithm for computing a reflexive transitive closure.
In fact, CLy can be computed in O(||X14]|) time. Since ||X14]| < D, Step 2
can be executed in O(D) time.

In Step 4, it takes O(K) time to initialize CL. In order to compute CL,
it suffices to test once for each Cy(pd’ : Cp) € ¥_14 whether or not pd’ =
Pj1.Pjio. -+ .P;and C, € CL; for some j. Testing pd' = Pj{1.Pjyo. -+ P
can be done in O(len(pd")) time. Testing C, € CL; can be done in constant
time. If both conditions holds, then C} is inserted into C'L, which can be done
in constant time. That is, for each C,(pd" : Cp), it takes O(len(pd’)) time.
Since 3¢, (pd':Cy)ex_14 len(pd') < ||X-14]|, it can be done in O(||X-14]|) time
as a whole. Since [|X_14]| < D, Step 4 can be executed in O(D) time.

In Step 5, it takes O(K) time to initialize CL;. As in Step 2, CL; coincides
with the reflexive transitive closure of CL with respect to 14, and can be
computed in O(||X14]|) time. Thus Step 5 can be executed in O(D) time.

As a result, one execution of Steps 4 and 5 can be done in O(D) time.
Since n = len(pd), the for loop in Step 3 can be executed in O(D - len(pd))
time as a whole. Consequently, we have the following lemma.

Lemma 8: Chasesg,(C, pd) can be computed in O(D - (len(pd) + 1)) time.
a

Since it follows from Lemma 6 that pd € PathDescs(C) if and only if
Cl(vi—1)NDom(P;) # () for 1 < i < n, it can be decided in O(|| Chasesg, (C, pd)||)
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time whether or not pd € PathDescs(C). Hence Theorem 4(a) follows from
Lemma 8.

The following lemma implies that it can be decided in O(|| Chasesgq (C, pd) ||+
||IXFunc||) time whether or not pd € PathFuncs(C). Note that ||[Xrunc| < D.
Hence Theorem 4(b) follows from Lemma 8.

Lemma 9: pd € PathFuncs(C) if and only if pd € PathDescs(C') and FUNC(F;) €
ZFUNC for 1 < ) <n.

Proof. If part. Assume that (1) pd € PathDescs(C') and (2) FUNC(P;) € Xrunc
for 1 < i < n. Let G(V,A) be an interpretation satisfying 3. Let u be a
vertex in V' such that C' € Cl(u). In order to prove that pd € PathFuncs(C),
it suffices to show that there is a unique path in G(V, A) from u described by
pd. Since ¥ = ¥ U{FUNC(P;) | 1 <1i < n} by assumption 2, G(V, A) satisfies
Y U{FUNC(F;) | 1 <i < n}. Hence assumption 1 implies that there must be
a path in G(V, A) from u described by pd. (Strictly, G(V, A) should satisfy
not ¥ U {FUNC(P;) | 1 < i < n} but ¥ U Spync according to the definition of
PathDescs(C). Each FUNC constraint not in {FUNC(P;) | 1 < i < n}, however,
is independent of the path described by pd.) Furthermore, assumption 2
implies that such a path must be unique.

Only if part. Assume that pd € PathFuncs(C'). Then it holds that pd €
PathDescs(C), since PathFuncs(C) C PathDescs(C') by definition. We next
prove that FUNC(P;) € Ypync for 1 <i < n.

Assume contrary that FUNC(P;) ¢ Xpuync for some i. Let G(V,A) be

P .
the augmented graph of the pd, ;-List vg LN V1 L T il v;_1 with re-

spect to S. It suffices to prove that G(V,A) is an example showing that
pd & PathFuncs(C). It suffices to show that (1) G(V, A) is an interpretation
satisfying ¥ and (2) there is no path in G(V, A) from vy described by pd. Note
that C' € Cl(vp).

Since pd € PathDescs(C), Chasesg(C, pd) satisfies a property value
integrity condition by Lemma 6. Thus so does the pd;_;-List. Furthermore,
the pd;_,-List satisfies ¥g¢ by Lemma 4(a). Hence G(V, A) is an interpretation
satisfying ¥ (C ¥ U Spyng) by Lemma 2.

By Step 3 of Procedure 1, if there is an arc v;—; Loue A, then
FUNC(P) € Ypync. Since FUNC(FP;) ¢ Ypync, there is no arc v;_; B e A
Thus there is no path in G(V, A) from vy described by pd;_; o P;. Since
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pd;_; o P; is a prefix of pd, there is no path in G(V, A) from vy described by
pd, either. This completes the only if part proof. O

Finally, let us consider Theorem 4(c). We must show that it can be
decided in O(D - (len(pd) + 1)) time whether or not ¥ | C(pd : C'). By
Theorem 2, if pd € PathDescs(C), then X = C(pd : C') if and only if C’ €
Cl(vy,). Hence by Lemma 8, it can be decided in O(D - (len(pd) + 1)) time.
Theorem 2, however, does not apply to the case that pd ¢ PathDescs(C). In
general, by Theorem 3, ¥ = C(pd : C") if and only if C(pd : C”) satisfies either
Condition A or B. In the following, let us consider how to decide whether or
not C(pd : C") satisfies either Condition A or B.

Since C'(pd : C') satisfies Condition A if and only if C’ € Cl(v,) by
Lemma 5, Condition A can be tested in O(|| Chasesg,(C, pd)||) time, and hence
in O(D - (len(pd) + 1)) time by Lemma 8.

It remains to show that Condition B can be tested in O(D - (len(pd) +1))
time. A naive method for Condition B is to test whether or not ¥ ;a2
Ci(P;.Piyqy. -+ .P, : C") for every i and every C; € Dom(F;). It, however,
takes exponential time in the worst case. There is a tricky way for testing
Condition B.

For 0 <i <n—1, let us define

CL; ={C; € Classes(S) | ¥ Fiarasy Ci(Pig1.Piga. -+ Py : O}

Then C(pd : C") satisfies Condition B if and only if Dom(P;+1) C CL; for
some . We consider how to compute CLy,CL1,---,CL,_1. Note the analogy
between Cl(v;) and CL;, where

Cl(vi) = {C; € Classes(S) | X Fiara0y C(P1.Pa. -+ P Cy)}.

Hence CL; can be obtained by executing Procedure 2 in the reverse direction
as follows:

Procedure 4: (Computing CLy,CL1, -,CLy—1.)
input: a database schema (S, X), a class C' € Classes(S), and a path descrip-
tion pd (: Pl.PQ. s Pn)

1. Construct a pd-List ug 2wy 2 o0 Py, such that Cl(u,) = {C"}

and Cl(u;) =0 for0<i<n-—1.8

8Note that Cl(vg) = {C'} and Cl(v,) = 0 in Procedure 2.
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2. Apply the following rule to the pd-List exhaustively:

Reverse-SC-rule: For an SC C,(pd" : Cp) € Ygc, if there are two
vertices w;,u; such that C, € Cl(u;), Cp € Cl(u;), and pd" =
P,11.Po. - -+ .P;, then add C, to Cl(u;).

3. Let CL; — Cl(u;) for 0 <i<n—1. O

Example 11: For the database schema (S,Y) in Example 5, let us decide
whether or not ¥ = a3(B.A.C : c2). Chasesg,(az,B.A.C) is given in Figure 7.
Since ¢y ¢ Cl(v3), Condition A does not hold for as(B.A.C : c2). By Example 9,
B.A.C ¢ PathDescs(az). Thus it must be decided whether or not Condition B
holds for as(B.A.C : c3). For SC ag(B.A.C : c2), let us compute CLy,CL1,CLa
by Procedure 4.

In Step 1, a ‘B.A.C’-List ug B, up A, U9 L, ug is constructed, where
Cl(uz) = {co} and Cl(u;) =0 for 0 <i < 2.

For SC e(C: c3) in Xg¢, since co € Cl(uz) and e ¢ Cl(ug), class e is
added to Cl(ug) by applying the Reverse-SC-rule for e(C : c3). By applying
the Reverse-SC-rule for ¢ (Id : c9) in Xgg, class ¢ is added to Cl(us), since
cg € Cl(us) and c; & Cl(usz). By applying the Reverse-SC-rule for a; (C : c3)
in Xgc, class aj is added to Cl(uz), since co € Cl(uz) and a; & Cl(ugz). After
that, no Reverse-SC-rule can be applied to the ‘B.A.C’-List any more. Thus
we obtain the ‘B.A.C’-List given in Figure 8; that is, CLy = Cl(ug) = 0,
CLy = Cl(uy) =0, and CLs = Cl(ug) = {a1, e}.

U up Y2 us
Figure 8: Computing CLy,CL1,CLs by Procedure 4.

Note that Dom(C) = {a;,e} C CLy; that is, Condition B holds for SC
as(B.A.C : c2). Thus ¥ |= ag(B.A.C : cg) by Theorem 3. In fact, it was shown
in Example 7 that as (B.A.C : c9) is derived from ¥ by axiom A3. O

The correctness of Procedure 4 can be proved along the same line as
proving Lemma 5. Furthermore, it can also be proved along the same line as

“Note that C, € Cl(v;) and Cy, ¢ Cl(v;) in SC-Rule of Procedure 2.
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proving Lemma 8 that Procedure 4 can be executed in O(D - (len(pd) + 1))
time. Thus it can be decided in that time whether or not Dom(P;11) C CL;
for some i. Hence Condition B can also be tested in that time. Consequently,
Theorem 4(c) follows. By the discussions above, we have the following proce-
dure that returns YES if and only if ¥ = C(pd : C").

Procedure 5: (Deciding whether or not ¥ = C(pd : C").)
input: a database schema (S,Y) and an SC C(pd : C").

1. Execute Procedure 3 to get Cl(vy,).
2. if ' € Cl(v,) then return YES
else begin

3. Execute Procedure 4 to get CLy,CL1, -, CLp_1.
4. if Dom(P;;+1) C CL; for some i then return YES else return NO.

end. O

By Theorems 2 and 3, if C' € Cl(v,), then ¥ = C(pd : C’), no matter
whether or not pd € PathDescs(C'). The test is done in Step 2. If C’ & Cl(vy,),
that is, C(pd : C") does not satisfy Condition A, then it is tested in Step 4
whether or not C(pd : C') satisfies Condition B.

3. The Most Specialized Class Rule (MSC)

Most object-oriented data models and many semantic data models impose an
additional condition on a database that requires each object to be created with
respect to one particular class. For example, in the case of the UNIVERSITY
database schema in Figure 1, this would preclude the possibility of there ex-
isting an object in both the student and prof classes. As one might expect,
limiting our notion of an interpretation in an analogous fashion will affect
the various membership problems. In this section, we begin to explore these
problems when imposing such a condition on interpretations. The condition,
called the most specialized class rule, is formally defined as follows.

The most specialized class rule: Let G(V, A) be an interpretation for S. For
a vertex v € V, if there is a class C; € Cl(v) such that ¥ = C1(Id : Cy) for
every Cy € Cl(v), then the class C is called the most specialized class (MSC)
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of v, denoted Msc(v). G(V, A) satisfies the most specialized class rule (MSC)
with respect to X if and only if for every v € V, whenever Cl(v) # (), then
there exists Msc(v). O

For example, the interpretation in Figure 3 for the ALGEBRA schema satisfies
MSC with respect to the set of constraints in Table 1.

A constraint ¢ is a logical consequence of ¥ satisfying MSC, written
Y Fusc o, if any interpretation satisfying MSC as well as ¥ must satisfy o.
We also write PathDescsysc(C) and PathFuncsyse(C) to denote the sets of
well-formed path descriptions and path functions for a class C'| respectively,
in which only interpretations satisfying MSC are considered. Since every in-
terpretation satisfying MSC is also a usual interpretation, it holds that:

Y |= o implies ¥ =ysc 0 (3.1)
PathDescs(C) C PathDescsysc(C) (3.2)
PathFuncs(C) C PathFuncsygsc(C) (3.3)

In the remainder of this section, we make an additional assumption about
a database schema (S, ), beyond the above requirement that interpretations
satisfy MSC; we shall assume S contains a unique bottom class, written 1,
satisfying

Y | L(Id: C) for every C € Classes(S). (3.4)

This implies, for example, that | qualifies as the most specialized class in
Classes(S).

Our assumption concerning | is really our means of avoiding issues relat-
ing to schema evaluation, which are beyond the scope this paper. For example,
consider the database schema illustrated in Figure 9. Note that an object u
in class a must have an A property value to some object v in class b. A rea-
sonable grounds for schema well-formedness might be to require that v may
also be in class c, since c is a subclass of class b. However, this is not possible
if classes d and e do not have a common subclass—if there is no bottom class
1, for example. Our assumption about the existence of L is a sufficient (but
not necessary) condition for avoiding this sort of problem. In particular, it is
relatively straightforward to derive the following version of Theorem 1 with
regard to finite implication.

Theorem 5: The following three statements are equivalent.
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( A.B
a{A} A b
c{B} B d e

Figure 9: The need for L.

1. ¥ Puse C(pd : C").
2. X e Cpd = C7).
3. There is a pd-List satisfying MSC as well as PDLs 1 to 3.

Proof. By definition, (2) implies (1). It can be proved along the same line as
proving Lemma 1 that (1) implies (3). We prove that (3) implies (2).

Assume that there is a pd-List vg A, vy RN LR vy, satisfying MSC as
well as PDLs 1 to 3, where pd = P1.Ps. - -+ .P,. Let G(V, A) be the augmented
graph of the pd-List with respect to S. Note that G(V, A) is constructed
from the pd-List by adding one vertex u and a number of arcs. Since | €
Classes(S) = Cl(u) by definition, it follows from 3.4 that Msc(u) = L, and
thus G(V, A) satisfies MSC. Furthermore, it can be proved along the same line
as proving Lemma 2 that G(V, A) is a finite interpretation satisfying > U Srync
but violating C(pd : C"). Hence X Pt C'(pd : C'). That is, (3) implies (2).
O

Example 12: Let (S, X) be a database schema illustrated in Figure 10, where
Dom(A) = {a1}, Dom(B) = {az}, Dom(C) = {ba}, Dom(D) = {b3}.
Assume that Ypyye = 0. Then it holds that ¥ ~ysc a1 (A.B.C: c1). In fact,
for the SC a1 (A.B.C: c1), thereis an ‘A.B.C’-List vy A, V1 B, Vo <, v3 sat-
isfying MSC as well as PDLs 1 to 3, as is given in Figure 11. Here, each vertex
v; is labeled Msc(v;) instead of Cl(v;) in order to clarify that the ‘A.B.C’-List
satisfies MSC. Since Cl(v;) = {C € Classes(S) | £ = Msc(v;)(Id : C)} by
definition, Cl(v;) can be computed from Msc(v;). It holds that Cl(vy) = {a1},
Cl(vl) = {al, ag,ag}, Ol(UQ) = {bl,bz,b4}, and Cl(vg) = {CQ}.

The augmented graph G(V, A) of the ‘A.B.C’-List with respect to S is
given in Figure 12. Note that G(V, A) is a finite interpretation satisfying MSC
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n as by bQ{C}

Figure 10: A database schema (S, X).

O OnnOnn®

Figure 11: An ‘A.B.C’-List satisfying MSC.

as well as PDLs 1 to 3. Thus it holds that ¥ F£fnte a; (A.B.C: c1). O

MSC

3.1 NP-completeness results

In this section, we will prove the following theorem.
Theorem 6: The following three decision problems are NP-complete.

a. ¥ Fuse C(pd = C') 7 (It is still NP-complete, even if C(pd : C) is
well-formed with respect to (S, X).)

b. pd & PathDescsysc(C) ?

c. pd € PathFuncsysc(C) ? O

Theorem 6(a) implies that axioms Al to A3 are no longer complete for
deciding ¥ Eyse C(pd : C'), though the axioms are still sound. Theorem 6(a)
follows from the following two lemmas.
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Figure 12: The augmented graph of the ‘A.B.C’-List in Figure 11.

Lemma 10: It is in NP to decide whether or not ¥ yse C(pd : C').

Proof. By Theorem 5, ¥ Fyse C(pd : C') if and only if there is a pd-List
satisfying MSC as well as PDLs 1 to 3. Since the size of a pd-List is at most
D -len(pd), where D is the size of (S, ), such a pd-List can be guessed in NP
time. After that, it can be tested in (deterministic) polynomial time whether
or not the pd-List satisfies MSC and PDLs 1 to 3. Hence Lemma 10 holds. O

Lemma 11: It is NP-hard to decide whether or not ¥ F~ysc C(pd : C'), even
if C(pd : C") is well-formed with respect to (S, ).

Proof. As an NP-complete problem, which will be transformed to the present
problem, we consider the dual problem of 3-Satisfiability problem (3SAT). The
problem is defined as follows:

A Boolean expression E is in 3DNF if it is in disjunctive normal form such
that each term consists of exactly three literals. The problem is: “Is a 3SDNF
Boolean expression E mot a tautology; that is, is there a truth assignment
that makes F false?” Since 3SAT is NP-complete, so is this problem.

Let E =t ViaV---Vi, be a 3DNF Boolean expression over a set of
variables {x1,x9, -+, z,}. For 1 < j < m, let us denote the three literals
in t; by l;,1l;,,l;,. That is, t; is of the form [;,1;,l;,. We must construct,
in polynomial time with respect to E, a database schema (S,%) and an SC
C(pd : C"), which is well-formed with respect to (S,X), such that ¥ pysc
C(pd : C") if and only if E is not a tautology.

1. The definition of S: S contains the following 4n + 8m + 2 class names:

Ca Z7 {A’LaB’uX’Lvyl ‘ 1 S ] S n}7 and
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{Cj,Tj,L' M]k\lgjgmandlgkg?)}

Jk>

X; and X; correspond to x; and T;, respectively. L, corresponds to [, , where
1 < k < 3. The intention of X; and X is that z; is true and false, respectively.
The intention of M;,, Mj;,, and M, is that L; Lj,, Lj,L;,, and L;, L;, are true,
respectively. The intention of 77 is that ¢; is true.

S contains the following n + m + 1 properties:
R AP, |1<i<n} and {Q;|1<j<m}

The domain of each property is defined as follows:

Dom(R) ={Z}
Dom(P) ={C} and Dom(P;)) ={A;-1,Bi-1} for2<i<n
Dom(@Q1) ={ A, B,} and Dom(Q;) ={Cj-1} for2<j<m

2. The definition of C(pd : C'): Let C' =T, and assume pd has the form

Pi.Py. - Py.Q1.Qa. - .Qum.

3. The definition of ¥: Let Ygyyc = {FUNC(P) | P is a property in S}; that
is, ¥ contains FUNC(P) for every property P in S. Yg¢ consists of 4n + 12m
SCs of the form C,(Id: Cy) and other 2n+5m+1 SCs. Only 3m SCs depend
on the content of E. All other SCs are defined independently of the content
of E; that is, these depend only on the number of variables and the number
of terms in £. The former is a varying part and the latter is a fized part.

3.1. The fixed part: Intuitively, the fixed part consists of n truth-setting
components, and m satisfaction testing components, and additional 2n+2m+1
SCs for communicating between the various components.

(a) Truth-setting components: For each variable x;, 1 < i < n, there is a
truth-setting component that consists of the following four SCs:

{Xi(]:d : Ai),XZ'(Id : Bi),yi(ld : Ai),yi(ld : Bz)}

Note that every SC has Id as its path description. A truth-setting component
is illustrated in Figure 13.

(b) Satisfaction testing components: For each term t;, 1 < j < m, there
is a satisfaction testing component that consists of the following twelve SCs:

{L;,(1d: C;), M;,(1d: Lj,), M, (Id : L;

Jk+1

), Tj(Td: Mj,) [ 1 < k <3}



On Specialization Constraints over Complex Objects 39

Ai{Piy1} Bi{Piy1}

>

X; X

Figure 13: A truth-setting component.

Ci{Qj41}
Ly Lin Lis
M;, M M;s
T,

Figure 14: A satisfaction testing component.

where if K = 3 then let k + 1 = 1 for convenience. Note that every SC has
14 as its path description. A satisfaction testing component is illustrated in
Figure 14.

(c) The other SCs: The fixed part contains additional 2n 4+ 2m + 1 SCs
as follows:

Th(R:Z)
{C(P1:A1),C(Py:By)} and {Ai1(Pi:Ai),Bi—1(P:B;)|2<i<n}
{An(Qr: C1), Bn(Q1:C1)} and {Cj1(Q; : C5), Tj—1(Q; : Tj) [ 2 < j < m}

This completes constructing the fixed part. Its whole construction is illus-
trated in Figure 15. Class Z, property R, and SC T},(R : Z) are not used in
this proof, but will be used for proving Theorems 6(b) and (c), later.

3.2. The varying part: This consists of 3m SCs, each of which corresponds
to a literal occurring in E. (Hence this part depends on the content of E.)
For 1 < j<mand1l <k <3,if [, is a positive (or negative) literal of a
variable z;, then the varying part contains an SC X;(pd;; : Lj,) (or an SC
Xi(pd,; : Ly,)), where
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P P Py Py Py Py P, P, Q1 Q1

Qun QT Q> T

To{R} f=— 10—

Figure 15: The fixed part of Xgc.

pdi; = Piy1.Pigo. - .Pp.Q1.Q2. -+ -Qj-lo

An example of the varying part will be illustrated in Figure 16 of Example 13,
later.

This completes constructing (S, ¥) and C(pd : C') from E. It is not hard
to see that (S,%) and C(pd : C”) can be constructed from E in polynomial
time. Strictly, (S, %) should contain the bottom class L and its related SCs.
The bottom class, however, is unimportant for this proof, and is not described
explicitly. It remains to prove that (1) C(pd : C") is well-formed with respect
to (S, %) and (2) ¥ Fuse C(pd : C') if and only if E is not a tautology.

Let us first prove that C'(pd : C") is well formed with respect to (S, X);
that is, pd € PathDescsyusc(C). By 3.2, it suffices to show that pd € PathDescs(C').
Let Chasesg(C, pd) be

Py Py P, Ql QQ Qm
W — W1 — -+ 5 Wy == Wyl —— -~ W,

'91f i = n, then let pd;; = Q1.Qa. -+ .Q;.
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Since ¥gc contains C'(Py : Ay), A;—1(FP; : A;) for 2 <i < n, A,(Q1 : C1), and
Cij—1(Qj : Cj) for 2 < j < 'm, it holds that:

ESC |—A2 C(Pl.PQ. cee PZ : Az) for 1 S 7 S n (35)

ESC I—AQ C(P1P2 s PanQQ s 'Qj : Cj) for 1 < j <m (36)
Thus it follows from Lemma 5 that A; € Cl(w;) and C; € Cl(wy+;). Since (1)
C € Dom(Py), (2) Ai—1 € Dom(P;) for 2 <i <mn, (3) A, € Dom(Q1), and (4)
Cj—1 € Dom(Q;) for 2 < j < m, it holds that Cl(w;—1) N Dom(FP;) # 0 for 1 <
i <nand Cl(wp4j-1)NDom(Q; ) # O for 1 < j < m. That is, Chasesg,(C, pd)
satisfies a property value integrity condition. Hence pd € PathDescs(C) by
Lemma 6. This completes proving that C(pd : C”) is well-formed with respect
to (5,3). In the following we will prove that ¥ ~ysec C(pd : C') if and only if
F is not a tautology.

Only if part. Assume that 3 £ysc C(pd : C'). By Theorem 5, there is a
pd-List
P Py Q1 Q2 %

Py
Vg —> V] —>  ——> Uy —> U — - Um

satisfying MSC and PDLs 1 to 3. We first prove the following three claims.
Claim 1: Cl(v;) contains either X; or X; for 1 <i < n.
Claim 2: {L;,,Lj,,L;,} € Cl(u;) for 1 <j < m.

Claim 3: If either (1) X; € Cl(v;) and [, is a positive literal of z; or (2)
X € Cl(v;) and 1, is a negative literal of x;, then Lj, € Cl(u;), where
1<i<n,1<j<m,and 1 <k <3.

Proof of Claim 1: Since Xg¢ = C(P1.Ps. --+ .P; : A;) by 3.5 and Lemma 3,
it follows from 3.1 that Xs¢ Fusc C(P1.Pa. -+ .P; @ A;), where 1 < i < n.
Furthermore, since (1) C' € Cl(vg) by PDL 3 and (2) the pd-List satisfies Xg¢
by PDL 2, Cl(v;) should contain A;. Similarly, Cl(v;) should also contain B;
by the symmetry between A; and B;. That is, {A;, B;} C Cl(v;) for 1 <i < n.
Since the pd-List satisfies MSC, Msc(v;) exists for v;. From Figure 13, we can
see that Cl(v;) should contain either X; or X;.' Hence Claim 1 follows.

Proof of Claim 2: Assume that {L;,, Lj,, Lj;} C Cl(u;) for some j. From
Figure 14, we can see that Cl(u;) should contain T} in order that Msc(u;) ex-
ists for u;. Since Yg¢ contains Tj_1(Q : Tj) for 2 < [ < m, it holds that
Ysc Fuse T5(Qj+1.Qj42. -+ .Qm : Try). Furthermore, since the pd-List satis-
fies ¥g¢c by PDL 2, T € Cl(u;) implies T}y, € Cl(up,). On the other hand, since

" Cl(v;) may contain both of them. Then Msc(v;) is the bottom class L.
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the pd-List satisfies PDL 3, it holds that T;,, = C" &€ Cl(uy,). Contradiction.
Hence {L;,, Lj,, Lj,} € Cl(u;) for any j. That is, Claim 2 follows.

Proof of Claim 8: Assume that [;, is a positive literal of x;. Since (1)
Ysc contains X;(pd;; : Lj,) by definition and (2) the pd-List satisfies ¥sc by
PDL 2, X; € Cl(v;) implies Lj, € Cl(u;). Similarly, if [;, is a negative literal
of x;, then X; € Cl(v;) implies L;, € Cl(u;). Hence Claim 3 follows.

Let us define a truth assignment 7 : {x1, 29, -, z,} — {T(rue), F(alse)}
such that if X; € Cl(v;), then 7(z;) = T'; otherwise 7(z;) = F. We prove that
7 makes F false; that is, F is not a tautology. It suffices to prove that 7 makes
tj false for 1 < j < m.

By Claim 2, there is a class Lj, that is not in Cl(w;), where 1 < k < 3.
There are two cases to be considered.

Assume that [, is a positive literal of a variable ;. Then Lj, & Cl(w;)
implies X; ¢ Cl(v;) by Claim 3. Thus 7(z;) = F by definition. Hence 7 makes
t; false.

Assume that [;, is a negative literal of z;. Then L;, ¢ Cl(w;) implies
X; ¢ Cl(v;) by Claim 3. Furthermore, X; ¢ Cl(v;) implies X; € Cl(v;) by
Claim 1. Thus 7(z;) = T by definition. Hence 7 also makes ¢; false in this
case. Consequently, if ¥ Fysc C(pd : C'), then E is not a tautology.

If part. Assume that E is not a tautology. There is a truth assignment
T {1, 22, -, xn} — {T, F} that makes E false. Let us define a pd-List

P P, Q1 Q2 Qm,

Py
Vo = VL e o Uy — UL~ = Uy,

which satisfies MSC (by showing Msc(v;) and Msc(uj) for all 4 and j), as
follows:

1. Cl(vg) ={C } and Msc(vg) = C.

2.1. If 7(z;) = T, then Cl(v;) = {A;, Bi, X;} and Msc(v;) = X;, where
1< <n.

2.2. If 7(z;) = F, then Cl(v;) = {A;, B;, X;} and Msc(v;) = X;.

3.1. If 7 makes all the three literals in ¢; false, then Cl(u;) = {C;} and
Msc(uj) = Cj, where 1 < j < m.

3.2. If 7 makes just one literal [, true, then Cl(u;) = {Cj, L;,} and
Msc(uj) = Lj,, where 1 <k < 3.

3.3. If 7 makes two literals [; and I, , true, then Cl(u;) must be
{Cj, L., Lj, .., Mj,} and Msc(u;) = M;, .2

ket

12Gince T makes F false, 7 does not make all the three literals true.
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By Theorem 5, in order to prove that ¥ feysc C(pd @ C'), it suffices to
show that the pd-List satisfies PDLs 1 to 3 (as well as MSC).

By considering the domain of each property, we can see that C' € Cl(vg)N
Dom(Py), Ai—1 € Cl(vi—1) N Dom(P;) for 2 <i <mn, A, € Cl(v,) N Dom(Q1),
and Cj_1 € Cl(uj—1) N Dom(Q;) for 2 < j < m. Hence the pd-List satisfies
PDL 1.

It is easy to see that the pd-List satisfies all the SCs in the fixed part.
By 2.1 and 2.2 above, X; € Cl(v;) if and only if 7(z;) = T, and X; € Cl(v;)
if and only if 7(x;) = F. Furthermore, by 3.1 to 3.3, L;, € Cl(u;) if and only
if 7 makes [;, true. Thus the pd-List also satisfies all the SCs in the varying
part. That is, the pd-List satisfies PDL 2.

Since C' € Cl(vg) and C" = T,,, & Cl(uyy,), the pd-List satisfies PDL 3.

This completes proving that ¥ [Eysc C(pd : C”) if and only if E is not a
tautology. As a result, Lemma 11 holds. O

Example 13: Let F = x1T2x3 V T1 T2 x3 be a 3DNF Boolean expression.
Then the SC C(pd : C’) has the form C(P;.P2.P5.Q1.Q2 : T»). Furthermore,
the varying part of Xgc¢ consists of the following six SCs, as illustrated in
Figure 16:

X1(Po.P5.Q1 : L11), Xo(P3.Q1 : L12), X3(Q1 : L13),

X1(P.P3.Q1.Q2 : La1), X2(P3.Q1.Q2 : La2), X3(Q1.Q2 : La3)
It is easy to construct the whole database schema (S, X) from E. O

Q1

E

4 Py.P3.Q1 w
w

X3 Lii| |Li2| |L13 Loy

)
o

Loy

X2 L23
Py.P3.Q1.Q2 ) J
\ Py.Q1.Qs

K Q1.Q2

Figure 16: The varying part of Xgc.
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This completes proving Theorem 6(a). Let us next prove Theorem 6(b);
that is, it is NP-complete to decide whether or not pd ¢ PathDescsysc(C).
The following lemma will be used for proving that the problem is in NP.

Lemma 12: Let pd = P;.P,. --- .P,. Then pd ¢ PathDescsysc(C) if and

only if there is a pd;-List vy A, V1 i RN R v; satisfying the following six

conditions: (1) i < n, (2) C € Cl(vy), (3) Cl(v;) N Dom(P;41) = 0, (4) MSC,
(5) PDL 1, and (6) PDL 2.

Proof. If part. Assume that there is a pd;-List vg RN V1 R i N v;
satisfying the six conditions above. Let G(V, A) be the augmented graph
of the pd;-List with respect to S. As is proving Theorem 5, G(V, A) is an
interpretation satisfying MSC as well as XU Sryne. By Step 3 of Procedure 1, if
there is an arc v; —— u € A, then Cl(v;)NDom(P) # (. Thus by condition (3),
there is no arc v; P+l 4 € A. Hence there is no path in G(V, A) from vg
described by pd; o P;y;. Since pd; o P41 is a prefix of pd, there is no path in
G(V, A) from vy described by pd, either. As a result, pd ¢ PathDescsysc(C).

Only if part. Assume that pd € PathDescsysc(C). Let i be the largest
index such that pd; € PathDescsysc(C). Then pd;, | ¢ PathDescsysc(C). By
definition, there is an interpretation G(V, A) satisfying MSC and ¥ U Srync
such that for a vertex ug € V with C € Cl(ug), there is no path in G(V, A)
from wg described by pd,; ;. Since pd; € PathDescsusc(C), however, there
must be a path in G(V, A) from ug described by pd;. Let us denote the path
by ug iul B, . iul Let vy ivl B, ivi be a pd;-List such
that Cl(v;) = Cl(u;) for 0 < j < n. We will prove that the pd;-List satisfies
all the six conditions.

Clearly, the pd;-List satisfies conditions (1), (2), and (4). As is prov-
ing Lemma 1, the pd;-List satisfies PDLs 1 and 2, that is, conditions (5)
and (6). If the pd;-List does not satisfy condition (3), then it holds that
Cl(u;) N Dom(P;41) # 0, since Cl(v;) = Cl(u;). Since FUNC(P;11) € Srunc,
this implies that there must be an arc u; Pitd w e A. Hence G (V, A) contains
a path from ug to w described by pd,,;, since G(V, A) contains a path from
up to u; described by pd; and pd;,; = pd; o P;y1. Contradiction. Thus the
pd;-List must satisfy condition (3). This completes proving the only if part.
d
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Example 14: For the database schema (S, 3) in Example 12, let us show that
A.B.D ¢ PathDescsysc(a1) by Lemma 12. Consider the ‘A.B’-List in Figure 17,
where each vertex is labeled its MSC. It is easy to verify that the ‘A.B’-List
satisfies all the conditions of Lemma 12. For example, it satisfies condition (3),
since Cl(v2) N Dom(D) = {c1,ca2,ca} N{c3} = 0. On the other hand, it holds
that A.B.C € PathDescsysc(a1), since there is no list satisfying the conditions
of Lemma 12. O

Vo U1 V2

Figure 17: An ‘A.B’-List showing A.B.D & PathDescsysc(a1)-

Proof of Theorem 6(b):

We first prove that it is in NP to decide whether or not pd ¢ PathDescsysc(C).
By Lemma 12, pd ¢ PathDescsysc(C) if and only if there is a pd;-List sat-
isfying the six conditions of Lemma 12. Since the size of the pd;-List is at
most D - len(pd), where D is the size of (S, X), the pd;-List can be guessed in
NP time. After that, it can be tested in polynomial time whether or not the

pd;-List satisfies all the six conditions. Hence the problem is in NP.
We now prove that it is NP-hard to decide if pd ¢ PathDescsygsc(C).
Consider the database schema (S, %) in Lemma 11. We will prove that

Y Euse C(pd : C")  if and only if pd o R € PathDescsysc(C).

Since ¥ Fyse C(pd : C7) if and only if E is not a tautology, this implies that
pd o R ¢ PathDescsysc(C) if and only if E is not a tautology. Hence it is
NP-hard to decide whether or not pd o R ¢ PathDescsysc(C).

If part. Assume that pd o R € PathDescsysc(C). Let G(V,A) be an
interpretation satisfying MSC and . Assume that there is a path in G(V, A)
from a vertex u to a vertex v described by pd, where C' € Cl(u). In order to
prove that 3 Eysc C(pd : C'), it suffices to show that C' =T, € Cl(v).

Since FUNC(P) € ¥ for every property P in S by definition, it holds that
Y = ¥ USpunc. Thus G(V, A) satisfies XU Spync as well as MSC. Furthermore,
since pd o R € PathDescsysc(C), there must be a path from u to a vertex w
described by pd o R. Because of property functionality, the path from u to w
is unique. Hence the path from u to v should be on the path from u to w; that
is, there is an arc v B, we A. Since G(V, A) is an interpretation, it satisfies
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a property value integrity condition. Thus it holds that Ci(v) N Dom(R) #
(. Since Dom(R) = {T,, } by definition, it holds that T}, € Cl(v). Hence
Y Euse C(pd = C7).

Only if part. Assume that ¥ Eyge C(pd : C7). Let G(V, A) be an inter-
pretation satisfying MSC and XU Spyyc. Let u € V', where C' € Cl(u). In order
to prove that pdo R € PathDescsysc(C), it suffices to show that there is a path
in G(V, A) from u described by pd o R. Since C(pd : C”) is well-formed with
respect to (S,X), that is, pd € PathDescsysc(C), there is a path in G(V, A)
from u to a vertex v described by pd. Since ¥ Eyse C(pd : C7), C € Cl(u)
implies C' = T,,, € Cl(v). Since T),, € Dom(R) by definition, it holds that
Cl(v) N Dom(R) # (). Furthermore, since G(V, A) satisfies FUNC(R) € Srunc,
there must be an arc v —— w € A. Thus G(V, A) contains a path from u to
w described by pd o R. Hence pd o R € PathDescsysc(C). This completes
proving Theorem 6(b). O

We finally prove Theorem 6(c); that is, it is NP-complete to decide
whether or not pd ¢ PathFuncsysc(C). It is easy to see that the proof of
Lemma 9 applies also to the case of MSC, and thus we have the following
corollary of Lemma 9.

Corollary 1: pd € PathFuncsysc(C) if and only if pd € PathDescsysc(C)
and FUNC(F;) € Xpuync for 1 <i <n, where pd = P,.P,. --- .P,. O

Proof of Theorem 6(c):

Since (1) it is in NP to decide whether or not pd ¢ PathDescsysc(C) by
Theorem 6(b) and (2) it can be decided in polynomial time whether or not
FUNC(P;) € Ypync for 1 < i <mn, it follows from Corollary 1 that it is in NP to
decide whether or not pd &€ PathFuncsysc(C).

Finally, we prove that it is NP-hard to decide if pd ¢ PathFuncsygsc(C).
Consider the database schema (S,%) in Lemma 11. Since FUNC(P) € ¥ for
every property P in S by definition, it follows from Corollary 1 that pd o R €
PathFuncsysc(C) if and only if pd o R € PathDescsysc(C). Since it is NP-
hard to decide whether or not pd o R & PathDescsysc(C), it is also NP-hard
to decide whether or not pd o R € PathFuncsysc(C). Hence Theorem 6(c)
holds. O
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3.2 The case of bounded path lengths
Let | = max {len(pd’) | Co(pd’ : Cy) € X}. If | = 0, that is, if every SC in
Ysc¢ has the form C,(Id : Cy), then the problems in this section will be trivial.
Thus consider the case that [ > 1. Let Classes(S) = {C1,Ca,---,Ck}.

In the following we will prove the following theorem. By the theorem, if
l is bounded, then the three decision problems of Theorem 6 can be solved in
polynomial time.

Theorem 7: The following decision problems are solved in O(K*! . D ..
(len(pd) + 1)) time, where D is the size of (S, X).

a. X Euse C(pd : C") 7

b. pd € PathDescsysc(C) ?

c. pd € PathFuncsysc(C) ? O

Proof of Theorem 7(a):
As before, let us denote pd by P;.Ps. -+ .P,. For 0 < i <n, let PDL; denote

the set of pd;-Lists vg iR V1 iR N v; satisfying the four conditions:
(1) MSC, (2) PDL 1, (3) PDL 2, and (4) C' € Cl(vp). Then by Theorem 5,

Y Fuse C(pd : C') if and only if there is a pd-Lists vy A, 1 i RO Up,

in PDL,, such that C' ¢ Cl(v,).'> Thus by computing PDL,, we can decide
whether or not ¥ Eyse C(pd : C7). It is important to note that a pd;-List
satisfying MSC can be represented by specifying Msc(v;) (instead of Cl(v;))
for each vertex v;, where 0 < j <4, since

Cl(vj) = {C" € Classes(S) | & | Msc(v;)(1d : C")}.14

Strictly, there may be a vertex v; such that Cl(v;) = 0. (Then Msc(vj)
is undefined.) In order to treat such a case uniformly, it is convenient to
introduce a special class Cp, and to consider Cl(v;) = 0 if Msc(v;) = Co. By
the observations above, the number of pd;-Lists in PDL; is at most (K +1)*!
since a pd;-List consists of ¢ + 1 vertices.

The following procedure computes PDL; by (1) generating all pd,-Lists
satisfying MSC and (2) checking PDL 1, PDL 2, and C' € Cl(vg) for each
generated pd;-List.

13Note that pd,, = pd by definition.
Y1f the pd-List does not satisfy MSC, then Cl(v;) may be an arbitrary subset of
Classes(S), so that the number of possible Cl(v;) becomes 2¥.
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Procedure 6: (Computing PDL;.)
input: a database schema (S5,), a class C' € Classes(S), and a path descrip-
tion pd; (: PPy - B)

1. Let PDL; « (.

2. for kg — 0 to K; for ki —0to K; ---; fork;—0to K
do begin
. Py P> P;

3. Construct a pd-List vg —> v; —> -+ —> v; such that Msc(v;) =
Ck;, that is, Cl(v;) = {C; € Classes(S) | ¥ = Cy,;(Id : Cj)} for
0<j<u

4. if the pd;-List vg LN v1 i RN R v; satisfies PDL 1, PDL 2, and
C € Cl(vp)

then add the pd;-List to PDL;.

end O

Example 15: Consider the database schema (S,Y) in Example 12. For a
class ag and a path description A.B, let us execute Procedure 6. Then PDLo
consists of the following twelve ‘A.B’-Lists, where each ‘A.B’-List vg A, V1 B,
vy is denoted by (Msc(vg), Msc(vy), Msc(v2)) for simplicity:
(ag, a3, bs), (as,as,bs), (as,as, L), (as, _L,b3), (as, J_,b4), (az, L, 1),
(L,as,b3), (L,as,bs), (L,asg, L), (L, L,b3), (L, L,by), (L, L, L)
Since by € Cl(vg) for every ‘A.B’-List in PDLs, it holds that ¥ FEygc ag(A.B :
bs). On the other hand, since by ¢ Cl(vs) for (as,as,bs) € PDLo, it holds
that X %MSC ag(A.B : b4). (]

Let us estimate the time complexity of Procedure 6. By the for loop of
Step 2, Steps 3 and 4 are executed exactly (K + 1)**! times, that is, O(K'*1)
times. Step 3 can be executed in O(D - (i 4+ 1)) time, since each Cl(v;) can
be computed in O(D) time as in estimating Step 2 of Procedure 3. Step 4
can be executed in O(D - (i + 1)) time, since the size of the pd;-List is at most
D - (i +1). Hence Procedure 6 can be executed in O(K*!- D - (i + 1)) time.

We now consider how to decide whether or not ¥ |=ysc C(pd : C'). There
are two cases to be considered: len(pd) <! and len(pd) > I.



On Specialization Constraints over Complex Objects 49

Case 1. Assume that len(pd) < I. PDL, can be computed in O(K len(rd)+1.
D - (len(pd) + 1)) time by Procedure 6. After that, it can be decided in
O(K'er(rd)+1 . D . (len(pd) + 1)) time whether or not there is a pd-Lists
g N v1 B, By vp in PDL, such that C' ¢ Cl(v,), since the size
of PDL, is O(K""rd+1 . D . (len(pd) + 1)). Thus it can be decided in
O(K'en(rd)+1 . D . (len(pd) + 1)) time whether or not ¥ f=yse Cpd : C7).
Hence Theorem 7(a) holds in this case.

Case 2. Assume that len(pd) > I. PDL, cannot be used, since its
size may exceed O(K'* - D -1 - (len(pd) + 1)). Note that in order to decide
whether or not ¥ yse C(pd : C'), we do not need PDL, but only the set
{vn | vo iR 1 - N N vn, € PDL,}. The following lemma will be useful

for computing the set.

P; .. . .
Lemma 13: A pd,,-List vg B, V1 e R Vit is in PDL;y; if and only if
Piti— ..
(1) the pd;;_;-List vg Py By TS Viy1—1 is in PDL;y; 1 and (2) the
P; P; P; .
P/L'+1.P/L'+2. s .H_H—List V; —+1> Vi+1 —+2> s —+l> Ui+l satisfies MSC, PDL 1,

and PDL 2, where 1 <i<n — 1.

Proof. The only if part is clear. Assume that (1) the pd;,; ;-List vg iR

Py .. .
1 i A i Viyi—1 is in PDL;y; 1 and (2) the Pjy1.Piya. -+ .Piy-List
i i P; .
v; By Vit1 Bz . Oy v satisfies MSC, PDL 1, and PDL 2. By the

definition of PDL;y, it suffices to show that the pd,;-List vg 1, U1 o,

B v;41 satisfies MSC, PDL 1, PDL 2, and C € Cl(v).
Clearly, the pd; ;-List satisfies MSC, PDL 1, and C' € Cl(vp). As for
PDL 2, assume that there is an SC C,(pd' : Cy) € Ygsc such that C, €
Cl(v;) and pd" = Pj41.Pjyo. -+ .Pjiy, for some j and m. It suffices to show

that C, € Cl(vj+m). Note that m < [ by the definition of . Hence the

. Pjiq Pjio Py . .
Pji1.Pjto. -+ .Pjpm-List v; =5 vj41 = -+ = vj4y, must be included in

either the pd; ; ;-List or the P;11.Pj19. --- .P;1;-List. Since both the pd;,; ;-
List and the Pjy1.Piyo. - Py -List satisfy Cy(pd’ : Cp) by PDL 2, C, €
Cl(v;) implies Cy € Cl(vj4;). This completes proving Lemma 13. O

For1l <i<n—I+1,let PDL§+Z_1 denote the set of Pj11.Pya. -+ .Piyy_1-

. Piyq Piy2 Py .. ; . .
Lists such that v; —= Vit+1 B e Vipi—1 is in PDL;,,; ; if and only if

. . P, P, Py . P
there is a pd;,; ;-List vg Loy =T8S Viti—1 in PDL;y;_q satisfying

the four conditions: MSC, PDL 1, PDL 2, and C € Cl(vp). Note that if | = 1,
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then PDL!,, ; is the set of vertices v; such that v; is in PDL!,; ; if and only

. . . P, P Py . C .
if there is a pd;,; ;-List vg S 25 B Viri—1 in PDL; ;4 satisfying

those four conditions. In order to decide whether or not ¥ Eysc C(pd : C'), it
suffices to 'compute PDLZ#“. Lemma 13 suggests that PDLéLl is computed
from PDL;,, ,, as follows:

Procedure 7: (Computing PDL:::ill from PDL§+171.)
input: a database schema (S, ¥), a path description pd (= P;.P. --- .P,), and
PDL}

i+l—1-

1. Let PDLIT} 0.
Py Pita Piyi— . i

2. for each v; —5 vjy —5 -+ 5 g in PDL; ;_,; fork«—0to K

do begin

3. Construct a Pfi+1.PfL’+2. s .PZ‘_H—LiSt
Pitq Pito Piyi—1 Pity
Vi == Vi1 — *+ —7 Uipl-1 — Ui

by adding a vertex v;1; such that Msc(v;1;) = Ck, that is, Cl(v;1;) =
{Ciy1 € Classes(S) | £ = Cr(Id: Ciyq)}-
4. if the P;11.P;ys. - -+ .P;1;-List satisfies PDLs 1 and 2

. P; P Py
then add the Pj9.Piy3. - .Pyy-List v 1 —5 vj1g —5 .. —5
Vst to PDLT].
end O

Example 16: In Example 15, let us compute PDL3 from PDL. Note that [ =
1 in the example. By executing Procedure 6 for class ag and path description A,
we obtain PDL; as follows: {(a3,as), (a3, L), (L,a3), (L, 1)}. Thus PDL} =
{(a3), (L)}, which is obtained from PDL; by removing vy for each ‘A’-List
Vo L v1 € PDIL;.

For (a3) € PDL1, the set of ‘B-Lists satisfying the if condition of Step 4
is {(as,bs), (as,bs), (a3, L)}, which are constructed in Step 3. Thus (bs),
(by), and (L) should be added to PDL3 in Step 4. Similarly, Steps 3 and 4
are executed for (1) € PDL1. Finally, we obtain PDL3 = {(b3), (bs), (L)}

For (b3) € PDL3, since by ¢ Cl(vy) = {by,ba, b3} where Msc(vz) = bg,
it holds that ¥ [~ysc az(A.B : by). On the other hand, since by € Cl(v2) for
every list in PDIL3, it holds that ¥ |=ysc a3(A.B : by). These facts was also
shown in Example 15. O
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We prove that PDL;L1 is correctly computed by Procedure 7. Let v; By
Vit1 By | P Viti—1 be in PDLéH_l. By definition, there is a pd;,; ;-
List vg A, U1 i N PiJr—l?l Viri—1 in PDL; ;4 satisfying the four conditions:
MSC, PDL 1, PDL 2, and C € Cl(vg). By the for loop on variable k in Step 2,
we check exhaustively whether or not the P;iq.FP49. - .Pjy-List v; Pi—H>

P; P; . .
Vigl —5 - - last v;1; satisfies PDLs 1 and 2 for all possible Msc(v;1;). Clearly,

the Pi41.Piqo. -+ .Pjyy-List satisfies MSC. Thus by Lemma 13, PDLELI can
be computed by Procedure 7.

Now consider the time complexity of Procedure 7. Since a Pj41.Pio -+ . Pjti—1-

List consists of [ vertices, the number of lists in PDL!,, ; is at most (K +
1)!. Thus by the for loop of Step 2, Steps 3 and 4 are executed at most
(K + 1)!*! times, that is, O(K'*!) times. Step 3 can be executed in O(D)
time, since Cl(v;4;) can be computed in O(D) time. Since the size of a
Pii1.Pyo. -+ .Piyy-List is O(D-1), it can be tested in O(D 1) time whether or
not the Pj11.P;40. - -+ .P;y-List constructed in Step 4 satisfies PDLs 1 and 2.
That is, one execution of Steps 3 and 4 can be done in O(D - [) time. Hence
Procedure 7 can be executed in O(K!*™! . D -1) time.

In order to decide whether or not 3 =ysc C'(pd : C), we want to compute
PDLZflJr1 by Procedure 7. Initially, we must compute PDLll. By Procedure 6,
PDI; can be computed in O(K*! . D 1) time. After that, PDL] can be

constructed by removing vertex vy and its incident arc wvg RN vy for each
pd;-List v 2y 22 .0 2Ly in PDI,. This can be done in O(K'*t.D.I)
time, since the size of PDL; is O(K*' - D -1). Thus PDL} can be computed
in O(K™*1. D 1) time.

By executing Procedure 7 for 2 < i < n—I+1, we can compute PDL"~+1,
It takes O(K'*!'- D -1-(n — 14 1)) time, since each execution of Procedure 7
takes O(K*! . D - 1) time. Hence PDL' ! can be computed in O(K*+! .
D -1-(len(pd) + 1)) time, where n = len(pd). Since the size of PDL?~!*!
is O(K'*'. D 1), it can be decided in O(K'! - D - 1) time whether or not

. . Pn_i42 Pp_iy3 P, .
there is a Pp_j49.Py_i43. -+ Pp-List vp_j11 =53 Up_jpg —5 oo Sy, in

PDL" 1 such that €' ¢ Cl(vy,).

Therefore, it can be decided in in O(K*1 - D -1 - (len(pd) + 1)) time
whether or not ¥ yse C(pd : C'). Consequently, Theorem 7(a) also holds in
the case that len(pd) > [. This completes proving Theorem 7(a). O

Proof of Theorem 7(b):
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Since Id is trivially in PathDescsysc(C'), assume that pd # Id. By Lemma 12,
pd ¢ PathDescsysc(C) if and only if there is a pd;-List satisfying the six
conditions of Lemma 12. We first show that given an integer ¢ with ¢ < len(pd),
it can be decided in O(K"*!- D (i+1)) time whether or not there is a pd;-List
satisfying the six conditions of Lemma 12 and j < .

Intuitively, this can be done by (1) generating all pd;-Lists satisfying MSC

P.
and (2) checking whether or not there is a pd;-List vo T N N vj

satisfying the six conditions of Lemma 12 for each generated pd;-List vg LN

V1 RN R v;. By slightly modifying Procedure 6, we can execute Step 1.

Consider Step 2. Let vg 2, V] — - A, v; be a pd;-List satisfying MSC.
We must check whether or not there is an index j such that the pd;-List

P, P, P; . . . .
vy — v — - —D v; satisfies the six conditions of Lemma 12. This can be

done by the following procedure.

Procedure 8: (Deciding whether or not there is an index j such that the

P.
pdj—List 0 h, U1 i R N v; satisfies the six conditions of Lemma 12.)

input: a class C' € Classes(S), a path description pd (= P;.Ps. --- P,), and a

pd;-List vy RN V1 RN R v; satisfying MSC.

1. for j < 0 to i do

2. if C € Cl(vp), Cl(v;) N Dom(Pj41) = B, and the pd,-List vy 5 v —%

P.
L v; satisfies Xg¢c then return YES. O

Example 17: Consider Example 14. Let us execute Procedure 8 for class
a1, path description A.B.C, and the ‘A.B’-List given in Figure 17. Then YES
should be returned when j = 2. In fact, the ‘A.B’-List satisfies all the condi-
tions of Lemma 12. O

We prove that Procedure 8 returns YES if and only if there is an index
J such that the pd;-List satisfies the six conditions of Lemma 12. Assume
that Procedure 8 returns YES when j = m. We must prove that the pd,,,-
List vg A, U1 i RN .Y v, satisfies the six conditions of Lemma 12. By
the if condition of Step 2, the pd,,-List satisfies conditions (2), (3), and (6)

of Lemma 12. Since the pd;-List satisfies MSC, so does the pd,,-List; that
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is, the pd,,-List satisfies condition (4). Since m < ¢ < len(pd), the pd,, -
List satisfies conditions (1). It remains to show that the pd,,-List satisfies
condition (5). Assume that the pd,,-List does not satisfy condition (5). Let
m’ be the smallest index such that the pd,,,-List satisfies condition (5). Then
m’ < m. Since the pd,,-List satisfies Xg¢ and C € Cl(vg), so does the pd,,, -
List. By the minimality of m/, it holds that Cl(v,, )N Dom (P, 11) = (. Thus
the if condition of Step 2 should hold when j = m/; that is, Procedure 8
should return YES when j = m’. Contradiction. Hence the pd,,-List satisfies
the six conditions of Lemma 12. Conversely, assume that there is an index m
such that the pd,,-List satisfies the six conditions of Lemma 12. It is easy to
see that Procedure 8 returns YES when j = m. This completes proving the
correctness of Procedure 8.

We now estimate the time complexity. By slightly modifying Procedure 6,
we can generate all pd;-Lists vy A, U1 i NN N v; satisfying MSC in
O(K*™1.D-(i+1)) time. After that, Procedure 8 is executed for each generated
pd;-List. Since the number of pd;-Lists is at most (K + 1)**!, Procedure 8 is
executed at most (K + 1)™*! times, that is, O(K'*!) times. Furthermore,
since the size of a pd;-List is O(D - (i + 1)), Procedure 8 can be executed in
O(D-(i+1)) time. Thus the total time for Procedure 8 is O(K**1- D (i+1)).
Consequently, it can be decided in O(K*™! - D - (i + 1)) time whether or not

there is a pd;-List satisfying the six conditions of Lemma 12 and j <.

Consider how to decide whether or not pd € PathDescsysc(C). By the
discussions above, it can be decided in O(K**®)+1. D . (len(pd) + 1)) time
whether or not there is a pd;-List satisfying the six conditions of Lemma 12
and j < len(pd). That is, it can be decided in O(K*"*D+1. D (len(pd) +1))
time whether or not pd € PathDescsysc(C). Hence if len(pd) < [, then
Theorem 7(b) holds.

Assume that len(pd) > . By the discussions above, it can be decided
in O(K'*!' . D -1) time whether or not there is a pd;-List satisfying the six
conditions of Lemma 12 and j < [. It remains to check whether or not there is
a pd;-List satisfying the six conditions of Lemma 12 for some j such that
I < j < n-—1 Note that PDL;,, | is the set of P;i1.Pit2. -+ .Piy1-

Pty Pit2 Piyi1 i

Lists such that v; — wviy1 — -+ —— w;4y—1 is in PDL;, ; if and
P; c e
only if there is a pd;,; ;-List vg iR V1 Ly vi+i—1 satisfying the

four conditions: MSC, PDL 1, PDL 2, and C' € Cl(vg). Thus there is a

pd;;_1-List satisfying the six conditions of Lemma 12 if and only if there is a

. Py Piyo Pit11 . i .
Pi+1.Pi+2. s .PZ'Jrl,l—LlSt (% Z—+> Vi+1 Z—+> v L Vitl—1 1IN PDL%-‘,—I—I satis-
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fying Cl(viyi—1)NDom(P;y;) = 0. That is, by using PDL! ;_; for 1 <i < n—I,
we can check whether or not there is a pd;-List satisfying the six condi-
tions of Lemma 12 for some j such that | < j < n — 1. Since the size of
PDL:,, 1 is O(K™1. D 1), it can be decided in O(K'*!- D - 1) time whether

. . Py Piya Py 1
or not there is a Piy1.Pjt9. -+ .Pyyj1-List v; sy Vit1 plkas-SUU G i Vigl—1

in PDL:,, ; satisfying Cl(vi4;—1) N Dom(Piy;) = 0. Thus we can check in
O(K'™1.D-l-(len(pd)+1)) time, provided that PDL!,; , is known for all i such
that 1 < i < n—1. Note that when deciding whether or not ¥ |=ysc C(pd : C7),
we have computed PDL:,, ; for all i in O(K'*- D -1 (len(pd) + 1)) time.
As a result, it can be checked in O(K'™! - D -1 (len(pd) + 1)) time whether
or not there is a pd;-List satisfying the six conditions of Lemma 12 for some
j such that [ < j <n — 1. Consequently, Theorem 7(b) also holds in the case

that len(pd) > [. This completes proving Theorem 7(b). O

Proof of Theorem 7(c):

Consider how to decide whether or not pd € PathFuncsysc(C). Since it can
be decided in O(D - (len(pd) + 1)) time whether or not FUNC(P;) € Ygyyc for
1 < <mn, Theorem 7(c) follows from Corollary 1 and Theorem 7(b). O

4. MSC with the Lower Semilattice Condition

If we restrict our attention to interpretations which satisfy MSC, then the
decision problems related to SCs are NP-complete, as shown in Section 3.1.
In this section, we consider a special case in which a given database schema
(S,Y) satisfies the following additional condition.

The lower semilattice condition: A class C'is called a greatest common subclass

of C1 and (Y} if and only if the following two conditions hold.

1. ¥ =C(1d: 1) and X = C(Id : Cy).

2. If there is a class C3 € Classes(S) such that ¥ = C5(Id : C1) and ¥
C3(Id: Cy), then ¥ = C3(Id : C).

Then (S,Y) satisfies the lower semilattice condition if and only if for all
C1,Cy € Classes(S), there is a unique greatest common subclass of C and
C5, denoted C; M Cy.13 O

For example, the taxonomy illustrated in Figure 14 satisfies the lower
semilattice condition (if the taxonomy is considered as a database schema

5This condition implies that Classes(S) contains a bottom class L.
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by itself). On the other hand, the taxonomy illustrated in Figure 13 does
not satisfy the lower semilattice condition, since classes A; and B; do not
have a unique greatest common subclass. Thus the whole database schema
constructed in Lemma 11 does not satisfy the lower semilattice condition,
either. Through this section, we consider the case that (S,) satisfies the
lower semilattice condition.

4.1 Axiomatization
In this section, it will be shown that the following axiom together with Al

and A2 in Section 2.2 are sound and complete for deciding whether or not
Y Euse C(pd : C7), provided that pd € PathDescsysc(C).

A4: (restriction) If Cy(pd : C3) and C1(pd : Cs3), then Ci(pd : C2 M Csy).

Soundness of axiom A4 is straightforward. The proof of completeness is
analogous to Theorem 2 in Section 2.2. In particular, if ¥ /a1 404y C(pd :
("), then we will construct a pd-List satisfying MSC as well as PDLs 1 to 3.
(Thus ¥ PEusc C(pd : C') by Theorem 5.) We need to modify the concept of
chase in order to satisfy MSC.

The MSC-chase of C and pd under Ygc, written Chaseyse(C, pd), is a

Xsc
pd-List vy A, U1 P DBy vy, obtained by the following procedure, where

pd = Pl.PQ. ce .Pn.

Procedure 9: (Computing Chase%gg(c, pd).)
input: a database schema (S, Y) satisfying the lower semilattice condition, a

class C € Classes(S), and a path description pd (= P1.Po. -+ .By,).

1. Construct a pd-List vy —5 vy —2 -+ -2 v, such that Cl(vg) ={C} and

Cl(v;)) =0 for 1 <i <n.

2. Apply the following rule to the pd-List exhaustively. Note that the pd-List
always satisfies MSC, as will be shown in Lemma 14 below.

MSC-SC-rule: For an SC Cy(pd’ : Cy) € gc, if there are two vertices
vi,vj such that Cy € Cl(v;), Cp € Cl(v;), and pd" has the form
Pit1.Piyo. -+ .P;, then add not only Cj, but also Msc(v;) M Cy to
Cl(v;).1® For convenience, if Cl(v;) = 0, then let Msc(v;)MCy = Cb.
O

Y6 Msc(v;) M Cy is unique, since (S, ) satisfies the lower semilattice condition.
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Example 18: Let (S, X) be a database schema illustrated in Figure 18, where
Dom(A) = {a1}, Dom(B) = {az}, Dom(C) = {bsg}. For class a; and
path description A.B.C, let us execute Procedure 9.

A B

ale/}) as B b1 bQ{C} c Cc1

1
Figure 18: A database schema (S, X).

In Step 1, an ‘A.B.C’-List vg B, V1 A, Vg <, vs is constructed, where
Cl(vg) ={a1 } and Cl(v;) =0 for 1 <14 < 3.

For SC a;(A:a;) in Xgc, since a3 € Cl(vy) and a; ¢ Cl(vy), class
aj is added to Cl(vy1) by applying the MSC-SC-rule for a;(A: a;), where
Msc(vi) May = a; since Cl(vy) = 0. The MSC of v; becomes a; by the appli-
cation. For SC aj (A : ag) in Ygg, since a; € Cl(vg) and ag € Cl(v1), classes
Msc(v) Mag as well as ag are added to Cl(v1) by applying the MSC-SC-rule
for aj (A : ay), where Msc(vy) May = aj Mag = ag. The MSC of v; changes
from a; to ag by the application. Finally, we obtain the ‘A.B.C’-List given in
Figure 19 as Chasesyioc (a1, A.B.C), where each vertex is labeled its MSC. Note

2sc

that Chase%zg(al,A.B.C) satisfies Mgc. 0

O OnnOnn®

Figure 19: Chaseyg; (a1, A.B.C).

It will be shown that if 3 /1 4044y C(pd : C") and pd € PathDescsysc(C),

then Chaseyg,(C, pd) satisfies MSC as well as PDLs 1 to 3.
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Lemma 14: C’hase%ég(C, pd) satisfies MSC.

Proof. We prove by induction on the number of applying MSC-SC-rules in
Step 2 that the pd-List vg RN V1 R N N vy, satisfies MSC during Proce-
dure 9. Thus Lemma 14 will hold.

The basis is trivial, since Cl(vg) = {C} and Cl(v;) =0 for 1 <i<nin
Step 1.

As an induction hypothesis, assume that the pd-List satisfies MSC during
an execution of Step 2. Let Msc(vj) = C; and assume that C;MCy as well as Cj,
are added to Cl(v;) by applying an MSC-SC-rule to the pd-List. We show that
Msc(vj) is changed from C; to C;11Cy by the application. Since Msc(v;) = C}
before the application, ¥ = C;(Id : C%) for every C7 € Cl(v;) —{Cy, C; MGy}
By definition, ¥ = C; M Cy(Id : C;) and ¥ = C; M Cy(Id : Cp). Thus
Y E CjnCy(1d : Cf) for every C € Cl(v;). That is, Msc(vj) = C; 11 Cy
after the application. Hence the pd-List still satisfies MSC. This completes
the induction proof. O

Consider PDL 2. By the definition of MSC-SC-rule, unless the pd-List
satisfies Yg¢, Procedure 9 does not terminate. Thus C’hase%gg(C, pd) satisfies
Ysc; that is, PDL 2 holds.

Consider PDL 3. By Step 1 of Procedure 9, it holds that C' € Cl(vg). By
the following lemma, if ¥ t/ (21 40,44y C(pd : C"), then it holds that C" & Cl(vy,).

Thus if 3 t/a1,a2,44y C(pd : C"), then Chase%gg (C, pd) satisfies PDL 3.

Lemma 15: Cl(v;) = {C; € Classes(S) | Xsc Fiaianas Clpd; : C;)} for
0<?<n.

Proof. The proof is analogous to Lemma 5.

We first prove that if ¥g¢ Fia1azaey C(pd; © C;), then C; € Cl(v;).
Assume that Xg¢ Fraiasasg C(pd; @ Ci). Then Yg¢ Euse Cpd; : C;) by
soundness of the axioms. Thus Chase%gg(c, pd) satisfies C(pd; : C;), since it
satisfies ¥g¢ by PDL 2. Hence C € Cl(vg) implies C; € Cl(v;).

We next prove that if C; € Cl(v;), then Xg¢ Fraiaoaa Cpd; @ Cy). If
Cl(v;) = 0, then there is nothing to prove. Assume that C; € Cl(v;). By
definition, ¥ = Msc(v;)(Id : C;). Thus by Theorem 2, ¥ a1 a2y Mse(v;)(Id :
C;), since Id € PathDescs(C). Hence in order to prove that Xg¢ Fiarazaq
C(pd; : Cj), it suffices to show that ¥ ;a0 a4y C(pd; : Msc(v;)). Induction
on the number of applying MSC-SC-rules in Step 2.
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The basis follows from axiom A1, since Cl(vg) = {C } and Cl(v;) = 0 for
1 <4¢<mnin Step 1.

As an induction hypothesis, assume that ¥ Fa; a0a4y C(pd; © Msc(v;))
during an execution of Step 2, where Cl(v;) # (). Assume that Msc(v;) M Cy
as well as Cj should be added to Cl(v;) by applying an MSC-SC-rule for
Cu(pd" : Cp) € Zsc. Then by the definition of SC-rule, it holds that Cj &
Cl(vj), Coy € Cl(vy), and pd’ = Pyi1.Peyo. -+ .P; for some k. It suffices
to show that X Fiaia0a4y C(pd; @ Msc(vy) M Cyp), since the MSC of v; is
changed from Msc(vj) to Msc(v;) MCy. Since C, € Cl(vy), it follows from the
induction hypothesis that 3 F a4, a0.a4y C(pdy, : Cy). By axiom A2, C(pdy, : Cy)
and C,(pd" : Cy) imply C(pdj, o pd; : Cy), where pdj, o pd = pd;. That is,
Y Fianazaq C’(pdj : Cp). Furthermore, ¥ F a1 a2a4 C’(pdj : Msc(v;)) by
the induction hypothesis. Thus C(pd; : Msc(v;)) and C(pd; : Cp) imply
C(pd; : Msc(vj)MCy) by axiom Ad. Hence ¥ a1 a244y C(pd; : Msc(v;)MCy).
This completes the induction proof. Consequently, Lemma 15 holds. O

By the following lemma, if pd € PathDescsysc(C), then Chase%zg(C, pd)
satisfies PDL 3.

Lemma 16: pd € PathDescsysc(C) if and only if Chasel\gdgg(c, pd) satisfies a

property value integrity condition.

Proof. (Almost the same as proving Lemma 6.) O

Consequently, we have the following theorem, which can be proved in the
same way as proving Theorem 2.

Theorem 8: Assume that (S, Y) satisfies the lower semilattice condition. If
pd € PathDescsysc(C), then the following three statements are equivalent.!”

1. % Fwse Clpd : C).
2. % }_{AI,A2,A4} C(pd : C,)

3. C" € Cl(vy). O

7% is not necessarily well-formed with respect to (S, X).
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Example 19: Consider Example 18. We have obtained the ‘A.B.C’-List in
Figure 19 as Chase%;g(al,A.B.C). The ‘A.B.C’-List satisfies a property value
integrity condition. Thus A.B.C € PathDescsysc(a1) by Lemma 16. Since co €
Cl(ve) = {c1, co} where Msc(vy) = ca, it follows from Theorem 8 that ¥ |=ysc
aj(A.B.C: c2). On the other hand, ¥ [~\sc a1(A.B.C : c3) by Theorem 8, since

c3 & CZ(UQ)- O

4.2 The three decision problems

In this section, we will prove the following theorem.

Theorem 9: Assume that (S, X) satisfies the lower semilattice condition. The
following three decision problems are solved in O(D-(len(pd)+1)) time, where
D is the size of (S, %).

a. ¥ Eusc C(pd : C') (provided that pd € PathDescsysc(C)) ?
b. pd € PathDescsysc(C) ?

c. pd € PathFuncsysc(C) ? O

As in Section 2.3, the time for computing C’hasel\z/lgg(C, pd) dominates
the time complexities of the three decision problems. In the following, we
will present a procedure for computing Chase%;g(C’, pd). After that, it will
be proved that the procedure can be executed in O(D - (len(pd) + 1)) time.
Hence Theorem 10 can be proved in the same way as Theorem 4.

The procedure is a modification of Procedure 3. Note that Cl(v;) is
computed from Msc(v;). In fact, the procedure will compute Msc(v;) and

then Cl(v;) for 1 < i < n.

Procedure 10: (Computing Chase%gg(C, pd).)

input: a database schema (S,3) satisfying the lower semilattice condition, a
class C' € Classes(S), and a path description pd (= P1.Ps. --- .Py).

1. Divide Yg¢ into two sets: Y1q = {Cu(pd’ : Cp) € Xsc | pd’ = Id} and
Y14 = Ysc — Y1d-

2. Let CLy «+ {Coy € Classes(S) | X1q Fra1,a0y C(Id: Cp)}.
3. fori—1ton

do begin
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4. Let CL « {Cj € Classes(S) | there is an SC Cy(pd' : Cy) € Y14
such that pd’ = Pj41.Pj4s. -+ .P; and C, € CL; for some j }.

5. if CL =0 then let CL; +— 0
else begin
6. Let M; « MNeyecr Cp.'®
7. Let CL; — {C; € Classes(S) | 14 Fyai,a0y Mi(Id: Cy)}.

end

end O
The correctness of Procedure 10 follows from the following lemma.

Lemma 17: CL; = Cl(v;) for 0 < i < n, where Chasey,(C,pd) is vo A,
P7L

Py
V] — - —5 Uy,

Proof. The proof is analogous to Lemma 7. By Lemma 15, it suffices to show
that

CLrL — {OZ S CZG,SS@S(S) ’ ESC l_{Al,AZ,A4} C(de . CZ)} (41)

We prove 4.1 by induction on 3.

Basis. Consider the case that ¢ = 0. Note that Steps 1 and 2 of Pro-
cedure 10 is the same as Steps 1 and 2 of Procedure 3. Thus it follows from
Lemmas 5 and 7 that CLy = {Cy € Classes(S) | Xs¢ Fiaia0y C(Id : Cp)}.
Hence vy satisfies Yg¢ by itself. Clearly, Msc(vg) = C; that is, vy satisfies
MSC. These facts imply that no class is added to CLg by applying axiom A4.
Thus 4.1 holds for ¢ = 0.

Induction. As an induction hypothesis, assume that 4.1 holds for j < i—1,
where ¢ > 1.

Proof of ‘C’: We prove that if C; € CL;, then Yg¢ Fia1a0a4y C(pd; : Cy). If
CL; = ), then there is nothing to prove. Assume that CL; # (). We claim that
Ysc Fiaiazag C(pd; : Cp) for every Cy, € CL.

Let C, € CL. By Step 4, there is an SC C,(pd’ : Cy) € Y14 such that
pd" = Pj41.Pjio. -+ .P; and C, € CL; for some j. Since pd’ # Id by the
definition of ¥_14, it holds that j < i — 1. Thus by the induction hypothesis,
Co € CLj implies that Ysc F(a1.a2.44y C(pd; : Co). By axiom A2, C(pdj 1 Cy)

18 M; is well-defined, since (S, %) satisfies the lower semilattice condition.
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and Co(pd' : Cp) imply C(pd; o pd’ : Cy), where pd; o pd’ = pd;. That is,
Ysc Fiaiaza4 C(pd; : Cp). Hence the claim holds.

Note that M; «— MNg,ecr, Cy by Step 6. Thus C(pd; : M;) can be derived
by applying axiom A4 repeatedly to {C(pd; : Cp) | Cp, € CL}. Hence by the
claim above, it holds that Yg¢ Fia1a2.a4y C(pd; : M;). Since M; = Msc(v;) by
Step 7, this implies that Xg¢ Fraia0a4y C(pd; : C;) for every C; € CL;. This
completes the proof of ‘C’.
Proof of ‘2’: We prove that if Xg¢ Fia1a0a4y C(pd; © C;), then C; € CL;.
Assume that Yg¢ Fiaiasas C(pd; : C;). Then Yg¢ F=use Clpd; = C;) by
soundness of the axioms. Let ug H, Uy I N N u; be a pd;-List such that
Cl(uj) = CL; for 0 < j <i. We will prove that the pd;-List satisfies ¥g¢, and
thus C'(pd; : C;). Since C' € CLyg, this will imply that C; € C'L;.

Since CL; = Cl(vj) for 0 < j < i — 1 by the induction hypothesis and

. P; . .
Lemma 15, the pd,_;-List ug N Uq L N N u;_1 satisfies Ygc, which

1
can be proved along the same line as proving Lemma 4(a). By Step 4, for
every SC Cy(pd’ : Cp) € ¥_1q, if pd’ = Pj11.Pj4o. --- .P; and C, € CLj, then
Cp € CL;. Thus the pd;-List satisfies ¥_14. Similarly, by Step 7, for every
SC Cy(Id : Cy) € Xqgq, if Cy € CL;, then C, € CL;. Thus the pd;-List also
satisfies X14. Since Yg¢ = X194 U X149 by definition, the pd;-List satisfies Ygc.

This completes the induction proof. Consequently, Lemma 17 holds. O

Let us estimate the time complexity of Procedure 10. As before, let
Classes(S) consist of K classes and use a bit array of size K in order to
represent a subset of Classes(S). Procedure 10 is essentially the same as Pro-
cedure 3 except Step 6. One obvious way for executing Step 6 is to construct
in advance a table containing C, M Cy, for every pair of Cy,C}, € Classes(S).
Once the table is constructed, Step 6 can be executed in O(K) time, since
the size of CL is at most K. Note that K < D. Thus it will be shown in
the same way as estimating Procedure 3 that Procedure 10 can be executed
in O(D - (len(pd) + 1)) time. In the following we will present a procedure for
constructing the table in O(K?) time. The procedure consists of the following
three parts.

1. Sort the classes in Classes(S) in a topological order with respect to the
generalization taxonomy. Here, a sequence Cy,, Cy,, -+, Cy, is in a topo-
logical order if and only if ¥14 = Cy,(Id : Cy;) implies i < j.

2. Compute {C; € Classes(S) | 14 Fyaia0 C,(Id: Cy)} for 1 <i < K.

3. Compute C, M C}, for every pair of C,, Cy, € Classes(S).
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Consider how to execute Part 1. Let G(V, A) be a directed graph such
that V = Classes(S) and A = {C, — Cy | Cy(Id: Cp) € X14}. G(V, A) can be
constructed in O(K +[|X14]|) time. Clearly, there is a directed path in G(V, A)
from a vertex C; to a vertex Cy if and only if ¥14 = C1(Id : C3). Since S is
a generalization taxonomy with respect to ¥ by assumption, G(V, A) contains
no directed cycle. Thus the vertices in V' can be sorted in a topological order.
Let Cy,,Cy,, - -+, Cty be a sequence in a topological order; that is, if there is
a directed path in G(V, A) from Cy, to Ci,, then i < j. In other words, if
Y1a = Cy,(Id : Cy;), then i < j. Such a sequence Cy,, Ct,, - -+, Cyy can be
obtained in O(K + ||X14]|) time by using G(V, A).1 Since the number of SCs
of the form C,(Id : Cp) is at most K2, the size of Y14 is O(K?). Hence Part 1
can be execute in O(K?) time.

Consider Part 2. Since {C; € Classes(S) | 14 Fia1,a2y Cr,(Id : Cj)} can
be computed in O(K + ||X14]) time by using an algorithm for computing a
reflexive transitive closure as discussed in Section 2.3, Part 2 can be executed
in O(K - (K + ||X14]])) time, that is, O(K?®) time.

Finally, consider how to execute Part 3. For a pair of C,, Cp, € Classes(S),
let 7 be the largest integer satisfying

{Cy,Cp} C{C; € Classes(S) | £1a Fia1,a0y Cr,(Id: Cy)}. (4.2)

We claim that Cy, = C, M Ch.

Let ¢; be an index such that C;, = C, M Cy. Since Y14 | Cy,(1d : Cy)
and X1q = Cy,(Id : Cp) by 4.2, it follows from the definition of C, M C} that
Y1a F Cy(Id @ Cyy). Since Cyy, Cyy, -+, Gty is in a topological order, this
implies that ¢« < j. On the other hand, it must hold that j < ¢, since ¢ is
the largest integer satisfying 4.2. Thus ¢ = 7, that is, C;, = C, ' C}. This
completes proving the claim.

Since a subset of Classes(S) can be represented by a bit array of size K,
a set membership can be tested in constant time. Thus it can be decided in
constant time whether or not an integer 7 satisfies 4.2, where 1 <7 < K. Hence
we can find in O(K) time the largest integer 7 satisfying 4.2, and therefore
C, M Cy. Since the number of entries of the table is O(K?), we can construct
the table in O(K?3) time. That is, Part 3 can be executed in O(K3) time.
Consequently, Parts 1 to 3 can also be executed in O(K?) time.

19Tn general, given a directed acyclic graph G(V, A), the vertices in V' can be sorted in a
topological order in linear time.
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Example 20: For the database schema (S, ¥) in Example 18, let us construct
the table by the procedure above. In Part 1, the directed graph G(V, A) is
constructed as in Figure 20. By using G(V, A), we may have the following
sequence (as an example), which is in a topological order:

<J—7 as, ag, C27b3) al7blaan C3, Cl>

Part 2 is easy to execute. In Part 3, consider how to compute, for example,
by Mbo. It is easy to see that only L and bg satisfy 4.2 with respect to by and
bs. Since b3 occurs later than L in the sequence above; that is, bg has a larger
index than L, it holds that bj Mby = bs. O

Figure 20: The directed graph G(V, A) in Part 1.

Once the table above is constructed, for any class C' and any path de-
scription pd, Chasel\z/[gg(C, pd) can be computed in O(D - (len(pd) + 1)) time
by Procedure 10. Thus it is reasonable to exclude the time for constructing

the table from the time complexity of Procedure 10.

4.3 An NP-completeness result

By assuming the lower semilattice condition for (S, ), the NP-complete de-
cision problems given in Theorem 6 largely become solvable in polynomial
time. Unfortunately, it is still NP-complete to decide whether or not ¥ [~ ysc
C(pd : C"), if pd € PathDescsysc(C). (The fact will be proved in this sec-
tion.) At a glance, one might consider that ¥ Eyse C(pd : C') if and only if
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Y Fraraza3,44) C(pd : C7). But this is not the case. The intuitive reason is that

. : P P P, P P P
even if two pd-Lists vg —> v1 — -+ =% v, and ug —> U] —> -+ — Uy,
. . P P P .
satisfy MSC, a pd-List wy — w; — --- — w, does not always satisfy

MSC, where Cl(w;) = Cl(u;) U Cl(v;) for 0 < i < n. Thus we cannot use the
same discussion as in proving Theorem 3.

Theorem 10: Assume that (S,3) satisfies the lower semilattice condition.
It is NP-complete to decide whether or not ¥ [yse C(pd : C'), if pd &
PathDescsysc(C).

Proof. By Lemma 10, the problem is in NP. We prove its NP-hardness. The
idea is essentially the same as Lemma 11. We will slightly modify the database
schema (S, %) constructed in Lemma 11.

1. As for the definition of S, remove class names Z, B; for 1 < ¢ < n, and
property R. The domain of each property is changed as follows:

Dom(P;) ={C} and Dom(P;) ={X;—1,Xi-1} for2<i<n
Dom(Ql) = {Xnayn} and Dom(Qj) = {ijl} for2<j<m

2. The SC C(pd : C") remains unchanged.

3. As for the definition of X, we have only to modify the truth-setting com-

ponents (3.1.a) and the other SCs (3.1.c) in the fixed part of Xgc as follows:
For each variable x;, 1 < ¢ < n, replace the truth-setting component

illustrated in Figure 13 by the one illustrated in Figure 21. That is, the

modified truth-setting component consists of the following two SCs:

{X;(1d: A;), X;(1d : Ay)}

Clearly, the taxonomy illustrated in Figure 21 satisfies the lower semilattice
condition (if the taxonomy is considered as a database schema by itself). Note
that the bottom class L is explicitly described in Figure 21, though it is
unimportant for this proof as in Lemma 11.

Replace the other SCs by the following 2n 4+ 2m — 1 SCs:

{C(Pl : Al)} and {lel(PZ : AZ),Ylfl(Pz : Az) | 2 § Z § n}
{Xn(Q1:C1), Xn(Q1:C1)} and {Cj_1(Q;: Cj), Tj—1(Q; : Tj) | 2 < j <m}

Since class name B; is removed from S, all the SCs containing B; (such as

Xi(Id: B;), Bi(P; : Bi+1)) are removed from Yg¢ accordingly. Similarly, the
SC T, (R : Z) is also removed from Xgc, since R and Z are removed from S.
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Xi{Pis1} Xi{Pis1}

N

1

Figure 21: A modified truth-setting component.

The modified fixed part of Ygc is illustrated in Figure 22. The varying part
of Yg¢ remains unchanged. It is easy to verify that the resulting database
schema satisfies the lower semilattice condition.

Note that pd ¢ PathDescsysc(C). In fact, the interpretation G(V, A) for
S given in Figure 23 satisfies MSC and ¥ U Sryyc but does not have a path
from the vertex u described by pd, where C' € Cl(u). We must prove that
Y Peuse Cpd : C7) if and only if E is not a tautology.

Only if part. Assume that X Fyse C(pd : C7). By Theorem 5, there is a
pd-List

P P, Ql QQ Qm

—

Py
UO_)Ul—)---—)vn—)ul—).-- m

satisfying MSC and PDLs 1 to 3. It is easy to see that Claims 2 and 3 given in
the proof of Lemma 11 still hold in this case. As for Claim 1, since the pd-List
satisfies PDL 1, it holds that Cl(v;) N Dom(Pi+1) # @ for 1 <i <n —1 and
that Cl(v,) N Dom(Q1) # 0. Since Dom(P;11) = { X;, X; } and Dom(Q) =
{ X, X} by definition, Cl(v;) must contain either X; or X; for 1 < i < n.
That is, Claim 1 still holds. Hence it can be shown that E is not a tautology,
along the same line as in the only if part proof of Lemma 11.

If part. Assume that E is not a tautology. There is a truth assignment
T {x1, 22, -+, xn} — {T,F} that makes F false. We can define the same
pd-List

Py Py Pp Q1 Q2 Qm
Vo — V] —— " ——=>Up —> U] — " — Um

as in the if part proof of Lemma 11 except 2.1 and 2.2. The definitions of 2.1
and 2.2 are changed as follows:

2.1. If 7(x;) = T, then Cl(v;) = {A;, X;} and Msc(v;) = X;, where
1< <n.
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o{p—H T, i Ay Py L Jg
X {P} | [ X1{ P} Xo{Ps}| | X3{ P2} X {Q1} || Xn{Q1}
)
Cople— <9 10,{Qs @ C1{Qa}
Tm Qm Q3 T2 QQ Tl

Figure 22: The modified fixed part of Ygc.

u
(e)—"~)
Figure 23: An interpretation G(V, A) for S.

2.2. If 7(z;) = F, then Cl(v;) = {A;, X;} and Msc(v;) = X;.
It can be shown that X Eyse C(pd : C'), along the same line as in the if part
proof of Lemma 11. Consequently, Theorem 10 holds. a

5. Conclusion

We have considered a more general form of specialization constraint for data
models supporting complex objects and object identity. The generalization is
achieved by allowing range restrictions to be associated with descriptions of
property value paths, instead of with individual properties. By admitting a
path description, called Id, for paths of zero length (i.e. consisting of a single
object), specialization constraints can also be used to declare subclass rela-
tionships. In our introductory comments, we demonstrated how specialization
constraints can enable a form of molecular abstraction, and indicated how this
can be useful not only in modeling, but also in query formulation and physical
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database design.

In this paper, we have considered the various membership problems for
specialization constraints, including the problems of identifying path descrip-
tions corresponding to single or set-valued functions which are total with re-
spect to a given class. We considered these problems for two models. The first
imposed no constraints on class membership for objects beyond those implied
by subclassing constraints; the second imposed a most specialized class (MSC)
condition on class membership for objects, which effectively required each ob-
ject to have originally been created with respect to at most one class. Table 2
summarizes the various complexity results derived in the paper. For each case
in which Table 2 indicates that a membership problem can be solved in poly-
nomial time, we have exhibited a polynomial time procedure. Also, sound and
complete axiomatizations are given for two cases: arbitrary specialization con-
straints for the first model; and well-formed specialization constraints for the
second model, when problem schema satisfy an additional lower-semilattice
condition.

A complete axiomatization for arbitrary schema, assuming the MSC con-
dition, remains an open problem at this time. At the least, this requires a
more general form of specialization constraint in which union extended gen-
eralizations (UXG), as defined in [3], may be used in place of class names.
An example of a UXG for the ALGEBRA illustrated in Figure 2 is sel+proj,
which represents the union of the (extensions of) classes sel and proj. Note
that UXG’s may also be used to express so-called cover constraints, such as
unExp (Id:sel+proj), which asserts that any unary expression must be at
least one of either a selection or projection. However, note that reasoning
about constraints of the form UXG;(Id:UXGs) can be expensive, even not
assuming MSC. The membership procedure outlined in [3] has O(n?) time
complexity, where n is the description length of the constraints.
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