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Abstract

Updating Binary Trees

It has been widely believed that deletions followed by insertions caused the
internal path length of binary trees to be reduced on average. Recent empiri-
cal results obtained by Eppinger [E] have cast doubt upon this assumption.
This thesis adds to the empirical evidence through additiona! simulations, and
investigates some plausible explanations. A few hypotheses are formed and -
simulations performed to test them. In addition, a brief exploration is made
of a special case in which the number of available elements is the same as the
number of nodes in the tree.
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.........................................

Initial Tree of 32 Nodes
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Same Tree After 5000 Updates Using Alg. 1
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—

Same Tree After 5000 Updates Using Alg. 2
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Same Tree After 7500 Updates Using Alg. 3
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[ T ] | 1]

Same Tree After 7500 Updates Using Alg. 4
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Initial Tree Using Rebalance of 3 at Leaves



-43.

...................

Tree After 7500 Updates Using Alg. §



Average 50 Runs: 32 Nodes 0 Updates Using Alg. X

..........

...........

Average 50 Runs: 64 Nodes 0 Updates Using Alg. X

........

......

Average 50 Runs: 128 Nodes 0 Updates Using Alg. X
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Average 50 Runs: 256 Nodes 0 Updates Using Alg. X

........

Average 50 Runs: 512 Nodes 0 Updates Using Alg. X

Average 50 Runs: 1024 Nodes 0 Updates Using Alg. X
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Average 50 Runs: 32 Nodes 5000 Updates Using Alg. 1

Average 50 Runs: 64 Nodes 20000 Updates Using Alg. 1

Average 50 Runs: 128 Nodes 30000 Updates Using Alg. 1
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e .
Average 50 Runs: 256 Nodes 120000 Updates Using Alg. 1

N .
Average 50 Runs: 512 Nodes 450000 Updates Using Alg. 1

Average 50 Runs: 1024 Nodes 2000000 Updates Using Alg. 1



Average 50 Runs: 32 Nodes 5000 Updates Using Alg. 2

.........................................

Average 50 Runs: 64 Nodes 20000 Updates Using Alg. 2

......................................

Average 50 Runs: 128 Nodes 30000 Updates Using Alg. 2
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Average 50 Runs: 256 Nodes 156000 Updates Using Alg. 2

Average 50 Runs: 512 Nodes 750000 Updates Using Alg. 2

Average 50 Runs: 1024 Nodes 2000000 Updates Using Alg. 2
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----------------------

Average 50 Runs: 32 Nodes 7500 Updates Using Alg. 3

....................

e

Average 50 Runs: 64 Nodes 50000 Updates Using Alg. 3

--------------------------------

Average 50 Runs: 128 Nodes 80000 Updates Using Alg. 3
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Average 50 Runs: 256 Nodes 150000 Updates Using Alg. 3

...............................

Average 50 Runs: 512 Nodes 500000 Updates Using Alg. 3

Average 50 Runs: 1024 Nodes 2000000 Updates Using Alg. 3



Average 50 Runs: 32 Nodes 7500 Updates Using Alg. 4

--------------------------------

Average 50 Runs: 64 Nodes 50000 Updates Using Alg. 4

Average 50 Runs: 128 Nodes 100000 Updates Using Alg. 4
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.........................................

Average 50 Runs: 256 Nodes 200000 Updates Using Alg. 4

Average 50 Runs: 512 Nodes 800000 Updates Using Alg. 4
- ] — |

Average 50 Runs: 1024 Nodes 2000000 Updates Using Alg. 4
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Average 50 Runs: 32 Nodes 0 Updates Using Alg. Y

Average 50 Runs: 64 Nodes 0 Updates Using Alg. Y

...........

..............

Average 50 Runs: 128 Nodes 0 Updates Using Alg. Y




.55.

Average 50 Runs: 256 Nodes 0 Updates Using Alg. Y

—

.......

Average 50 Runs: 512 Nodes 0 Updates Using Alg. Y

Average 50 Runs: 1024 Nodes 0 Updates Using Alg. Y



-56-

Average 50 Runs: 32 Nodes 7500 Updates Using Alg. 5

.................

Average 50 Runs: 64 Nodes 50000 Updates Using Alg. 5

......................................

Average 50 Runs: 128 Nodes 100000 Updates Using Alg. 5
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Average 50 Runs: 256 Nodes 200000 Updates Using Alg. 5

Average 50 Runs: 512 Nodes 800000 Updates Using Alg. S
— _ B
..... S I N L,

Average 50 Runs: 1024 Nodes 2000000 Updates Using Alg. 5
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Graphs

On the following pages are some graphs showing how algorithms 1 and 3 changed the
trees throughout the updating process. First, there is a graph showing how the ratio of the
internal path length to the expected initial path length corresponds to the square root of the
number of nodes in the tree, for each of the two asymmetric algorithms. These plots were
generated by a polynomial regression package. Note that the coefficients are not precisely
those given in chapter five, which were obtained using a multiple regression package.
There, the inverse of the variance was used as a weight for the average path length, while

unweighted values were used here.

The next two graphs show the change in the average internal path length as the number
of updates is increased. The path length is again given as a multiple of the expected initial
length. The number of iterations has been divided by the square of the number of nodes, as
it is in all the following graphs. Notice that there is virtually no initial improvement in the
path length generated by algorithm 1, and that, for all trees, the length increases from the
initial value. Algorithm 3, on the other hand, shows significant initial improvement, and the

smaller trees seem never to get worse than the initial ones.

The changes in the lengths of the backbones as updates are performed using 1 and 3,
are plotted next. The normalizing value Hn is the harmonic number, and as explained in
chapter 4, it is the expected initial length of the backbone.

Finally, the changes in the relative balance and the relative skew (at X=2) for the two
algorithms are graphed.

Similar graphs for the symmetric algorithms are not included, as in those the asymptotic
changes tended to be small, while the variability of the trees was relatively large, which

resulted in an undecipherable jumble of lines when plotted.
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