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1. Introduction.

Several years ago the relational model was introduced in order that data base design could be
grounded in a well-established mathematical discipline. The basic notion of a relation was
angmented by the concepts of functional dependencies and normal forms in an attempt to provide
integrity by reducing undesirable updating anomalies [Codd 71]. A particularly undesirable form
of redundancy is the presence in a relation of an attribute whose value can always be derived from

ather atiributes (nerhaps using other relations) and whoss velue ‘s not needed to derive other
~will be called superfluon: b coa for ! dolin
s ~

1o show that so

Sotions

a4 set
i defing re inadequat srynaliz
4 in the 7 of the pew <o Wz present the
' ’ ' wwthod. and we
conty

"2, The relational model

A relational data base, consisting of several interrelated relations, was first introduced by
Codd [Codd 70]. " A relation is defined as follows: given sets of atomic (non-decomposable)
clements DOM, DOM,, ..., DOM,, (not necessarily distinct), T is a firsi normal form relation
(or simply relation) on these n sefs if it is a set of ordered n-tuples (D, Do,.... D) such that D;
belongs to DOM; for i=1,2, ... ,n Thus TEDOM XDOM X - - - XDOM,,, where X denotes
the Cartesian product. DOM |, DOMy,..., DOM,, are called the domains of T. Rather than
referencing each use of a domain by position number, cach is assigned a unique role name. called
an attribute of T. For anv tuple in T, the value for the attribute named B is referred to as a B-
value, and, for a set of attributes X = {By, By, ..., B}, the tuple’s values for the attributes in X
is referred to as an X-value; the values of the other attributes in that tuple are said to be associated

T Current address: Department of Computer Science, Nanyang University, Upper Jureng Road, Singapore 22
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with that X-value. A set of attributes Y of T is said to be functionally dependent on u set of
attributes X of T if each X-value in T has associated with it exacily one Y-value in T (at any
time). This is denoted by X—>Y and is called a functional dependency of T; X and Y are termed
the Jeft and right sides of the dependency, respectively.

The relational algebra originally proposed by Codd includes several operations for manipulat-

ing relations.  Of particular interest here are the operations of projection and (natural) 1oin, defined

-y
-
-
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where - denotes catenation {and possibly reordering of attributes).

It is important to realize that as data occurrences are inserted, deleted, and modified in a
data base, the relations (that is, the sets of tuples) in that data base are aitered. However. the
relational algebra does not include facilities for altering a relation’s set of attributes nor its set of
functional dependencies. Thus these two sets are time-invariant properties associated with the relo-
tion scheme R which serves as a framework for a time-varying sequence of rdatmm T. Henco-
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dependencies F, a functional dupcndmcy X-—*BEP where X€A4 and B&A, is said to be a fid/
dependency of R (or B is fully dependent on X under F) if there exists no proper subset X ©X such
that X' = BEF ™. Two sets of attributes XG4 and YEA are said to be functionally equivalent {or
simply equivalent) if X=>YEFT and Y= X&FT X and Y are said to be properlv functionally
equivalent {or simply properly equivalent) if X and Y are equivalent and there exist no proper
subsets X'CX and Y'CY such that X' >YEF™T or Y= XEFT. An aftribute B is said to !x
transitivelv dependent on XESA if there exits YCA such that BEA-Y, X >YEF ™, V»[%Ef
and Y—=XegFt

For a relation scheme R having a set of attributes 4 and a set of {functional dependencic
a set of attributes KEA is mlicd a candidate key (or simply keyj of R (or, colloquially. a |
Ay if K> A€F™ and for all XCK, X—>A4&F T [t is easy to prove that every relati
least one key and that some may have more 1hc1n one key. An attribute in A4 is called a priroe
attribute of R if it is contained in some key of R, All other attributes in A4 are called non-prime
attributes.




3.

Codd recognized immediately that certain relation schemes may contain some redundancy.
Consider., for example, the relation in Figure la which represents stock information for some
hypothetical manufacturer:

MODEL# | SERIAL# | PRICE | COLOUR | NAME | YEAR
1234 342 13.25 blae pot 1974
1234 347 13.25 red pot 1974
1234 41 - 1423 red nod NN

RVTSIN 347 9.45 bluck nan |
1465 390 9] black nan |
1465 392 9.82 red pan
1465 . 401 9.82 red pan 197
1465 409 9.82 blue pan 1976
1623 311 22.34 blue kettle 1973
1623 390 30.21 blue ettle 1976
1623 410 28.55 black kettle 1975
1623 423 28.55 black kettle 1975
1623 428 28.55 blue kettle 1975
1654 435 28.55 red kettle 1975

Figure la. Stock inventory universal relation

NAME « YEAR | PRICE
pot 1974 13.25
pot 1975 14.23
pan 1974 945
pan 1976 382
kettle 1973 22.34
kettle 1975 28.55
kettle 1976 30.21

¢

Figure 1b. Stock inventory price relation

md venys oF

wnher. serial number. list price. colour. model nime

d. The price und colour are unigue for a given model number

and serial number. If it is further assumed that the model name can be determined from the
model number, the year of manufacture can be determined from the serial number, and the price
cun be determined from the model name and the vear, then the set of functional dependencies is

{  {MODEL#SERIAL# - {PRICE,COLOUR}, {MODEL#—> {NAME},
{SERIAL# — {YEAR}, (NAME,YEAR}— {PRICE} }

LS

If 4 new model for some year is announced but no items for that model and year are yet in stock
{and therefore no model number and serial number are yet available), then the price information
cannot be entered for that model (i.e.., NAME) and vear (the use of null or undefined values in
other fields could cause problems [Osborn 771). This is called the insertion anomaly. Now il the
last item of stock for a particular model and year is sold and therefore a tuple with =
INAME,YEAR}-value that appeared in this tuple only is deleted, then the price inforraation for
this {INAME.YEAR}-value would be lost. This is called the deletion anomaly. If the PRICL-
value for a [INAME, YEAR]}-value were to be changed then that attribute’s values for all tunles th
have this given {INAME.YEAR-valve would also have to be changed to maintain the cos
of the data base. This is called the rewriting anomaly. Now suppose that the data base cor
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another relation containing all the model name, year, and price information as in Figure Ib. In
this case, the superfluous attribute PRICE could be removed from the universal stock relation
scherne without losing any information from the data base, whereas it would not be removable
from the stock msmorv price scheme without re-introducing ann,mohcs

One process that attempts to remove undesirable updatmfy anomalies and rcduna int
attributes from the relation schemes is called normalization, which was originally defined i two
staces [Codd 711 A (first normal form) relation scheme R is in second normal form if every non-
tirihute of R s fully dependent on each key of R. A relation scheme R is in Codd third
popmial fornr if it is in second normal form and each non-prime attribute of R is not transitively
wlent on every key of R For example. the set of relations in third normal form in Figure 2
maintains the same data as the stock inventory depicted in Figure 1.

drn

MODEL# | SERIAL# | PRICE | COLOUR SERTAL# | YEAR
1234 342 1325 | blue’ 311 1973
1234 347 13.25 | red 342 1974
1234 410 1423 red ‘ 347 1974
1465 . 347 945 | black L 390 1976
1465 390 982 | black ' 392 1976
1465 392 982 | red 401 1976
1465 401 9.82 | red 409 1976
1465 409 9.82 | blue 410 1975
1623 311 22.34 | blue 423 1975
1623 390 30.21 | blue 428 1975
1623 410 28.55 | black 435 19753
1623 423 28.55 | black .

1623 428 28.55 | blue NAME YEAR PRICE
1654 435 28.55 | red

: » pot 1974 13.25

MODEL# | NAME pot 1975 14.23

‘ pan 1974 9 453

1234 pot ' pan 1976 9.82

1465 pan kettle 1973 272.34

1623 kettle kettle 1975 28.55

1654 kettle : kettle 1976 30.21

Figure 2. Stock inventory normalized relations

THEOREM 1. A relation scheme R is in Codd third normal form if and only if each non-prime
atiribute is not transitively dependent on an arbitrarily chosen key of R.

ProOF: The proof is based on the following two lemmas which show that a
non-full or transitive dependency of an attribute on any one key of R implies
the transitive dependency of that attribute on all kevs of R.

LrMma 1.1 Let R be a relation scheme consisting of a set of attributes 4 and a
“set of functional dependencies F and let B&EA. [f there exists a key K of R
with BEK and K-> B iz not a full dependency, then B is transitively dependent
con all keys of R. o
PRrOOF: Since B&K and K—B is not a full dependency. therefore there exists
a proper subset XCK such that B&X and X—>BEF T, Since K is a key and X
is o proper subset of K, X—> K&F ™. Now for any key K of R. K'=>X&F *
X-—+KerFt X->Bert and B&X. Hence B is transitively dependenion K
which proves the lemma.




LevMa 1.2 Let R be a relation scheme consisting of a set of attributes 4 and a
set of functional dependencies F and let B&EA4. 1f there exists a key K of R
such that B is transitively dependent on K, then B is also transitively dependent
on all keys of R.

PROOF: Let K’ be any other key of R. By definition, K'->BEF ™. Now if B iz
transitively dependent on K, then there exists a set of attributes XC/i such thui
K—=XeF" X—->Kgrt X-—>BeFT and B&X Hence K'—>Xe&F
X=>K'@&FT X—=B&FT and B&X. Thus B is transitively dependent «
vhich proves the lemma,

Ciosely related 16 closure is the notion of derivability. [Lucchessi 781, us
Sutes Y ois derivable from a set of atiributes X using the set of functional depend :
wire exists a sequence of attribute sets (called a derivation of Y from X) <X, X;,Xz, ‘(,7> for
1 >0 such that X=Xg, YEX,,, and (unless # = 0} for / in the range 1 to » there exists a funcrional
dependency V> WE&F such that VEX,; 1, WEX,;—, and X;=X,; ;UW.

_TurorEM 2. [Lucchesi 73, Beeri 79] Given a set of atiributes 4, XEA and YEA, and «a set of
functional dependencies F defined on subsets of 4, Y is derivable from X using F if and oniy *f
X—=>Y&F™" Furthermore, since B;_(CB; and B;_#B;, derivability can be decided in
O Fl 1 A]) timed :

Instead of can@ider'nﬂ the derivation of a particular set of attributes Y, it is sometimes con-
vepient 1o find the set of all attributes derivable from X using F. A maximal derivation froi
tirthutes X using a set of functional dependencics F is a sequence of aitribute
> for 20 such that X=Xg for 7 in the range 1 to n there exists a functional

Vs WEF such that VEX,; -, and WEZX; — and X;=X;_;UW, and there is no funciio

derey V> W'EF such that VEX,, and W'ZX,,. Lucchesi and Osborn have shown

vinal set in o maximal derivation from X using F is independent of the particular der

‘kmdu th X, will be called the closure of X relative 1o F.

3. The problem of superflucus attributes
' a set of attributes, and F, a set of functional dependencics aimong subsets of 4. 1~
srah describe  a set of relation schemes, henceforth called a relational sch
R={R, ... .R,} such that the following three properties hold:

The relationships among the data values 1o be stored using R are equivalent to
would be stored using a single relation scheme Rg involving all of 4. That is.
R;=RolA4 ;] where 4; is the set of attributes in B;, and Ry#R»* - - *R, =Ry

i O] i i ! 7 i >

thut a set of relations described by R (ie. relationa
“forms to all functional | dependen in F reguires onlv the exon
¢ to Ry, ... R, individually. Furthermore. the onls
de pendencies zh at need be examined are ones for which the left side contains a kw of some
R;. 1t is required that (| J {X—>A4,—X|XESA4; and X—>4,&F " = F ™.

3. Each relation scheme is free of redundant atfributes, that is, those whose presence is
required for maintaining the other two properties. It shouid be noted E*crf* that the 1
dancv considered is with respect to given sets of attributes and functional dependenci
the redundancy under consideration is thus not that which may arise from other time-
‘nvarian! properties of the data base (see, for exaraple. [Delobel 78]).

21008
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we woals have been defended elsewhere (see, for exaraple, [Rissanen 77
crd o neve beon termed rem;;smizf!ibif’ffv {or losslessness). covering, and normal

Beer; 78, Bist

characierization
. hut none have s

the elements of R have been given since
factorily met the requirement of norm
pvermiited. For the remainder of this section.

Snality of Soas anposed 1o the length of the desc




LeviMa 1.2 Let R be a relation scheme consisting of a set of attributes 4 and 2
set of functional dependencies F and let B&A. If there exists a key K of R
such that B is transitively dependent on K, then B is also transitively dependent
on all keys of R.

PROOF: Let K' be any other key of R. By definition, K'==BEF ™. Now if B is
transitively dependent on K, then there exists a set of attributes XC A such ¢
K=XeF* X-—>X&rt X—>BeFT and B&X. Hence K'—=X&!

~»>K'&FT X—>BEF™", and BEX. Thus B is transitively depender

Jhich proves the lemma.

related to closure is the notion of d“r?V'\b'Eity [Lucchessi . s
s derivable from a set of attributes X using the set of functional de

it 2xists a sequence of attribute sets (called a derivation of Y from X) <X, X1

120 such that X=Xq YEX,,, and (unless # = 0) for / in the range 1 to n there exnsts a functiona:
dependency V=>We&F such that VEX; ¢, WEX,;—(, and X; =X, |UW,

CTHEOREM 2. [Luocchesi 78, Beeri 79] Given a set of attributes 4, X&4 and YEA. and o se
functional dependencies F defined on subsets of 4, Y is derivable from X using F if and ¢
X-—>YEFT  Furthermore, since B;_CB; and B;_#B,, derivability can be decided in
O F! ?A [ ) time.t :

stead of considering the derivation of a particular set of attributes Y, it is someti

o find the set of all attributes derivable from X using F. A maximal derivation Tt
; ¥ using a set of functional dependencies F is a sequence of attribuie seis

such that X=Xg, for i in the range 1 to # there exists a function

h that VEX,; -y and WEX; | and X;=X,;,_|UW, and there is 1o |

> W'EF such 1"1&’ V'©X, and W'ZX,. Lucchesi and Osborn have shown

crmiral set in o maximal derivation from X using F s independent of the particular dervutior

henesforth X, will be called the (!'Owre of X relative to F.

3. The pmhlgm of superfluous attributes

n AL a set of attributes, and F, 4 set of functional dependencies among subsets of 4. ¢
10 describe a set of relation schemes, henceforth called o relational sches:
“R,,1 such that the following three properties hold:

The relationships among the data values 1o be stored using R are equivalent
‘-v»’ouid be stored using a single relation scheme Ry involving all of 4. That is,
=Ro[A ;] where 4, is the set of attribuies in R, and R# R+ - - =R, =Ry
. wa: verification that o set of relations described by R (fe.. relational insinness
s to el functional depes e n Forequires only the ones
rs corresponding to Ry, ... R, individue Furthermore, the y o
dependencies that need be examined are ones for whl(,h the left side contains a key of o
R;. Itisrequired that (| J {X—=>4;—X|XEA; and X—>A4,€F " = F ™.

relation scheme is free of redundant attributes, that is, those whose presencc s
for maintaining the other two properties. [t should be noted here that i
onsidered is with respect to given sets of attributes and functional depe
dancy under consideration is thus net that which may arise from
nroperies of the data base (see, for exnmpie [Delobel 781).

T
o
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o

have been defended elsewhere (see, for example. [Rissanen 77. Beeri 7
crmed ;’mu,,-mm(!;b!/z!_l/ {or losslessness). covering, and normalizcesins roanns’y

clements of R have been given since 1he
C <~"41y met the requirement of normal’
For the remainder of this section. we 1 2

ax annosed 1o the length of the deseription of 5oy 0 70 7 70
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by thot Codd third normal form and Boyee-Codd normal form are inade

ABCDEF + zmd F= §/’\B->(‘ ) A—+TE B—>F, "’F*("‘} and consider

FFigure 2. wh@re .,f'a

lqn not =z U(m\lfl\/(, dependency in R1 Thus Ry is in Codd ihirs
Rs R, and Ry Now consider an instance of R containing tuples (A By
- R, a\B|,i‘;) for Ra, and (B, F{,Cy for Ry Here the AB-value A
w2 Cs by using relations other than the one corresponding to Ry If C 1#C~
<iisfies the functional dependency AB~>C, the data base will be inconsistent. S:
g hase is consistent. the C-value for some tuple for Ry cannot be altered without vhcc\ ng
sons that the data base will not become inconsistent; that is, this normalization hoes
Dronated the potential for updating anomalies. 1t is easy to show that although AB—C
e dependency in By, C is a superfluous attribute. ie. it can be deleted from the oo
- Ry vhile still preserving the functional dependency AB—C in R

: F o= {AD=>B 8=C C->D AB—T =
relatonal 5. Ry} where Ry has attributes ABCDEF wng &
! /\i'; Rg has a Hrzbute‘; BC Ahd <ey B: and R5 has attributes CD and kev €.
\mf ies of r construct ihility and covering, and each relation in R is in Codc
: is superflucus in Ry, and, although it is & prime atizibuw

v . insitive dcpcndencies when C(mm'umnﬁ Codd third »
Vehapidy be dronped from Ry while still preserving all functional dependen

S

s of transitive depende s
inadequate for describing rolos
are inadeguate, anv

wo examples it is o
Inining Codd th

~ua™ attribyt

vy also Bernsiein ’x method
ol of rel is. the m
- 1
i - - -
%S ool noraial fosm 3G no m oand} for v .
FARE %)

n X is mm,uomi y dm rdcm on X omy if X is a kev of R

ain based on one relation scheme only

18

araple 1 above is in
iffers from unnecessary
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4, An improved third normal form

suse normalization should always be achieved in addition to covering and reconsiructibl-
nroperties of a normal form will henceforth be discussed solely in the context of o
i

schema that has the other two properties. Thus given 4. a set of attributes, and 7, a sct’
notional dependencies involving subsets of A, it is first desirable to obtain a relationa! schems
fon e satisfactory excent for normalization. The following algorithm is based upon Ber
sibowaleorithm [Bernstein 76, p. 263): ,

Preparatory algerithm,

Tnput. A aset of attributes, and F. a set of functional dependencies on A,
i {Remove extraneous attributes and dependencies.)
Eliminate from both sides of ecach functional dependency in F all attributes whose

[ndnn

elimination leaves a set of functional dependencies having a closure equal to F
Next eliminate from that modified set all functional dependencies whose right side s
the empty set of atiributes. Let 5] be the resulting set.

Z. {Partition the functional dependencies.)
Partition /1 into a set of classes € such that all the functional dependencies in
cluss have properly equivalent left sides; that is V= W, and Vo= W, are
same class if and only if V= V,&F* and V2~*V1€F+.

3, {Construct relation schenes.)
For euch f‘!:‘.RS in C, construct a relation scherne R; consisting of all
appearing in that class. Let R be the set resulting from these constructions

4. (Augment the relational schema, if necessary.)
If for each relation scheme in R. the set of attributes 4; in that class is such tha
A~ 4&F 7T then construct A4  to be a minimal set of attributes in A &uch thay

A= AEF™ and augment R by one relation scheme whose attribute set is 4

Cutput, R, the preparatory relational schema,

is a key of the relation scheme having that dependency and constructed in Stey
alled cach such set of attributes a synthesized key. Furthermore. if an addi
is introduced into R in Step 4, its synthesized key consists of all its at ‘
ependencies contained in F, the set K; of syathesized kevs will be recorded a8 pa
schemes in R. In the rest of this paper, Y
” d for “Given a set of
: f 4. let R be a prey
> aoset of attr ‘bu tes A; and u sc
e R={R,<4 K LR, <A
the set of synthesized ﬁmciional (*Iepeﬂdcnc?es in the relation
K' K&K For G =U 4;, G t=F T [Bernstein
e ibed i ion 3. Osborn has
R has the desired property of recors P'ﬁ'hilii\’ Cf one of
such v W = A& F T [Oshorn 77, Bisku
wotld classify I nd
Iy R oas o
Roor o2 Bern
‘ weoth o

w simple 1o show that the set of attributes constituting the left side of a functional deper.-

oo shorit

O an

“J(.h hav
«amples will b

i

Ed
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watory algorithm for given sets of attributes and functional dependencies. the norra:
dure proposed here will remove attributes from individua! schemes and adjust the set of
zed kevs. For simplicity, any such derived relational schema will also be called a prepara-
tory relational schema s long gs it maintains the properties of covering and reconstructibility.

on o,

The object of normalization is to remove unnecessary redundancy from a collect
In particuiar. with respect to a relational schema R, an attribute B is supesfls
woscheme R, s removal from B; does not affect covering nor reconstructibifity: th:
cefutionships slored in an instance of R can be reconstructed without reference to the ntirhuic

=~ R A more precise definition is given below.

Let R be a preparatory relational schema including R;, and let B be an attribute in 4, The
functional dependencies that do not involve B in R; may be defined as follows:

piBy=|J IX—>A4;=X|XE4;; X=>A4;EF*, and for no X'CX, X' 4 ;€F 7}
JFE

U {X—>A4,-X~B| B&X, XE4; X=>4,€F", and for no XCX, X' — 4;&F 7}

It =g important to reahize that D(B) is defined in terms of all keys for all relation schermes in R
{denoted by the union of terms), not only keys synthesized by the preparatory algorithm. Thus B

is superfluous in B; if both of the foliowing conditions hold:
1. {covering condition): the set of dependencies excluding those involving B in R; covers £ that
. .
is D;(BYT=F" :
2. {reconstructibility condition): a key of Rg (see Section 3) is contained in some relation
without involving B in R;: that is, 4;—> 4 €F* for some j#ior 4;~B—=>AEF ™.
Any algorithm that detects superfluous attributes by applying a straightforward implementua-
. A - s . - A . e -
tion of these conditions reguires the calculation of D;(BY" for each possible value of i and B. which
foipy es that all keys of all relations 'be found. Because the number of keys can be
in [A] and [F [Yu 76, Demetrovics 78], an algorithm used in practice must avoid
ng all keys. Thus rather than implementing the conditions as above. aliernatve
“ons. less intuitive but more practical, will be given first.

Since the preparastory algorithm synthesizes only « polynomial number of keys (in terms of

[F)Y i would be convenient to be able to ignore all keys that are not svnthesized. As g
to Dy(B). let G/ (B) be the set of all syuthesized dependencies that do not involve B in Rj

(B)={ ] G, U [K—> 4,~K~B| BgK and KEK ;]

EXAMPLE 3, Let A=ABCDF and F={A—B, B—= A, AC—=DE, BD—=>(}. For the preparaion
sl schema R={R<ABABI> Ry<ABCDEJACBD}>}. it can  be seen  this
B B—A. AC—>DE AD—>CE| and G5(B)={A—B: B—>A, AC— DE}. Natice

- . £ . T s e . - .
ARCDE s i Do(BYT but not in G 9(B); withot: the SEAD as o (non

i ]
sardd not be ceen to he conarflnang 5 RBa

8 ®
F f T TR TR T
o, A s not the only key of Ry, and f &

o kev KEK; such that | frho
K- K&t
hegiyed) | Ty




is said to be essential.)
ency will be shown to

R. (An attrlb ite that do S

; where G is the set of all syhthesmed
,X,> be.a derlvatxon' of W from V

funct(lona] dependency‘m”G _G, let V1—> W1 be the ﬁrst such dependency
used in this derivation. From the definitions of G and Gi(B), it follows that Vi
is a synthesized key .of: R,. hus <X0, X1 X > demonstrates. that
‘ K—>VeEG/(B)Y*SF™* and <X0,X1, p> demonstrates that V- V1€F+
-therefore V, a key of Ry, is functlonally equ1valent to some key of R; and as a
result j=i. However 4;,—BEX,, WEZX,, and V—> WED(B) imply that j#i.
This contradiction- requires abandonment ‘of the hypothesis, and therefore B is -



restorable in R;.
LEMMA 3.2, Let R be a preparatory relational schema including R;. and let B
be an attribute in A;.  If for every key KE&EK; such that BeEK,
K= A4,ED;(B)", then Bis non-essential in R;.
PROOF: Assume that for some KEK; such that BEK, K= A4,€D,(B)T Let
<Xo, X 1..... X,;> be a maximal derivation from K using G;(B). If 4,EX,,
then the following argument shows that there must be a key for 4; in X, —B.
If all keys for A; contain B, then, by definition, G,;(B)=G ~G,;. Thus
K= A4;€(G ~G;)T, which can only result from a given functional dependency
[ K->Z being redundant; that is. f€(F-—7)". However, each such
functional dependency would have been removed in Step .1 of the preparatory
algorithm and R; would not have been created, thus proving that if 4,€X,,
then B is non-essential in R,

It A;EX,, then let <X,;, X, 41 ... X,;;> be a derivation of A; from
X, using D;(B), and let V and W be as defined in the proof of Lemuma 3.1.
Since, by the same argament, j=/ and thus V is a key of R; and since
V- WeED,;(B) implies that BEV, the closure of K relative to G;(B) has been
shown to contain a key for 4; which does not contain B, and thus B is non-
essential 1in R;,

Finally, using the definitions of restorable and non-essential, a characterization for normaliz-
tiofi can he defined in a manner similar to the statement of Theorem 1 for Codd third normal
form:

A relation scheme R; in a preparatory relational schema R is in improved third normal

form if each non-essential attribute is not restorable in R;.

Restorability in Ry indicates a form of “implicit” or “‘indirect” dependency on an arbitrarily:
+ key that does not contain B [¢f. Ling 78, Maier 797; thus this definition is an exact anulog
Theorem 1.

ir re-examining the examples given in Section 3, it can be seen that the definition of
raproved third normal form captures the desired notion of non-redundancy.
EXAMPLE 1. Let 4=ABCDEF and F={AB—CD, A—E B—>F, EF—>C}.  The. preparatery
Jdoorithm  will yield the relational schema R={R|<ABD.{AB> R:<AE{A}> R<BF.{B{>.
R.<FFCIAEF}>L since C is an extrancous attribute in AB—CD. It can be scen that there are no
atirtbutes -that are both non-essential and restorable in any of the relation schemes, which are
=orefore all in improved third normal form. ‘
aMPLE 2 let A=ABCDEF and F={AD—->B.B=>(_,C—D AB—E ,AC—>F} For the

ional schema R={R<ABCDEF.{ABACAD|{> R,<BC.{BI> R:<CD{C}>1, it can be seen

ihe attribute C s non-essential and restorable in R using

o ~{g~> . C—D,AB— DEF, AD— BEF}], ABCDEF is derivable from the only synthesized
ing C (i.e., AC) and C is derivable from AB, a key not containing C. Rernoving € from
R:! » velational schema each member of which is in improved third normal form.

THEOREM 4. Let R be o preparatory relational schema including R;. If Ry is in improved third
st Topeny ahen T n Codd third normal form.

b

PROOF: The 1 ving femma shows that transitive dependencies for non-
atiributes result in those attributes being restorable. Together with the obs
vation that ol non-prime attributes are non-essential {since 2 non-primc att
bute B is in no KEK,;) the conditions for Theorem 1 necessaril T
oved third normal form schemes, thus proving this theorem.

LEVIMA 4.1, Lot R be a prevparatory relational schema including

bt no4 TE R gty ‘vely denendent

i
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Proor: If B is transitively dependent on K, then for some X contained in A;.
BEX, K>X&EF ", X—=>K&FT, and X—>B&F ' Since B is non-prime. BEK
and therefore clearly K,;#{4;}. Since BEKUX, K= X&G(B) and therefore
K—>XEG/(B)T. Because X—=>K&F ™ and X~ BeF ™. B is derivable from X
F whercas K is not. Thus, because the left side of each functional depen-
used in the derivation X-—> B cannot be properly equivalent to K. each
such dependency is placed by the preparatory algorithm in some class distinel
from the one resulting in the construction of R;. Therefore B is derivable from
X using G —G,EG;(B); that is, X—> BEG,;'(B)+. Hence, by transitivity,
K~BEG,(B)". Foreach key K in K; such that BEK' K'= KEG/(B): thus
K'—=BEG,(B)* Therefore Bis restorable in R,

e

It should be noted that Theorem 4 does not claim a necessary, but rather a sufficient, condi-
tion for Codd third normal form. Together with Theorems 3 and 4, the examples show
improved third normal form is superior to Codd third normal form in removing sure

atiributes,

An efficient deletion normalization algorithm can be derived by starting with the preparatory
relational schema and repeatedly removing superfluous attributes. Since the result of each removi!
is again a preparatory relational schema, eventually such a normalization algorithm will result in o
preparatory set in which there are no superfluous attributes; that is, the result will be a relational
schema in improved third normal form.

Before describing this algorithm formally, it is convenient to give a formal description of un
algorithm that indicates whether or not a given attribute is superfluous in a relation scheme. The

algorithm determines the restorability of an attribute by appealing to the following lemma:
LEMMA. Let R be a preparatory relational schema including R;, and let B be an attribute in 4,
and K be a synthesized key with B&K. If K-—>B&G;(B)*, then for each key K’ in K, such ithat
BgK' K'=BeG; (Bt .

Proor: If K’ is a synthesized key and B&K', then by definition

K = A4;—K'—BEG,(B). Thus, since BEK, K'=>K&G;(B)". Tt is given that

K—BEG/(B)". and therefore K'—B&G, (B :

Superfivous attribute detection algorithm v
Input. R. a preparatory relational schema; i, the index of some scheme in B: B an attribuic
in A '
1. IfK; = {A;}
then mark B non-superfluous and return
else mark B superfluous,

1.1. construct K;' ={KE€K ;| B&K}

i.2. ' construct G;(B) by (temporarily) removing all dependencies involving
BinR, fromG

2. {Check restorability))

SEE S e not empty

coo oy key K from K
2.1 If K= B&G/ (BT

then cho

A i {

iCheck non-es

For cach &

ity.)
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3. IfK—A4,&6, B
301, then let M denoye the closure of K relative o G,'(B)‘
if(MN4)—B—>A4,&G "

then mark B non-superfluous
else insert into K; any key 'of R; contained in (MNA)—3

Dutput. K, if Bis marked superfluous and ¢ if B is marked non-superfluous.

“uch substep for Step 3.1 runs in time O(] G | | A;]) and is executed at most O{| K;| } "+
Siper Step 2.1 runs in tlme of the same order and is executed at most once, Steps 2 and 3 togeithr:
O Ki| | F]AlY time (at most one dependency in G results h‘om each given fus
o). Because S&p 1.1 takes me O(] K| ) and Step 1.2 takes time O] F' ) el
MUKV F) ALY time,
THEOREM 5. Let R be a preparatory relational schema including R;, and let B be an aiiribuie
A;. If B is not superfluous in R;, then it will not be superfluous in any relation scheme dcr;vca
from R; by the removal of superfluous attributes from a scheme in R.

checked in

PROOF: The details -of this proof are too lengthy to inciude here. The follow-

ing statements highlight the arguments:

1. For two attributes B; and By in R;, the part of D;(B|) that does not
involve By in R; is identical to the part of D;(B,) that does not involve B
in R;. Furthermore, the closure of that part is contained in both D,(B 0t
and D;(By)T.

2. Because of 1, an aftribute that is not restorable in R; cannot become
restorable through the removal of other attributes in 4;.

3. Let By be an attribute that is essential in R; and K| be that set of keys
from which A4; cannot be derived using D, (B)). If another attribute B, is
in ail keys in K;', then By is also essential. -

4 From [ and 3, an attribute that is essential in R; cannot become non-
essential through the removal of other non-essential attributes in A4 ;. -~
5. Removal of attributes from other schemes in R does not affect whether or

not B is superfluous in R;. ‘
The result of Theorem 5 is that each attribute in R must be tested once only: once found ¢
on-superfluous it need not be re-examined after removing other attributes. Hence the compnlir
~ormalization algorithm is as follows:

Deletion normalization algorithm.
inpet, A, a set of attributes; F, a set of functional dependencies on A.

1. {Prepare a relational schema.)
Use the preparatory algorithm for 4 and F to yield R.
{Test cact »='o*"an scheme for superflucus attributes.)
Fori:= 1 ¢ R do
S (Test each aitribute in 4,)
For coch Bin 4, &
7 the superfivovs attribute detoction algorithm returns o nor-oor
for R, . ond B then

- ’ ! v 1. .
NN Construct R; such that 4;=4;—Band &; iz ihe roivee
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2.1.2 Replace R; by R; in R,
Output. R, a relational schema in improved third normal form.,

Given a particular relation scheme R;, because in Step 2.1 the superfluous attribute detection
algorithm is called for each attribute in A; the time for that step is bounded by
SO K LFIT A%, (In Step 2.1.1, the size of K, is always less than or equal to the size of K;
since the algorithm introduces at most one new key for cach key removed by the elimination of B,
as implied by the proof for Theorem 3.) Step 2.1, in turn, is repeated for each relation scheme in
R, where each functional dependency resulis in the appearance of at most one key in somce one
scheme in B. Since the number of keys in total is therefore bounded by |F|+1 (the extra key
resulting from Step 4 of the preparatory algorithm where a relation scherme may be inserted into R
for reconstructibility), Step 2 takes time O] Fﬂzﬂ A }2). Because Step 1 also reguires time of the
same order, that is the bound for the complete algorithm.

5. Conclusions

We have shown that some Codd third normal form relation schemes and even some Boyce-
Codd normal form schemes still contain simply removable superfluous attributes because the -
definitions of transitive dependency and non-prime attribute are inadequate when applied to sets of
schemes. We defined restorable and non-essential to replace those definitions and proved that in a
preparatory relational schema, a transitive dependency implies the presence of a restorable attri-
bute and an attribute that is essential is always prime. We were then able to define an improved
third normal form which is superior to Codd third niormal form in removing superfluous attributes.
Furthermore we have proven that no superfluous attributes remain. We then presented the deletion
normalization algorithm which produces a relational schema in improved third normal form while
guarantecing covering and reconsiructibility. The complexity of the algorithm is O(] Fizg A%
which is the same as that of the best known algorithms for generating relation schemes in Codd
third normal form.

It should be noted that the removal of all superfiuous attributes does not necessarily iraply
- the absence of update anomolies. In particular, if an attribute B in R; satisfies the covering condi-
tion but not the reconstructibility condition, then although it is not superfluous, its updating may
lead to anomolous behaviour.

It is interesting to contrast the deletion normalization method with the decomposition
method for normalization [Codd 71, Delobel 73, Rissanen 77]. Decomposing a relation scheme R
into. two schemes Ry and Ry requires that R can be reconstructed from Ry and Ry Let 44, 45,
and 4 be the sets of attributes for Ry, Ro, and R, respectively, and let F be the set of functional
dependencies for R. The reconstructibility of R requires a Jossless join of Ry and R, which has
been shown to occur if and only if either 4 | or 4, is functionally dependent on their intersection,
that is, the intersection contains a key of Ry or of Ry [Rissanen 77, Aho 79]. Without loss of
generality, assume that 4 N4> A4 &F * Thus A (=>4 U4, or A > AEF ™, which implies
that cach key of Ry is also a key of R. Since 4 |NA > A ry~4 (=4 ~A)EF T, X=A4 N4, is a
set of ‘attributes in By and R» such that all those attributes which are in R (and B but not in R
are functionally dependent on X in R. 1f By and R, are distinct relation schemes in a preparatory
relational schema, then X—K@&F T where K is a key of R (otherwise the relations must be
combined). When R is (non-trivially) decomposed into Ry and R, there is at least one attribute B
in Ay—A 1. In this case, K>X&F ", X=>B&F " and X—K&F ", that is, K=B&F *is a tran-
sitive dependency in R. Hence the decomposition method for normalizing a relation scheme is
applicable if and only if there exists a transitive dependency within the relation scheme. Further-
more, if B is transitively dependent on some key in R, the result of applying the deletion normal-
ization algorithm to B is the same as the result of applying decomposition. Thus the deletion nor-
malization methed is more powerful than the decomposition method for normalization.

The definitions suggested here can casily be extended to give an improved version of Boyce-
Codd normal form as follows: . '
A relation scheme R; in a relational scherna R is in improved Boyce-Codd normal form if
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