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ABSTRACT

The M/M/m/N queueing model with a first-come,
first-served discipline is analysed. It is shown that
the distribution of response time (i.e., quemeing time
+ service time) is asymptotically normal as N increases.
The mean and variance of this normal distribution are

both simple functions of the model parameters.



The model under <consideration 1is shown in Figure 1, It
represents N customers requesting service from a system of m
parallel servers, Each customer 1is going through repeated
periods of independent activity, waiting in queue, and receiving
service from one of the m servers. The duration of independent
activity and the service time are both exponential, with means
1/* and I/ﬂ respectively.

Sekino [4,5] has derived the distribution of response time
(i.e., queueing time + service time) for the case of a first-
come, first-served (FCFS) discipline. His result 1is rather
complicated and the general shape of the distribution is not
clearly shown, In this note, we show that the response time
under FCFS is asymptotically normal as N increases. The mean and
variance of this normal distribution are both simple functions of
the model parameters. These results allow us to trivially
characterize the response time at large N, and to efficiently
evaluate the sensitivity of its mean and variance to changes in
model parameters.,

The M/M/m/N model finds applications in machine-repairman
problems where a set of N machines is maintained by a pool of m
repairmen, The response time corresponds to the elapsed time
from the failure of a machine to the completion of repair of this
machine, The M/M/m/N model has also been shown to give accurate
predictions to the vresponse time of existing time-sharing
computer systems., Typical examplies are Sekino's work on Multics

[4,5], Scherr's work on the Compatible Time-Sharing System [3],



and Lassettre and Scherr's work on the IBM 360 Time-Sharing
Option [6].

In a related work, Iglehart [7] has considered the M/M/m/N
model with m = cN where ¢ is a constant. He showed that when N
is large, the number of customers in queue or in service is

approximately normal.

2. Sekino's Result [&,5]
Let P(n), n=20,1,...,N, be the equilibrium probability that
there are n customers in queue or in service. For the M/M/m/N

model, the solution to P(n) can be found in Saaty [2]:

A
3

{NI/C(N-n)!n11} o™ P(O) 0 <n
P(n) = {

(N!/C(N=n) tmim" ™13 0" P(0) m<n

A
=

where p = /(m) and

m-1 N -1
P(0) = [ }: {N!/L(N-n)!n!]} pn + z: {N!/[(N—n)!m!mn'm]} pn]
n=0 n=m

Using P(n), Sekino [4,5] derived the following expression for
A(n), the probability that an arriving customer (i.e., a customer
entering the queue at the end of independent activity) finds n

other customers in queue or in service:
N-1 —
A(n) = (N-n)AP(n)/Z (N-n)AP(n) = (N-n)P(n)/q (2)
n=0

where q is the mean number of customers in independent activity.



Let T(x) be the response time distribution and T*(s) be the

Laplace transform of its probability density function, i.e.,

T*(s) =‘gm e >%dT(x)
0

T*(s) can be written as:
* N-1 *
T (s) = }:‘6 A(n) T (sin) (3)
. n=

where T*(sln) is T*(s) conditioned on an arriving customer
finding n other customers in queue or in service. Since the
service time distribution is exponential and the queueing

discipline is FCFS, we have:

T*( l | {U/(S+U) O<n<m
s|n) = _ . 4
[/ (s+mu) 1™ 00/ (shu) T ms<n<N )
Substituting Eq.(4) into Eq.(3), we get:
T(s) = [u/(s+u)1[ L A(n) + }: A(n)Cmu/ 3+m“)]n-m+]] )

T"(s) can be inverted directly to give:

T(x) = 3= A(n)(1-e™*%y)  + Z A(n){[m/ (m=1) "™ T (1.e74X)

- n-m+1-j -MuX J k
- (Um)Z [m/ (m-1)1 L1 - e ™S (myx) /k!]}
3=0 | k=0



The mean T and variance 6% can also be obtained from T (s) by

differentiation., They are given by:

N-1

T=1u+ 2 Aln)(n-m+1)/(mu)
n=m
o = 2/u" + nZ_;n A(n) (n-m+1) (n+m2)/ (my) 2 - T2

3. Normal Distribution at Large N

We now consider the model at large N, It can be shown from
Eq.(1) that as N increases, P(0), P(1), ..., P(m-2), and P(m-1)
all approach zero. 1In other words, the m servers are almost 100%
busy at all time. This implies that when N is 1large, the box
labelled "independent activity" approaches an M/M/~ model [2]
with mean interarrival time and mean service time equal to 1/mu
and 1/)» respectively. Using the M/M/= model as an approximation,
we get the following expression for Q(n), the equilibrium

probability of having n customers in independent activity [2]:
Q(n) = (ma/2)"e ™/ X/p;

The mean number of customers in independent activity is then

given by:

q = mu/A (6)



Substituting Eq.(6) into Eq.(2), and recognizing that

P(n) = Q(N-n), we get:

An) = (mu/n)N"1e ™2 (hon-1) (7)

It is easy to see from Eq.(7) that when N is 1large,
AC0), A(L), ..., A(m=2), and A(m-1) also approach zero. Assuming
that these probabilities are zero, we get from Eq.(5) and (7) the
following approximation for T*(s):

N-1

T(s) = ™/ [/ (s+u) Imy/ (s+m ) V™ 37 Cis#mu) ATV 1/ (Nen-1)
n=m

When N is large, the sum on the right hand side approaches e(sﬂnd/x.

This implies that:

T*(s) — e/ [/ (st) Jms/ (s*m) V" (8)

We observe from Eq.(8) that the response time at large N is
approximately given by the sum of N-m+2 independent random
variables: the first is deterministic with mean -1/2, the next
is exponential with mean 1/u, and each of the remaining N-m is
exponential with mean 1/my. By the central 1limit theorem [1],
the response time distribution approaches a normal distribution

when N is large. The mean and variance of this distribution are



given by:

T=N(m) -1/ (9)

o = 17+ (N-m)/ () (10)

T(x) can therefore be written as:

1(x) = 7 (ornd2n) exole (6792 (5.2
0o T pL-(t-T) /(ZGT)] dt

= 2
We note from Eq.(9) and (10) that T and o7 are both simple

explicit functions of the model parameters.

4. Numerical Examples

In this section, numerical examples are presented to compare
our normal approximation with the exact analysis of Sekino [4,5].
In our first example, the parameter values are:

m=1, »=20,1, »=1,0

The mean and variance of response time are plotted against N in
Figure 2. We observe that there 1is practically no difference
between the exact analysis and our approximation when N is large.

The response time distribution for N = 20, 30, 40, and 50 are
plotted in Figure 3, We observe that our normal approximation is
reasonably accurate, but not as good as those for T and c% .

The reason is that the central 1imit theorem is not required to

get the approximate expressions for T and 0%.



In our second example, the parameter values are:
m=14, A=20,1, w= 0,25
This 1is equivalent to replacing the single server in the first
example by four servers, each with 1/4 the capacity. The results
are plotted in Figures 4 and 5, We have essentially the same

observations as those made in the first example.

2. Discussion of Results
Since the derivation of the approximate expressions for ?,

2
o v
applicability of these expressions will depend on how large N is.

and T(x) are based on the condition that N is large, the

We know from Eq.(8) that N must be larger than mu/A» for our
approximation to be meaningful, Using muy/» as a convenient
reference point, numerical computations have indicated that the
approximation is accurate when N > 3*(mu/X)+m. This observation
is supported by the numerical examples presented in the last
section, 3*(mﬁ/x)+m can therefore be used as a conservative
threshold value of N above which the approximation is accurate.
As mentioned earlier, the M/M/m/N model has been shown to
give accurate predictions to the response time of existing time-
sharing computer systems [3,4,5]. The case of large N
corresponds to the situation of heavy load., Our results indicate
that at heavy 1load, the response time distribution is
approximately normal, and the mean and variance of response time

are both linear functions of N.
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Mean and Variance of Response Time
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