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ABSTRACT

Most problems in economics can be described as optimization problems of some
kind. Numerical optimization techniques usually cannot be used to solve these problems
because of the presence of symbolic parameters. This paper describes a theorem prover
which will allow the user to deduce certain inequalities which must necessarily be true
for the optimal solution. If the inequalities are simple enough, the optimal solution can
be found in terms of the symbolic parameters.

1. Introduction

This paper describes the implementation of a theorem prover which can prove theorems for a list of
inequalities and/or Kuhn-Tucker conditions. These conditions typically arise from analytical optimization
problems where we are trying to optimize a function subject to several inequality or equality constraints

([3], [5] and [6]). The theorem prover can be used to deduce new inequalities which must hold given the
constraints and Kuhn-Tucker conditions. In the case where these conditions are necessary and suff1c1ent
conditions these theorems can help us find the optimal solution.

For example, suppose we want to minimize:
ga-ea(na+ 1+ ca)+ gb-eb(nb+ 1+ cb)

subject to the following constraint functions:

ca<y-1
ch<y-1
cat+cbhb <y

ea==ga /(y+na)
eb=gb /(y+nb)

where ea, eb, y, na, nb, ga and gb are the parameters and ca and cb are the choice variables. Then we
can use the theorem prover to show that:

if ea > eb then ca=y-1,and cb=1
if eb > ea then ca=1,and cbh=y-1

which gives us the solution to the optimization problem for two separate cases. More details of this exam-
ple are given in the first appendix.

1 This work is supported in part by grant A5471 of the Natural Science and Engineering Council of Canada.
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In this paper, we first explain how a theorem prover can be used to help us solve certain types of
analytical optimization problems. We then give an overview of how the theorem prover works and some
of the implementation decisions made. The fourth section discusses the internal format that was used to
represent the inequalities. A detailed description is given in sections 5 and 6 on how to use the theorem
prover and of all the steps which can be performed by it. Section 7 gives a proof of the fact that the
theorem prover always terminates. At this point we also discuss the restrictions this termination property
imposes on the steps which can be performed, and on any new steps which could be implemented in the
future. Finally, we discuss the performance of the theorem prover on problems it was tried on.

The theorem prover is implemented in wup (Waterloo Unix Prolog [4]). Throughout the paper Pro-
log predicates are shown in bold print, and all variables which have to be specified by the user are shown
in italics.

2. Using a Theorem Prover on Analytical Optimization Problems

Standard references on optimization such as [3] discuss how we can calculate the Kuhn-Tucker con-
ditions for the problem of optimizing a function of several choice variables subject to several inequality
constraints. Given certain restrictions on the objective and constraint functions, these Kuhn-Tucker con-
ditions are necessary and sufficient for optimality. If this is the case they can be used to find the solution.
If the Kuhn-Tucker conditions are not necessary and sufficient conditions for the optimal solution, we can
still use the theorem prover to obtain new expressions which are mathematical consequences of the origi-
nal conditions. These expressions could illuminate the nature of the eventual solution.

Both the function to be optimized and the constraints can contain symbolic parameters. If we are
given numeric values for these parameters we can use numerical optimization techniques to find the
optimal values. However, if we can use the Kuhn-Tucker conditions and other constraints to express the
solution in terms of these symbolic parameters we can simply express the optimal value in parameterized
form. Our theorem prover derives new expressions which follow from the given Kuhn-Tucker conditions.
If these expressions allow us to express the values of the variables in terms of the symbolic parameters of
the system, we have in fact used the theorem prover to solve the optimization problem analytically.

An example of such an application is given in [6], where such theorems are used to develop simple
decision rules for designating properties as principal residences for certain years in order to minimize the
tax on capital gains for those properties. For one of the problems listed in that paper, 35 theorems (see
[7]) were needed to find the optimal solution. Our theorem prover was successfully used to help check the
proofs for all these theorems (The output produced for all these theorems by the theorem prover can be
found in the second appendix of this paper). In the first appendix we show how we can use the theorem
prover to solve one of the other problems discussed in [6]. For this problem we only need 4 theorems to
find the optimal solution.

We expect our theorem prover would generally be useful as a tool for helping the user to solve the
optimization problem. We do not expect that the system will always, or even, typically find the optimal
solution automatically. It can be used to prove several results, which will have to be combined to find the
actual solution. It is the user’s responsibility to extract the helpful results and to combine them in such a
way that the solution can be found2.

In [3] and [5] it is explained how the Kuhn-Tucker conditions are usually only used to solve analyti-
cal optimization problems of two or three variables and constraints, since the complexity of the problem
grows rapidly as the number of variables and constraints increases. The problem discussed in [7] has
eight variables, and eight inequality constraints. Our theorem prover thus provides us with a significant
increase in the size of problems we can reasonably deal with. It can be used to either check the (often
tedious) proofs of existing theorems (as was done for the theorems in [7]), or to prove new theorems.

2 Often the intermediate results are easy to find once the economic meaning of the variables and parameters are
known. Experience in dealing with the Kuhn-Tucker conditions will certainly also help the user in determining what can
be used and what not.



3. Overview of the Theorem Prover

3.1. Implementation Considerations

The proofs encountered in [7] emphasized the use of algebraic inferences, rather than logical ones.
By this we mean that the hypotheses and conclusions of most proofs were a conjunction of several ine-
qualities, while the rules used to deduce the conclusions were of an algebraic nature (such as the addition
of inequalities, the division of an inequality by a variable or integer, etc.). This means it would not be
advantageous to implement a resolution theorem prover (see [1]) in this case. Another difference between
our situation and those for the other non-resolution theorem provers in [1] is that in our case all the
occurrences of the symbolic variables are free, i.e. there are no quantifiers in any of the theorems. A final
implementation consideration is that we would like our theorem prover to prove the theorems in the same
way as in which humans would prove them, since the proofs could then be amenable to further economic
insight and interpretation (often the proof of one theorem yields insights which will assist the user in
developing proofs of similar theorems).

These considerations made us decide to implement the theorem prover as a forward theorem
prover. For a particular proof, the user specifies the assumptions, the desired conclusions and possibly
some other theorems that can be used inside the proof. The use of the theorem prover is also restricted
to multivariate polynomials in the variables3.

Since both the assumptions and conclusions are conjunctions of inequalities, the user is responsible
for dealing with the logic of the proofs. For example, in the appendix we show how we can prove
cat+cb=y
by proving the following two theorems

ifc3 =0thenca+cb=y
ifc3 >0thenca+ cb=1y

and using the fact that ¢3 > 0. This is an example of a proof by cases. For such proofs the user is
responsible for finding the two cases and the theorem prover can be used to give the actual proof for each
case.

3.2. The Form of the Kuhn-Tucker Conditions

Given a function f(zy,...,z,) of non-negative variables z,...,z, which has to be minimized, and a set
of constraint functions g'(z,,...,z,)<0 to g™ (z,...,z, )<0, we can calculate the Kuhn-Tucker conditions as
follows. First of all we define the Lagrangian function Z:

m -
Z(T 1y T Ty - - - ,7m)=f(x1,...,mn)+2'1j [g’(ml,...,wn)].
j=1

This function contains choice variables (zy,...,%,), newly introduced Lagrangian multipliers (7y, - * - 7,,),
and possibly some symbolic parameters of the system?. The Kuhn-Tucker conditions for Z consist of the
following (in)equalities:
z; >0, and 7; >0 for1<i:<n, and 1 <5< m
97 A

3:0,-20’ anda:,-a—xi=0 for1<i<n

8 In the current implementation we only handle integer coefficients, but this can easily be changed so that we can
deal with floating point numbers. Its use can also be extended to include functional expressions by creating new vari-
ables for each expression (for example, the inequality x * cos(y) < sin(y) can be expressed as x * y1 < y2, where the user
will know that y1 = cos(y) and y2 = sin(y)).

4 The theorem prover treats parameters, choice variables and Lagrange multipliers in exactly the same way, as they
all are symbolic parameters (unknowns) to the system.
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We can write the above conditions as a set of non—negativity constraints on the choice variables and
Lagrange multipliers, and a set of complementary slackness conditions. Each slackness condition consists
of a pair of (in)equalities of the form:

Ezpr > 0, and Expr * Var = 0

where Ezpr is a polynomial expression involving the choice variables and the parameters of the system,
and Var is either one of the choice variables, or a Lagrange multiplier. Each of the theorems we are try-
ing to prove should be able to use all of these Kuhn-Tucker conditions as well as any other relevant con-
straints (such as constraints on the parameters).

3.3. Outline of the Theorem Prover

The prover starts with the Kuhn-Tucker conditions, any constraints existing on the parameters, and
the inequalities in the hypothesis for the proof. Throughout the proof, the prover attempts to use this
information to deduce new inequalities. The theorem prover halts when all the inequalities in the conclu-
sion are proven, when a contradiction is found, or when it cannot deduce any new inequalities which it
deems useful (the notion of usefulness will be explained when we discuss all the possible steps the
theorem prover can perform). As we will show later, the prover is guaranteed to stop eventually, as it
will end up in the third situation if it does not end up in either of the first two.

4. Internal Representation of Inequalities

Throughout the system we have to manipulate algebraic inequalities. We want to be able to com-
pare inequalities so that we can check for contradictions, redundant inequalities, etc. In order to do this
we devised our own internal representation for these inequalities (Prolog has no built-in representation for
them). To accomplish this we define a canonical form for each of the inequalities the system can deal
with, which can be obtained through the following steps®:

(1). All polynomials in the inequalities are expanded into sums of monomials. Each monomial is the
product of variables and an integer, or just an integer.

(2). We transform inequalities of types < and < into inequalities of types > and > respectively by
multiplying them by -1.

(3). We place the integer term to the right of the (in)equality sign (this integer part can be 0) and
all other monomials to the left. Now each monomial to the left of the inequality sign contains at least one
symbolic variable.

(4). Each monomial is represented as a list, consisting of the integer coefficient (even if the coeffi-
cient is 1 or -1) followed by the variables, ordered lexicographically.

(5). The whole inequality is represented as a list. The first element of this list is the type of the
inequality (g, ge, or e standing for the types >, >, and = respectively), the second element is the integer
term, and all other elements in the list are the monomial-lists, ordered lexicographically.

(6) We require that for equalities the integer part must be greater than or equal to zero, and if it is
zero that the integer part of the first monomial must be strictly positive. This way we have a canonical
form for all the (in)equalities we handle.

Some examples of inequalities and their internal format are:
2+y *(2<—w+y) <0 — g —2 [1 ‘J (-2 y] [=1v y]]

r < a - 1aj [" z)|
z y+3 — c 3 1z] -1y
z y—3 — 12| 1y
We can now compare inequalities directly in Prolog by checking if two inequalities have the same non-
integer part using the built-in pattern matching mechanism. Once we have found two inequalities with the

5 Since the internal format is sometimes hard to derive by hand, a predicate has been created to transform inequali-
ties from an intermediate human-readable format to the required internal format. This predicate can be used as a
front-end to the theorem prover.



same non-integer parts, we can compare the types of the inequalities and the integers to check for con-
tradictions, redundant inequalities, etc. Using this representation we can also add inequalities together in
an efficient manner since the monomials themselves are represented in a unique way and since they are
also ordered in a unique way.

5. Using the Theorem Prover

Before using the theorem prover, all the Kuhn-Tucker conditions and other inequality constraints
have to be defined to the system through two Prolog predicates. The kt_cond predicate is used to specify
the complementary slackness conditions. The hyp predicate is used to specify all the other (in)equality
constraints, such as the remaining Kuhn-Tucker conditions (non-negativity of choice variables and
Lagrange multipliers) and any constraints on the parameters. For example, we can let the system know
that x > 2 is a constraint by stating the fact:

hyp( [g 2 [1 x]] );

As was mentioned earlier, the complementary slackness conditions each consist of a pair of
(in)equalities of the form:

Ezpr >0, and Expr * Var =0

where Expr is some expression and Var is a variable (or Lagrange multiplier). Such a condition can be
stored by stating the fact:

kt_cond( [Ineq Eq] );

where Ineq is the inequality Exzpr > 0 in its canonical form, and Ejq is the equality Var = 0 in its canoni-
cal form. For example, the complementary slackness condition consisting of x + y >0 and u * (x + y) =
0 can be expressed by the fact:

kt_cond( [[ge 0 [L x| [1 y]] [e O [1 u]]] );

Note that the first part of this list is an actual inequality of the system (and is treated as such throughout
the system), whereas the first and second part have to be combined to form the actual second equality of
the complementary slackness condition. This was done so that we can decompose these complementary
slackness conditions easily, as is explained in the next section.

Any theorems that will be used later on in other proofs have to be defined using the theorem
predicate, which allows the user to give the theorem a name and to define its hypothesis and conclusion.
For example, to define a theorem by the name of thml to the system with hypotheses x > 0 and x + y
= 3 and conclusion 2 x - z > 0 we state the fact:

theorem( thml [[g 0 [1 x]] [e 3 [1 x] [1 y]]] [[ge O [2 x] [1 2]]] );
The theorem prover can now be invoked using the following call:
?proof( AL TL CL );

where AL is the list (possibly empty) of additional assumptions, 7L is a list (possibly empty) of theorems
which can be used in this proof (these have to be defined using the theorem predicate), and CL is the list
(possibly empty) of desired conclusions for this proof.

6. Steps Performed by the Prover

After the proof predicate has been called, the starting assumptions for the theorem are printed out.
Then the assumptions are added to the list of inequalities which can be used for all proofs. Whenever new
inequalities are added to the system, or existing ones are modified, we make sure that this does not intro-
duce any contradictions or redundant inequalities. If the former happens we stop the proof after printing
out the contradiction. In the latter case we simply eliminate the redundant inequality. At each stage of
the theorem prover we try to modify the list of inequalities and complementary slackness conditions.



If there is a set of conclusions specified for the given theorem, we check at the beginning of each
stage if all the inequalities in the conclusion hold. If this is the case we stop. In the other cases (i.e. either
no conclusions were specified, or not all the conclusions were met), we try to apply one of the steps as dis-
cussed in the next sections. If any of these steps is successful, we add the newly obtained inequalities to
the list and move on to the next stage, repeating the above steps. When none of these steps are success-
ful, the theorem prover stops after printing out all of the remaining inequalities and complementary slack-
ness conditions. The only other way the theorem prover can stop is if there is a contradiction found. We
will now discuss each of the steps which are tried by the prover.

6.1. Using Another Theorem in the Proof

At this step the list of assumptions for each of the theorems in the list of theorems is checked. If all
the assumptions for a certain theorem hold then we can use that theorem, and the conclusions of that
theorem are added to the list of inequalities.

8.2. Substituting an Integer for a Variable

This step will be performed if we have an equality of the form Var = Int for some variable Var and
integer Int in the list of inequalities. Whenever we substitute an integer for a variable, we have to make
this substitution in every inequality and complementary slackness condition, in all the inequalities in the
conclusion of the proof, and in all the assumptions and conclusions of the theorems we are allowed to use
during this proof. After this is done we have eliminated all occurrences of that variable and can simply
ignore it from that point on.

6.3. Eliminating a Variable or Integer from an Inequality

If a variable which is greater than zero (this is checked by looking at the list of inequalities) occurs
in every product of an inequality, and the inequality has an integer part of zero, we can eliminate this
variable from the entire inequality by dividing it out. We also check if we can eliminate an integer which
is bigger than 1 in absolute value, from an expression. However, we only perform this simplification if the
integer or its megation occurs in every term of the inequality (this step could be applied in a lot more
cases, however the work involved does not seem to be offset by the few additional cases in which this
improvement can actually be used).

6.4. Decomposing a Complementary Slackness Condition

Recall that all complementary slackness conditions are of the form:
Expr >0, and FEapr * Var =0

At this stage we attempt to prove that either Exzpr or Var cannot equal zero. If this is the case we elim-
inate this complementary slackness condition, but add the fact that now respectively Var or Ezpr must be
zero.

8.5. Replacing a Variable by a Bigger Integer

The first thing we do at this stage is check if there are any variables which can be proven to be less
than a certain positive integer (e.g. if we have an inequality -x > -1 in our list). If this is the case, we see
if we can use this fact to replace the variable by that integer in some other inequality. For example if we
had the following inequalities in the list of inequalities:

x<1 axy+2z2>0, y >0, anda >0
we can obtain the new inequality:
ay+z>0.

After the new inequality has been obtained, we check if it allows us to do one of the following
things:
1. Prove one of the conclusions for this proof.
2. Prove an assumption for one of the theorems which can be used in this proof.



3. Obtain a contradiction.

4. Decompose one of the complementary slackness conditions.
We refer to an (in)equality meeting one of these criteria as a useful (in)equality. If the newly obtained
inequality is useful we add it to the list of inequalities. If it is not, we check if we can divide the inequal-
ity by one or more variables/integers so that the resulting inequality is useful. Again, if this is the case we
add the resulting inequality to the list of inequalities. '

6.6. Adding Two Inequalities to Obtain another Useful Inequality

Here we attempt to add two inequalities to form a new one, which can be used later on in the
theorem. Currently there are two versions of this step available. They differ in the number of inequalities
they attempt to add. The first one, used by default, adds only those inequalities which have a cancellation
of at least one product when they are added (this includes the case where the integer parts offset each
other to get a merged integer part of 0). The second version adds every inequality to every other inequal-
ity. For example, the pairs of inequalities

2xy+z2>4, and u-2xy >0
u+v=2>5 and 2xy > -5

would be added by both versions, whereas the inequalities
2xy+z2>4, and u-xy >0

would only be added by the second version. The second version involves a lot of extra additions, and the
resulting inequalities are rarely used in the proofs. Therefore this option should not be used unless abso-
lutely necessary.

After it has been decided which inequalities to merge, both versions behave in exactly the same
way. The two inequalities are added by adding the left and right hand sides together. The type of the
new inequality is the "stronger” of the types of the two inequalities (where > is stronger than >, which in
turn is stronger than =). After the new inequality is obtained, we check that it is not already in the list
of inequalities, and that the new inequality is useful in our proof. This is done in exactly the same way as
when we replace a variable by a bigger integer.

7. Termination Property

To ensure termination for each proof we had to restrict the steps which could be made by the
theorem prover. In this chapter we will first of all show that the prover is indeed guaranteed to stop after
a finite number of steps. We will then discuss how the user can guide the theorem prover to complete
those proofs which it could not complete due to these restrictions. At the end of this chapter we will men-
tion how more steps can be added to the prover, and the potential advantages and pitfalls in doing this.

We can view the theorem prover as a set of rewrite rules for the list of inequalities and complemen-
tary slackness conditions. As is pointed out in [2], proof of termination for such systems usually involves
finding a measure on the expressions which decreases every time a rule is applied. This is clearly the case
for some of the rewrite rules in our system, but it cannot be done for the step in which we add two ine-
qualities together. The proof of termination becomes more complicated, but this step is needed so that we
can deduce conclusions which are in some sense more complex than the assumptions.

We will look at each of the steps in turn, and prove they can only be applied a finite number of
times.
- The prover uses another theorem in the proof: since the user can only specify a finite number of
theorems which can be used, and each of the theorems can only be used once, this step can clearly be exe-
cuted only a finite number of times.
- Substituting an integer for a variable: after this step is executed the total number of variables occur-
ring in all of the inequalities and complementary slackness conditions is reduced by one. Therefore this
step can only be executed a finite number of times.
- Decomposing a complementary slackness condition: the number of complementary slackness conditions
is reduced by one when this step is executed, and there is only a finite number of them to begin with
(note that none of the other steps can generate new complementary slackness conditions).



- Eliminating a variable or integer from an inequality: none of the previous steps creates new inequali-
ties, and as we will prove for the next steps, we can never generate an infinite number of inequalities.
Since during this step we eliminate one of the variables from an inequality (and no other step can add
new variables to an inequality) and each inequality contains only a finite number of variables, this step
can only be used a finite number of times (we can divide an entire inequality by an integer only once,
since after this is done each product of the inequality has a coefficient of 1 or -1).
- Replacing a variable by a bigger integer, and adding two inequalities to obtain another useful
inequality®: these two steps are discussed at the same time, since they are the only steps which add new
inequalities to the list. Rather than looking at these steps in detail, we note that the newly obtained ine-
quality has to be considered useful in the proof. We will show that only a finite number of inequalities
can satisfy this property, which proves that these steps can only be applied a finite number of times. The
new inequality has to satisfy one of the following criteria to be considered use ful:

(1). It can prove one of the conclusions of this proof.

(2). It can prove an assumption for one of the theorems which can be used in this proof.

(3). It produces a contradiction.

(4). It allows us to decompose one of the complementary slackness conditions.
If it satisfies the third criterion, the proof terminates immediately. Since there are only finitely many
complementary slackness conditions, and one of them is decomposed each time the fourth criterion is
satisfied, this criterion can only be used a finite number of times.

The first criterion is satisfied by only finitely many inequalities, since we eliminate an inequality
from the finite list of conclusions as soon as it has been proven (and no conclusions can be added to this
list once a proof is started). Each time the second criterion is met we eliminate an assumption from the
(finite) assumption list of one or more theorems which can be used, and again we can conclude this can
only happen a finite number of times.

The fact that each of the steps can only be applied a finite number of times proves that the prover
will always terminate, since it will eventually reach a state where it cannot apply any more steps.

By only allowing certain steps to be performed if the resulting inequality is considered usejful, we
have ensured termination of the theorem prover. However, this way the theorem prover cannot prove
any theorems which need the use of these steps to obtain intermediate results (i.e. inequalities which do
not appear in the conclusion, but which are needed during the proof). If this is the case the theorem
prover will terminate before the conclusion is reached. To get around this problem, the user can add the
intermediate inequalities to the list of conclusions. Now the theorem prover will consider them as use ful,
and it will make the required steps to complete the proof (an example of this is shown in the appendix).
We could add more steps to the theorem prover to try to limit the number of intermediate inequalities
that have to be specified. However, whenever we do this we also have to consider how helpful this new
step is going to be whenever it is applied. One of the dangers is that the step can be used only in very
few special cases. If this is the case a lot of time is spent to check if this step can be performed in all the
other proofs which cannot use this step. A second danger is that the step can be applied very often, but
that it very rarely does something helpful (adding 1 to both sides of all of the inequalities would be an
extreme example of this). Again this would slow down the proofs of a lot of theorems without contributing
to the actual proof.

If we add new steps to the theorem prover in the future, or if we expand one of the existing steps,

we have to make sure one of the following conditions is met:

(1). The new (modified) step can only be applied a finite number of times.

(2). If this is not the case, we have to add a check at the end of the new (modified) step which
makes sure the newly obtained inequality is use ful.
If one of the above conditions is satisfied, our definition of useful guarantees us that the prover will
indeed terminate. We might also want to add conditions to the definition of use ful in the future, but we
have to make sure this does not introduce an infinite number of inequalities which can be considered as
use ful.

6 Although there are two versions of the step which adds inequalities, the proof is the same for each version.



8. Performance

The theorem prover was tried out on two separate problems. The proofs were produced with wup
(Waterloo Unix Prolog [4]) using a VAX 11/785 running Berkeley Unix 4.27. The following table summar-
izes some of the data on the performance of the theorem prover on the two problems. Ten of the proofs
for the first problem required the version of the step in which we try to add all pairs of inequalities (i.e.
the "total adder" version, as opposed to the "fast adder" version, which only attempts to add those ine-
qualities in which at least one product gets merged). Separate statistics are given for those proofs to show
how significant the difference between the two versions is.

# of avg. time avg. stack # of | # of bad | extra concl.

proofs (sec.) use (words) | steps steps needed
Appl. 1 85 177.4 5830 453 110 35
Appl. 1: fast adder 75 108.5 5680 371 86 28
Appl. 1: total adder 10 686.9 6960 82 24 7
Appl. 2 4 36.9 4360 20 3 4

The first application is discussed in [7], all the proofs from this paper are shown in the second
appendix. It contains 8 constraint functions and 8 choice variables. The second application has 3 con-
straints and 2 choice variables, and is discussed in the first appendix. The maximum time for any proof
was 1624 seconds for a proof which attempted to add all inequalities, and 561 seconds for any other proof
(the maximum time for a proof of the second application was 60 seconds). On average, a step was per-
formed every 33 seconds in the proofs of the first application (every 22 seconds for the proofs using the
fast adder version, and once every 84 seconds for the other version). For the second application a step
was performed every 7.4 seconds. The stack size never exceeded 8400 words for any proof. On average 1
out of 4 steps performed by the theorem prover did not contribute to the actual proof of the theorem.
Although we had to add 39 intermediate conclusions for the proofs in both applications, these were spread
out over 20 proofs. This means 69 out of the 89 proofs were able to complete without any user interven-
tion.

9. Conclusion

The theorem prover successfully completed all the proofs given in (7], and derived the desired
results for another system of Kuhn-Tucker conditions (see the appendix). Moreover, most of the proofs
proceeded in the same way as in [7], and few irrelevant steps were performed. Future applications will
give a clearer indication of the type and size of problems the theorem prover can reasonably deal with.

In order to ensure termination, we had to restrict certain steps of the theorem prover to only
deduce inequalities that are considered useful. In doing this we reduced the number of theorems which
could be proven automatically. However, with a little guidance from the user, these proofs can be com-
pleted by simply forcing certain intermediate results to be considered as useful. Again, future use of the
theorem prover will have to determine how severe this drawback is to the productive use of the system.

There are two ways in which the theorem prover could be improved. We can add additional steps
or enhance existing steps (for example we could try to add triples of inequalities rather than pairs) so that
it can prove more theorems without any user help. We can also try to enhance it so that it can deal
better with the logic of the problems, which now has to be done by the user. This can be done for both
individual proofs (for example when a straight proof fails, try a proof by cases), as well as the overall stra-
tegy which is needed to solve the optimization problem.

Although the theorem prover can also be used to deduce new inequalities from any set of inequali-
ties, the steps that are currently implemented are geared towards inequalities typically occurring in
Kuhn-Tucker conditions for optimization problems. These steps are fairly simple and involve only trivial
forms of symbolic manipulation. For more complicated steps (such as factoring of parts of the inequality),
interaction with a symbolic computation package such as Maple ([8]) would probably be needed.

7 With the current setup wup runs at approximately 800 logical inferences per second (LIPS), with a commercial
Prolog interpreter we would expect a 10 fold increase in speed.
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11. Appendix 1: Example of an Application

The problem discussed in this appendix is the total-total subproblem as explained in [6]. We will
first give a very brief discussion of the problem solved in that paper. Under Canadian income tax law, an
individual who owns two houses will be taxed on some of the capital gain realized on sale. The individual
will wish to minimize the amount taxable:

ga-ea(na+ 1+ ca)+ gb-eb(nb+ 1+ cb)

subject to the following constraint functions:

ca<y-1
ch<y-1
ca+cb<y

where ea, eb, y, na, nb, ga and gb are the parameters and ca and cb are the choice variables. The vari-
ables ca and cb are the number of years that houses a and b are designated as the principal residence.
The parameter y is the number of years in which both houses were owned, we assume it is at least 2. The
parameter na is the number of years house a, but not house b was owned, and this value is assumed to be
non-negative (nb is defined similarly). The parameters ga and gb are the gain in value of each house, and
are both positive. The parameters ea and eb represent the average gain in value of each house per year
of ownership, and they are calculated as follows:

ea=—ga/(y+na)
eb=gb /(y+ nb)

These equations cannot be used in the way they are given here and thus have to be rewritten in the form:

ga — eay + eana
gb —eby + ebna

which can be handled by the theorem prover. Further details about this problems are discussed in [6].
Since all the constraint functions for the problem are linear, the set of Kuhn-Tucker conditions are neces-
sary and sufficient conditions for the optimal solution in this case.

We first have to calculate the Kuhn-Tucker conditions for the system. These consist of the non-
negativity constraints on both the variables and the Lagrange multipliers (these Lagrange multipliers cl,
¢2 and ¢3 are introduced when we calculate the Kuhn-Tucker conditions), as well as the complementary
slackness conditions. The complementary slackness conditions are:

cl+c3-ea>0, and (cl + c3-ea)ca=0
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2+ c3-eb>0, and (c2+ c3-eb)cb=0
-ca+y>1, and (1+ca-y)ecl=0
-¢cb+y>1, and (L +cb-y)c2=0

-ca-cb+y>0, and (ca+cb-y)e3=0

We then have to specify all the Kuhn-Tucker conditions and other constraints to the system using
the hyp and kt_cond (to specify the complementary slackness conditions) predicates. These are shown
here:

%

% Non-negativity of variables.

hyp( [ge O [1 ca]] );

hyp( [ge 0 [1 cb]] );

%

% Constraints on parameters.

hyp( [ge O [1 na]] );

hyp( [ge 0 [1 nb]] );

hyp( [g 0 [1 ga]] );

hyp( [g 0 [1 gb]] );

hyp( [ge 2 [1y]] );

hyp( [g 0 [1 ea]] );

lgp( (5 0 [1 eb]] );

% Non-negativity of Lagrange multipliers.

hyp( [ge 0 [1 c1]] );

hyp( [ge 0 [1 c2]] );

hyp( [ge 0 [1 3]} );

%

% Other constraints.

hyp( [e O [1 ea na] [1 ea y] [-1 ga]] );

{;yp( [e 0 [1 eb nb] [1 eb y] [-1 gb]] );

% Complementary slackness conditions.
kt_cond( [[ge O [1 c1] [1 ¢3] [-1 ea]] [e O [1 ca]]] );
kt_cond( [[ge O [1 ¢2] [1 ¢3] [-1 eb]] [e O [L cb]] );
kt_cond( [fge 1 |1 cal [1 y]] [e 0 [1 e1]] );
kt_cond( [[ge 1 [-1 cb] [1 y]] e 0 1 c2]] )
kt_cond( [[ge O [-1 ca] [-1 cb] [L y]] [e O [L ¢3]]] );

After these predicates are set up we can use the prover to help us find the solution. First of all we
prove a theorem called "nowaste", which states:

cat+cbh=y

To be able to use this theorem in other proofs we have to define it using the theorem predicate as fol-
lows:

theorem( nowaste [] [[e 0 [1 ca] [L cb] [-1 y]]] );

Now other proofs can use the result of this theorem by specifying the name nowaste in the list of
theorems that can be used. Using this theorem we can find the optimal solution for two separate cases by
proving the theorems:

if ea >eb then ca=y-1,and cb=1
if eb >ea then ca=1,and cbh=y-1

We will now show the proofs of all these theorems. The first one has to be proven by giving a proof
by cases8. We know that ¢3 > 0, and we can prove the following two theorems:

8 This theorem can be proven directly by adding the negation of the conclusion to the assumptions, from which we
can derive a contradiction. We chose to prove it this way to demonstrate how the user can deal with some of the logic
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ifcd >0 then ca+cb=y
ifc3=0 then ca+cb=y

By combining these two theorems we can conclude that it must always be the case that ca + ¢cb = y. The
two theorems which actually find the optimal solution, use this theorem in the proof. Both these theorems
also require two additional conclusions to be specified in their list of conclusions for them to complete
automatically. The following session shows how the theorems can be actually proven. The input which
has to be typed by the user is shown in bold face.

tproof([[g 0 [1 ¢3]]] [] [[e O [1 ca] [1 eb] [-1 ¥]]]);

Starting assumptions:
c3 >0
From ¢3 > 0, and (-ca-cb+y)(c3) = 0, conclude ca+cb-y = 0
Conclusion ca+cb-y = 0 has been proven.
Proof finished, all conclusions proven.
yes

tproof([[e 0 [1 ¢3]]] [] [[e O [1 ca] [1 cb] [-1 y]]]);

Starting assumptions:
c3=0

Substituting ¢3 =0
- In compound assumption cl+c3-ea >= 0, ca = 0,

to get cl-ea >=0,ca =20
- In compound assumption ¢2+c3-eb >= 0, cb =0,

to get c2-eb >=10,cb =0
- In compound assumption -ca-cb+y >=0, ¢3 =0,

to get -ca-cb+y >=0,0=0
Eliminated 0 = 0, to get -ca-cb+y >=0
From cl > 0, and (-1-ca+y)(cl) = 0, conclude -ca+y =1
by merging ea > 0 and cl-ea >=10
From ca >=1, and (c1-ea)(ca) = 0, conclude cl-ea = 0
by merging -ca+y = 1 and y >=2
From ¢2 > 0, and (-1-cb+y)(c2) = 0, conclude -cb+y =1
by merging eb > 0 and ¢2-eb >=10
-ca >= -1 by merging -cb+y = 1 and -ca-cb+y >=20
Obtained -ca = -1, from -ca >=-1 and ca >=1
Substituting ca =1
- In assumption -ca+y =1, to get y = 2
- In assumption -ca-cb+y >=0, to get -cb+y >=1
- In conclusion ca+cb-y = 0, to get -cb+y =1
Conclusion ca+cb-y = 0 has been proven.
Proof finished, all conclusions proven.
yes

?proof([[g O [1 ea] [-1 eb]]] [nowaste] [[e 1 [-1 ca] [1 y]] [e 1 [1 cb]]
[ge 0 [-1 c3] [1 eb]] [g O [-1 €3] [1 ea]]]);

Starting assumptions:
ea-eb > 0

Using theorem nowaste to add assumption(s):
catchb-y =0

of the proofs.
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From cb >= 1, and (¢2+c3-eb)(cb) = 0, conclude c2+c3-eb = 0
by merging ca+cb-y = 0 and -ca+y >=1

Conclude -¢3+eb >= 0 by merging c2+c3-eb = 0 and ¢2 >=10
Conclusion -c3+eb >= 0 has been proven.

Conclude -c3+ea > 0 by merging -c3+eb >= 0 and ea-eb > 0
Conclusion -c3+ea > 0 has been proven.

From c1 > 0, and (-1-ca+y)(cl) = 0, conclude -ca+y = 1

by merging -c3+ea > 0 and cl+c3-ea >=0

Conclusion -ca+y = 1 has been proven.

Conclude ¢cb = 1 by merging -ca+y = 1 and ca+cb-y = 0
Conclusion ¢cb = 1 has been proven.

Proof finished, all conclusions proven.

yes

?proof([[g O [-1 ea] [1 eb]]] [nowaste] [[e 1 [-1 cb] [1 y]] [e 1 [1 ca]]
[ge O [-1 ¢3] [1 ea]] [g O [-1 ¢3] [1 eb]]]);

Starting assumptions:
-eat+eb > 0
Using theorem nowaste to add assumption(s):
catcb-y =0
From cb >= 1, and (c2+c3-eb)(cb) = 0, conclude c¢2+c3-eb = 0
by merging ca+cb-y = 0 and -ca+y >=1
From ca >= 1, and (c1+c3-ea)(ca) = 0, conclude cl+c3-ea = 0
by merging ca+cb-y = 0 and -cb+y >=1
Conclude -¢3+ea >= 0 by merging cl+c3-ea = 0 and ¢c1 >=10
Conclusion -c3+ea >= 0 has been proven.
Conclude -¢3+¢eb > 0 by merging -c3+ea >= 0 and -ea+eb > 0
Conclusion -¢3+eb > 0 has been proven.
From ¢2 > 0, and (-1-cb+y)(c2) = 0, conclude -cb+y = 1
by merging -c3+eb > 0 and c2+c3-eb = 0
Conclusion -cb+y = 1 has been proven.
Conclude ca = 1 by merging -cb+y = 1 and ca+cb-y = 0
Conclusion ca = 1 has been proven.
Proof finished, all conclusions proven.
yes

?quit;

12. Appendix 2: Using the Theorem Prover to Verify Theorems

In this appendix we show how the theorem prover was used to verify all the proofs from [7]. The
problem which is solved is the total-transitional subproblem as discussed in [6]. The actual meaning of the
symbolic variables, the function and all the constraints are of little importance to us and are therefore
omitted. The problem discussed in 7] was to find the minimum of:

ta + sbl + gb2 - eb2 nb2
subject to the following constraints:

nal + nbl <yl
na2 + nb2 < y2
gal + ga2 - ea ( nal + na2 + pa ) < ta
pa < nal + na2
pa<l1
gbl - ebl ( nbl + pbl ) < sbl
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pbl < nbl
phb1 <1

where nal, na2, nbl, nb2, ta, pa, sbl and pbl are the choice variables (assumed to be non-negative). The
parameters of the system, which are strictly positive, are: y1, y2, gal, ga2, gbl, gb2, ea, ebl, and eb2.
When we calculate the Kuhn-Tucker conditions for the system, we obtain Lagrange multipliers c1 to c8,
which are assumed to be non-negative. The following equalities also hold in the system, and thus if we
want to be able to use them in the proofs they have to be added as assumptions.

ebl =gbl / y1
eb2 = gb2 / y2
ea=(gal +ga2)/(yl+y2)

They cannot be used in the way they are given here and thus have to be rewritten in the form:

gbl = ebl y1
gh2 = eb2 y2
gal 4+ ga2 — ea yl 4+ ea y2

which can be handled by the theorem prover. We can calculate the Kuhn-Tucker conditions for this prob-
lem. These consist of the non-negativity constraints on both the variables and the Lagrange multipliers, as
well as the following complementary slackness conditions:

cl-c3ea-c4>0, and (c1-c3 ea-c4)*nal =0

cl-c6ebl-c7>0, and (c1-¢c6 ebl -c7) * nbl =0

c2-c3ea-c4>0, and (c2-c3ea-c4) *na2 =0

c2-¢eb2 >0, and (c2 - eb2) * nb2 =0

1-¢3>0, and(1-¢3)*ta=0

1-¢6>0, and (1 -¢6) *sbl =0

-c3ea+c4+¢5>0, and(-c3ea+cd+¢c5)*pa=0

- ¢6 ebl + ¢7 + ¢8>0, and (- ¢6 ebl + ¢7 + ¢8 ) * pbl =0

-nal - nbl + y1 >0, and (- nal - nbl + y1) *c1 =0

-na2-nb2 + y2 >0, and (- na2 - nb2 + y2) *c2 =0

- gal - ga2 + ea (nal + na2 + pa) + ta >0, and (- gal - ga2 + ea (nal + na2 + pa) + ta) * ¢c3 =0
nal + na2 - pa >0, and (nal + na2-pa)*c4 =0

1-pa>0, and (1-pa)*c5=0

- gbl + ebl (nbl + pbl) + sbl >0, and (- gbl + ebl (nbl + pbl) + sbl) * ¢3 =0
nbl - pbl >0, and (nbl - pbl) * ¢7 =0

1-pbl >0, and (1-pbl)*c8 =0

In total 35 theorems are given in [7] to find the optimal solution. To prove all these theorems using
the theorem prover we needed 86 proofs. The theorems in [7] are grouped in 5 groups (A to E), we will
now look at the theorems in each group, and also show what proofs were given by our theorem prover to
show that the proofs are correct.

Part A:

al: If nal + na2 < 1 and ta > 0, then pa = nal + na2
a2: If nbl < 1 and sbl > 0, then pbl = nbl
a3: If nbl > 0 and ta > 0, then pbl > 0
a4: a) If nal > 0 and sbl > 0, then pa > 0
b) If na2 > 0, then pa > 0

The proofs given by the theorem prover are exactly the same as in [7]. In both cases a3 and a4 are pro-
ven by contradiction. The theorem prover actually uses two separate proofs (ad4a, and a4b) to prove a4.

Part B:
bl: If nal + na2 < 1 and ta > 0, then 2 ea < ¢l and 2 ea < ¢2

b2: If ta > 0, then ea < c1 and ea < ¢2
b3: If nbl > 0 and ta > 0, then c1 < 2 ebl
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b4: If nbl > 1, then ¢l < ebl
b5: If nb2 > 0, then ¢2 = eb2
b6: If nbl > y1-1,y1 > 2 and ta > 0, thencl =0
b7: If ta > 0, nbl > 0 and y1 > 2, then:
a)2 ebl >2eaif nal + na2 < 1
b) 2 ebl > ea
c)ebl >2eaifnal + na2 < land 1 < nbl <yl-1
d)ebl >eaif 1 <nbl <yl-1
e)0>2eaif nal + na2 < 1 and nbl > y1-1
f)0 >eaifnbl >yl1-1
b8: If ta > 0 and nb2 > 0, then:
a) eb2 >2eaif nal + na2 <1
b) eb2 > ea

All proofs, except for b6 proceed in the same way as in [7]. To be able to proof b6, we prove the follow-
ing three theorems:

b6_1: If nbl > y1-1,y1l > 2 and ta > 0 then ¢6 ebl = ¢8, and ¢7 =0
b6_2: If ¢c6 = ¢7 = 0 and nbl > 0, then ¢l =0
b6_3: ¢c6 > 0, ¢8 > 0 and nbl > yl - 1 lead to a contradiction

From b6_1 we get c6 ebl = c¢8, which means ¢c6 = ¢8 = 0, or ¢6 > 0 and ¢8 > 0 (since we know that
ebl > 0, ¢c6 > 0, and ¢8 > 0). In b6_2 we show that the conclusion must hold in the first case, and b6_3
shows that the second case is actually impossible. Although we use 3 different proofs to prove the single
theorem b6, we perform the same steps as in the proof of b6 in [7] (whenever we use more than one proof
to prove one of the theorems from (7], we made sure that the logic used to combine these proofs is exactly
the same as in [7]). For b7, 6 separate proofs are used, and for b8 we use 2 proofs. The only other thing
to note is that in the proof of b3 we need 2 extra conclusions to allow the theorem prover to complete,
and in b6_3 we need 1 extra conclusion.

Part C:

cl: a) If nal > 0 and sbl > 0, then c1 <2 ea
b) If na2 > 0, then ¢c2 < 2 ea
¢2: a) If nal + na2 > 1 and nal > 0, then c1 < ea
b) If nal + na2 > 1 and na2 > 0, then ¢2 < ea

c3: If nbl < 1 and sbl > 0, then 2 ebl < cl

c4: If sbl > 0, then ebl < cl

c5: If nal + na2 > y1 +y2-1,yl + y2 > 2 and sbl > 0, then:
a)cl =0if nal >0
b) c2 =0if na2 > 0

c6: If sbl > 0, nal > 0 and y1 + y2 > 2, then:
a)2ea>2eblifnbl <1
b) 2 ea > ebl
c) ea >2eblif nbl < 1 and nal + nal > 1
d) ea > ebl if nal + nal > 1
e) 0 >2ebl if nbl < 1 and nal + nal >yl +y2-1
f) 0 > ebl if nal + na2 >yl +y2-1

c¢7: If na2 > 0 and y1 + y2 > 2, then:
a) 2 ea > eb2
b) ea > eb2 if nal 4+ na2 > 1
c)0>eb2if nal + na2 >yl +y2-1

As before, separate proofs are given for each part of a theorem if it consists of more than one part. We
need 3 extra conclusions for both cla and c1b. To prove ¢5, we use the following theorems:

c¢5_1:If nal + na2 >yl +y2-1,y1 + y2 > 2,nal > 0 and sbl > 0, then ¢3 ea = c5 and ¢4 =0
¢5_2: If nal + na2 >yl +y2-1,yl + y2 > 2, na2 > 0 and sbl > 0, then ¢c3 ea = c5 and c4 =0
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c5_3:If <3 =c4 =0and nal > 0, thencl =0
c5_4:If ¢<3 = c4 =0 and na2 > 0, then c2 =0
¢5.5:¢3 > 0,¢c5 > 0 and nal + na2 > yl + y2 - 1 lead to a contradiction

These can be combined in the same way as for b6 to prove theorem c¢5. Both ¢5_1 and ¢5_2 need 1 extra
conclusion to complete.

Part D:

d1l: na2 + nb2 = y2

d2: If nal + nbl < y1, then ta > 0 or sbl > 0 or gh2 - eb2 nb2 > 0
d3: If ta > 0 or sbl > 0 or gh2 - eb2 nb2 > 0, then nal + nbl = y1
d4: nal + nbl =yl

d5: If nbl > y1 -1 and y1 + y2 > 2, then ta > 0 or gb2 - eb2 nb2 > 0
d6: If ta > 0, and y1 > 2, then nb1 <yl -1

d7: If ta = 0, gb2 - eb2 nb2 > 0 and y1 > 2, then nbl <yl -1

d8:nb1 <yl-1

Theorem d2 is proven by 4 separate theorems. These theorems prove that we cannot have ta = sbl = 0,
gb2 - eb2 nb2 < 0, and nal + nbl < yl all at the same time, which is exactly what d2 says. Theorem d3
is proven by cases (one proof for each of the disjuncts in the hypothesis of the theorem). The same holds
for theorem d4, where we prove that we get a contradiction from nal + nbl < yl for each of the three
cases of theorem d2. Theorem d5 is proven by proving:

If nbl > y1-1,y1 + y2 > 2 and gb2 - eb2 nb2 < 0, then ta > 0

which is equivalent to it. Theorems d6 and d7 are both proven by contradiction. The theorem prover
showed that we actually do not need the extra assumption gb2 - eb2 nb2 > 0 in the proof of d7, in which
case the proof of d8 would become a lot simpler. To prove d8 in the same way as in [7], we need 2 proofs,
one for each of the cases in d5. However, the theorem prover also showed that d8 needs the additional
assumption y1 > 2. In total we need 11 extra conclusions for 4 of the proofs in this group.

Part E:

el: If ea < ebl and y1 > 2, then nbl =yl -1

e2: If ea < eb2 and y1 > 2, then na2 =0

e3: If eb2 < ea < ebl, then nb2 =0

e4: If 2 ebl < ea < eb2 and y2 > 1, then nal = y1 and nbl =0

e5: If ebl < ea < eb2 and ea < 2 ebl, then nal =yl -1 and nbl =1

e6: If ebl < ea and eb2 < ea, then nal + na2 =yl + y2-1 and nbl + nb2 =1
e7: If nbl + nb2 = 1 and eb2 < 2 ebl, then nbl = 1 and nb2 =0

e8: If nbl + nb2 =1, 2 ebl < eb2 and y2 > 1, then nbl = 0 and nb2 =1

The theorem prover showed us we need the additional assumption yl > 2 for theorems e3 to eS.
Theorem €2 is proven by the following three theorems:

e2_1:If y1 > 2, then nal + na2 > 1 and nal >1
e2_2:yl > 2, eb2 > ea, na2 > 0 and nal + na2 > 1 lead to a contradiction
e2_3: If nal 4+ na2 = 1 and nal > 1, then na2 =0

From the first theorem we can conclude that nal + na2 > 1, or nal + na2 = 0. Theorem e2_2 shows
that the first case is impossible unless na2 = 0, and e2_3 shows that in the second case we must also have
na2 = 0. Thus we have given a proof by cases of na2 = 0. Similarly, e3 (ta > 0, or ta = 0), e4 (ta > 0,
or ta = 0) and 7 (nal > 0, or nal = 0) are also proven by cases. For both e4 and e7 we also prove a
third theorem, which are:

e4_3: If nbl = 0, then nal =yl
e7_3: If nbl = 1 and nbl + nb2 =1, then nb2 =0

Theorem e5 is proven by showing that both nal < yl - 1, and nal > yl - 1 together with the assump-
tions lead to a contradiction. The third proof for e5 shows that if nal = y1 - 1, then nbl = 1. The
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following 4 theorems are used to prove e6:

e6_1:If y1 + y2 > nal + na2 + 1, then nbl + nb2 > 1 and ta > 0

e6_2: ta > 0, ea > eb2 and nb2 > 0 lead to a contradiction ,

e6_3:ta > 0,y1 > 2, ea > ebl, nbl 4+ nb2 > 1, and nb2 = 0 lead to a contradiction
e6_4: If y1 + y2 = nal + na2 + 1, then nbl + nb2 =1

We can combine the first three theorems to give us a proof of y1 + y2 = nal + na2 + 1, since ¢6_2 and
e6_3 show by cases that from the assumptions of €6 and y1 + y2 > nal + na2 + 1 we can derive a con-
tradiction. The last proof shows that the second part of the conclusion of e6 also holds. Finally, theorem
e8_1 is proven by the following theorems:

e8_1: If na2 = 0, then nb2 = y2

e8_2: If na2 > 0 and nbl > O, then ¢6 ebl + ¢7 - eb2 >0

e8_3:¢c7 =0, c6 ebl + ¢7 - eb2 > 0 and 2 ebl < eb2 lead to a contradiction

e8_4: nbl = pbl, nbl > 0, ¢6 ebl + ¢7 - eb2 > 0 and 2 ebl < eb2 lead to a contradiction

Theorem e8_1 shows that e8 is proven for the case when na2 = 0, since we have nb2 = y2 and y2 > 1,
which means we either have a contradiction (with nbl + nb2 = 1) or the theorem is proven. The other
three theorems show by contradiction that for the other case (na2 > 0) we must also have nbl = 0. The
contradiction is proven by the cases ¢7 = 0, and nbl = pbl (in ¢8_3 and e8_4 respectively) which is valid
since we have ¢7 (nbl - pbl) = 0 as part of one of our complementary slackness conditions. For 6 proofs
in this group we needed to specify a total of 12 extra conclusions for them to complete.

The following 5 theorems were not explicitly stated in [7], but because they are used often in other
proofs, we decided to state them as separate theorems:

z0: If nal + na2 + pa < yl + y2, then gal + ga2 > ea (nal + na2 + pa)
z1: If nbl + pbl < yl, then gbl > ebl (nbl + pbl)

z2: if nal + na2 <yl +y2-1,thenta >0

z3: If nbl < 1 and y1 > 2, thensbl > 0

z4: If ta = 0, then nal + na2 + pa >yl 4 y2

Both z0 and z1 are proven by contradiction. To be able to complete, theorem z3 needs one extra conclu-
sion. '

All these theorems allow us to specify the solution for the optimization for 6 exhaustive cases (for
the cases where ea == ebl, or ea = eb2 the solution is trivial). To be able to conclude these final results,
we need the two additional assumptions yl > 1, and y2 > 2. For each of the cases, we also list the
theorems that are used to give us these solutions.

If eb2 > ea and ea < ebl, then nal=1, na2=0, nbl=y1-1, and nb2=y2 (el, ¢2)

If eb2 > ea > ebl and ea < 2 ebl, then nal=yl-1, na2=0, nbl==1 and nb2=y?2 (e2, 5)

If eb2 > ea > ebl and ea > 2 ebl, then nal=y1, na2=0, nb1=0 and nb2=y2 (e2, e4)

If eb2 < ea < ebl, then nal=1, na2=y2, nb1=y1-1 and nb2=0 (el, e3)

If eb2 < ea, ea > ebl and eb2 < 2 ebl, then nal= y1-1, na2=y2, nb1=1 and nb2=0 (e6, e7)
If eb2 < ea, ea > ebl and eb2 > 2 ebl, then nal=yl, na2=y2-1, nb1=0 and nb2=1 (e6, €8)

We will now show the proofs of all of the theorems, as produced by the theorem prover. They are
shown in the same order as discussed here. Most of the proofs were produced using the "fast adder” ver-
sion. The following 10 theorems need the use of the "total adder” version: d2_4, d5, d8a, d8b, el, e2_1,
e2_2, e5_1, ¢5_2 and z3.
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