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The purpose of this note is two-fold. On the one hand we
give a characterization for elementary homomorphisms (introduced in
[EhRI]) by means of elementary biprefixes. On the other hand we
discuss conditions which imply the regularity of the equality set of
two homomorphisms.

Our characterization for elementary homomorphisms is not
complete since it uses the notion of an elementary biprefix. How-
ever, it gives an alternative way to show that an elementary homo-
morphism is a code with bounded delay in both directions, see [EhRI]
and [EhRIT]. It also shows that to give a ‘‘real" characterization
for elementary homomorphisms it suffices to characterize elementary
biprefixes, a small subclass of all elementary homomorphisms.

An important feature of elementary homomorphisms is that
their equality set is regular, see [EhRII]. Here we point out that
the regularity of the equality set holds true even for a wider class

of homomorphisms, namely for bounded delay homomorphisms. More



precisely, we show that the equality set of two homomorphisms is
regular if either both homomorphisms have bounded delay in the same
direction or at least one of them has bounded delay in both directioms.
We also give an example showing that the equality set of two codes,
i.e. 1injective homomorphisms, need not be even context-free.

Finally, we mention that the equality set of a periodic and
an injective homomorphism is also regular, in fact a star of one word

only. Moreover, this set can be effectively found.

Notations and Definitions

For a (finite) alphabet A we denote by A* the free
monoid generated by A . The cardinality of A is denoted by |A].
For an element u in A* let |u| be its length. For elements u
and v in A* u {4 v means that u is a prefix of v .

Following [EhRI] we say that a homomorphism h: A*¥ - B* is

simplifiable if it admits the factorization into two homomorphisms

f and g
A*_—h_),*
\ /:
C*
with |c| < |A] . If h is not simplifiable then it is called

elementary. A homomorphism h : A* » B* which is simplifiable via
the alphabet of cardinality ome, i.e. Ah < z* for some =z € B¥* ,
is called periodic.

In our characterization of elementary homomorphisms the
following two classes of homomorphisms turn out to bhe useful. We
say that a homomorphism h : A* > A* ig atomic if there exist a
and a' in A such that
ah = aa' , ah = a'a ,

or
xh = x if x + a xh

either
if x + a.

I
W



Further h : A* - A* is called quasiatomic if it is a composition
of atomic homomorphisms. It is obvibus that any atomic (and hence
also quasiatomic homomorphism) has bounded delay in both directions
in the following sense.

We say that a homomorphism h : A* - B* has bounded delay

from left to right if there exists a natural number %k such that for

all u,v € A* and a,b ¢ A
if |u|l 2k -1 and (au)h § (bv)h , then a =1b .

The notion of a bounded delay from right to left is defined analo-
gously. Clearly, the set of bounded delay homomorphisms in the same
direction is closed under composition. It is also clear that a
bounded delay homomorphism is a code. So the notion can be defined
alternatively and equivalently as a code h : A* -+ B* sgatisfying the
following property : there exists a natural number %k such that for

all w,u and v in A%
if |ul 2k -1 and (wu)h § vh , then wh) "L(vh) < (an)*

wherea (wh)—l(vh) denotes the left difference of vh by wh .

Bounded delay homomorphisms from left to right (resp. from
right to left) with k = 1 are called prefixes (resp. suffixes).
By a biprefix we mean a homomorphism which is both a prefix and a

suffix.

Finally, we define the notion of an equality set of two

homomorphisms. For homomorphisms h,g : A* > B* their equality set is

E(h,g) = {u e A* | h(u) = g(w)}.

A Characterization

Here we give a characterization of elementary homomorphisms

by means of elementary biprefixes.



Theorem 1: A homomorphism h : A* - B* is elementary if and only if
there exists a quasiatomic homomorphism o : A* > A* and an elementary

biprefix w : A* - B*¥ such that h = om

Proof: Assume first that h 1is elementary. The existence of

the required composition for h is proved by induction on P = z Iahl.
acA

The case ph = |A| is clear. So assume that ph > |A|. If
h 1is a biprefix there is nothing to be proved. Hence, assume that h
is not a biprefix, say h 1is not a prefix (the other possibility being

symmetric). Let ah = (bh)u . Define an atomic homomorphism s : A%* - A%

and a homomorphism h' : A* -~ B* by
as = ba ,
Xs = X if x + a
and
ah' = u ,
xh' = xh if x 4 a .
Clearly h = sh' . Further h' is elementary (since h is) and

ph, < ph . So the existence of ¢ and 7 follows from induction
hypothesis.

To prove the converse it is sufficient to show that if
g : A* > B* is elementary and p : A* > A* dig atomic, then pg is
elementary. Assume the contrary, that g 1is elementary but pg is

not. Then pg has a factorization

A*-_———Eg———f>B*
:>\\& 7é////ﬂf
C
which |C[ < |A1. We choose a factorization where Pe = CéCICfI is
the smallest possible. Let lap] = 2 . By symmetry we may assume

that ap = a'a . Since Apg ¢ (Cf)* we may write



= ' -
(%) apg = (a'a)g Qpeeet s
4 . | =
a'pg =ag BreeeB >
where al,...,un,sl,...,ﬁm e C£ . We will show that
(*%) n>m and o, = B, for i <m,

i i
from which the theorem follows. Indeed (*) and (*¥*) imply that
Ag < (C£)* and hence g is not elementary, a contradiction.

Assume that (**) is not true. Then there exists j <m

such that
% T BJ ’
apg = al...uj_laj...an ,
a'pg = al...aj_lBJ...Bm

Since a'pg <4 apg it follows that
either o, <8 or B, S a, .
iy it

But both uj and Bj are in Cf , so by the first part of this
proof £ has a factorization f = s'f' with Per < Pe - This
contradicts with the minimality of f and so (*) is true and the
theorem is proved. U
As a consequence of Theorem 1 we conclude, cf. [EhRI] and

[EnrII] .

Corollary: Any elementary homomorphism is a code with bounded delay

in both directions. O

Employing the proof technique used above the following
representation for elementary homomorphisms can also be proved. We

leave the proof for the reader.

Theorem 2: Any elementary homomorphism h : A* > B* has



factorizations

' are suffixes such

where p and p' are prefixes and s and s

that all of them has bounded delay in both directions. 0
It is clear that Theorem 2 does not characterize elementary

homomorphisms. Indeed, any biprefix has these factorizations but

they are not all elementary.

Regularity of Equality Sets

A remarkable property of elementary homomorphisms is that
their equality set is regular. This has been shown in [EhRII], and
generalized in [EnR] to cover also the case when only one of the homo-
morphisms is elementary (or, in fact, a composition of elementary
homomorphisms). In general equality sets are far from being regular,
see e.g. [C].

Here we will point out that the regularity of an equality
set follows also from suitable bounded delay properties. These results
are direct consequences of the proof of the fact that E(h,g) is regular
for elementary h and g , see [EhRII]. The basic idea behind this
proof is that elementary homomorphisms have "a unique continuation
property" in the following sense. Assume that h and g are elemen-
tary and u < v ¢ E(h,g). Then if lluhl - |ug]| is large enough
there exists a unique letter a such that wua is a prefix of a word
in E(h,g) . But obviously this condition is valid for homomorphisms
having bounded delay from left to right. So, by symmetry, we may

formulate

Theorem 3: Let h and g be homomorphisms with bounded delay in the

same direction. Then E(h,g) is regular. O



Corresponding to a result in [EnR] we also have

Theorem 4: Let h and g be homomorphisms. If h has bounded

delay in both directions, then E(h,g) is regular.

Proof: As above we should conclude that the pair (h,g) has a
unique continuation property. For situations where g is "ahead",
i.e. uh < ug , this is clearly true, since h has bounded delay from

left to right. So let u v e E(h,g) and ug < uh . We should show

that if |uh| - |ugl is large enough there exists a unique a such
that wua 1is a prefix of a word in E(h,g) . Let uaw ¢ E(h,g) . Now
if |uh| - [ugl is large then also [wg| - Iwhl is large and since

wh 1is a suffix of wg the uniqueness of a follows from the fact
that h (which is now "slower'") has bounded delay from right to
left, too. So the theorem is established. O

It is interesting to note that the equality set of two codes
need not be regular, or even context-free. 1In fact, as regards
bounded delay properties the assumptions of Theorems 3 and 4 can not
be weakened. This follows from the next example where we introduce

a prefix p and a suffix s such that E(p,s) is non context-free.

Example Let p,s : {a,b,c,d,e,f}* - {1,2,3,4,5}* be homomorphisms
defined by the table

a b c d e f
P 1234 2323 4 24 32 5
s 1 23 4 42 3232 4325

The word abcbzdezcef is in E(p,s) since

p: a b c b b d e e ¢ e f
r 1l [AB | 0 Yy L = 1
123423234232323232432324325
. Jil i T Il | L it ]

s: a b ¢ b b d e e c e f



It is straightforward to see that
n ,n

2
E(p,s) = ({abcbzc...cb de? c...ce’cet | n 20} u {eh* .
Hence E(p,s) is not context-free.

After establishing that the equality sets of bounded delay
codes (or elementary homomorphisms) is regular some natural questions
arise. 1Is it effectively regular? 1Is the Post Correspondence Problem
decidable for these homomorphisms? Or is the Post Correspondence
Problem decidable or undecidable for codes in general? We do not know
the answers. Our example, however, indicates that injective homomor-
phisms are probably much more powerful than bounded delay (or elemen—
tary) homomorphisms to generate equality languages. 8o it is likely
that the Post Correspondence Problem for codes is more difficult than
for example for elementary homomorphisms. Related topics, especially
the Post Corfespondence Problem in the binary case, are discussed in
[ck].

We finish this note by mentioning another situation when

the equality set is regular.

Theorem 5: Let h and g be homomorphisms. If h dis periodic and
g 1is injective, then there exists effectively a word w (possibly

empty) such that E(h,g) = w* .

Proof: The existence of w has been proved in [CSJ (although

using a different formulation). The effectiveness follows from

Lemma: It is decidable whether E(h,g) is empty for two homomor-

phisms h and g one of which is periodic.

Proof: Let h : A* = B* such that Ah c z*¥ for some 2z ¢ B* .
Define
L, = (kg o zk)g
and
L, = {u € A* | |uh] = |ug]]}.



Then

E(h:g) = Ll n LZ .

Clearly, Ll regular and sz » Wwhere Y : A% - N!A! is the Parikh
mapping, is semilinear in the sense of [G]. Since L2 = szw_l it
follows that Ll n L2 is empty if and only if w(Ll) n w(Lz) is
empty, so the proof is completed. 0
In conclusion we mention that the above lemma represents
(besides some trivialities) the only case known to the authors when
the Post Correspondence Problem is decidable. Are there any others?
Are there any ''reasonable" classes of homomorphisms with the decidable

Post Correspondence Problem?
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