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Abstract

The following problems are shown to be decidable. Given an
ETOL language L and two homomorphisms h], h2 is the length (Parikh
vector) of h](x) and h2(x) equal for each x in L ? If L is
over a binary alphabet then we can also test whether h](x) = h2(x) for

each x 1in L .
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0. INTRODUCTION

The basic technique used in the recent solution of the DOL
(ultimate) equivalence problem [2, 3, 6] was to check equality of two
homomorphisms on all strings from a certain language. This decision
problem of "string by string" equivalence of two homomorphisms on a given
language turned to be of interest of its own. In [7] this problem was
shown decidable for CFL Tanguages and arbitrary homomorphisms. Applica-
tions of this result to decision problems about rational and push-down
translations were shown in [5]. The sets of all strings of which given
two homomorphisms agree so called equality set were studied in [12] and
[4]. 1In [7] it was conjectured that the problem of homomorphic equiva-
lence is decidable for indexed languages, This remains an open problem,
in this paper we show a partial result in this direction namely that the
problem is decidable for ETOL languages (a subset of indexed Tanguages)
over a binary alphabet. We also introduce the natural notions of Tlength
and Parikh equivalence of two homomorphisms on a language. We show that
length (Parikh) equivalence of two given homomorphisms on a given

(arbitrary) ETOL language is decidable.



1. PRELIMINARIES

We assume that the reader is familiar with fundamental theory
of formal languages including the basics of L systems, c.f. [11].
For convenience, some definitions are given here.

An ETOL system is a fourtuple G = (V, T, P, o) where

(i) V is a finite set, the alphabet.

(ii) T <V, the terminal alphabet.

(iii) P is a finite set of tables, P = {P], cees Pn} for
n =1, where each Pi cVx V¥, Element (u, v) of
Pi » 1 <1 <n, is called a production and usually
written u > v . Every Pi , 1 <1 <n, satisfies the

following condition of completeness: For each a e V

there is w e v*¥ so that (a, w) e Pi

. + .
(iv) o e v , the axiom.

We write x G y if there are k =20 , Aqseaendy € V and
Yys-ees¥) € V¥ so that x = .. 5 Y = Y1+ Y and for some Pi e P,
aj > yj € Pi for j=1,...,k . The transitive and reflexive closure
of G is denoted by G . The language generated by G 1is denoted
L(6) and defined as L(G) = {w e T* : o % w} .

An ETOL system is called a TOL system if V = T . Moreover,
if for each i =1,...,n and each a ¢ T there is exactly one w 1in
T* so that (a,w) ¢ Pi » then the system is called a DTOL system.

Note that in the case of a DTOL system each table Pi defines

a homomorphism hi . Therefore it is sometimes convenient to write a



DTOL system in the form G = (T, h],...,hm, o) .
Let I = {a],...,an} . For x in I* the length of x is
denoted by |[x| , the Parikh vector of x by [x] . For the empty

string ¢ , |e] =0, [e]=(0,...,0) .

Now, we turn to the central notions of this paper, some of them

are new.
Definition Given a language L < I* and two homomorphisms
h],h2 T ZF > A* | we say that h] and h2 are equivalent on L ,

ne—

written h] h2 , iff h](x) = hz(x) for all x in L . We say that

h] and h, are length (Parikh) equivalent, written h1 = Ny
(h] Ep hz) iff lh](x)| = |h2(x)| ([h](x)] = [hz(x)]) for all x in
L.

Given (effectively) a family of languages L and a family of
homomorphisms H , the problem of H  (length, Parikh) equivalence

for L , is to decide for given L ¢ L and h],h2 e H whether

L L L . .
hy £ h, 1 3 Ny s h] %, h2) . If #H s the family of all

homomorphisms we speak simply about homomorphism equivalence for L

(h h

Lemma 1.1 Let L be an arbitrary family of languages. The
decidability of homomorphism equivalence for L implies the decid-
ability of homomorphism length (Parikh) equivalence for L . The
problems of homomorphic length equivalence for L and homomorphic

Parikh equivalence for L are equivalent.



: L L .
Proof Let Le L . To reduce h] =, h2 to h] = h2 modify
h],h2 T 2* > A% to hi,hé : T* > {a}* by replacing each symbol in A
L : v Lo
by a . Clearly, hy = h, iff h; = h,

To prove the second statement in one direction we do the same as
above;in the reverse directionwe erase all symbols in A but one. In
this way we reduce the testing of Parikh equivalence to n tests of

length equivalence. O

Theorem 1.1 The problem of homomorphism (length, Parikh) equivalence

for the family of regular sets is decidable.

Proof For homomorphism equivalence the result is proved in [6, 7].

The other two results follow by Lemma 1.7.

Definition [12] For two homomorphisms h],h2 : I* » A*  the equality

set s denoted by E(h], h2) and defined as

- : _ L .
E(h], h2) = {w e I* : h](w) = hz(w)} . Note that h] = h2 iff
L E‘E(h], h2) .

2. LENGTH AND PARIKH EQUIVALENCE OF HOMOMORPHISMS ON ETOL LANGUAGES

Our goal in this section is to show that the problem of
homomorphic length (Parikh) equivalence for ETOL languages is decidable.
We proof this result first for DTOL languages, then for TOL languages
and finally we extend it to ETOL languages by expressing an ETOL language

as a coding of a TOL language.



Definition Let G = (% , h]""’hn’ o) and G' = (%, h"""hﬁ’ o')
be two DTOL systems. Let h, h' be homomorphisms x* - A* . We say
that HDTOL systems (G, h) and (G',h') are growth sequence equivalent

if for any m= 0 , 1],...,i , 1 <1i. <n we have

Inthg (1 Cofo)ee D] = (g (8] (o). )]

Lemma 2.1 The growth sequence equivalence problem for DTOL systems

is decidable.
Proof [13, Theorem 8.1].

Lemma 2.2 The problem of homomorphism length equivalence for DTOL

languages is decidable.

Proof Let L = L(G) where G = (Z, hys...5h o) is a DTOL system

and let h], h2 be homomorphisms. We consider two HDTOL systems

L
17802

are growth sequence equivalent, which is decidable

h, iff the HDTOL systems

(G, h]) and (G, h Clearly, h

2) -
(6, hy) and (G, hy)

by Lemma 2.1.

Definition With every TOL system G = (I, P, o) we associate a

DTOL system G'

1)

(z, P', o) as follows:

Pt ={P'" :P' <P, P e P and P' is deterministic}

For example if P=({a+a,a~>b, b=a,b~->b}) we have
P'=({a>a,b+a}, {a>a, b>b}, {a>b,b>a}, {a »b,b~b})
Note that if the order of tables is unessential we view them as a set

rather than a sequence.



Lemma 2.3 Let G be a TOL system and G' 1dts associated DTOL
system, and let h], h2 be arbitrary homomorphisms. Then h] %1 h2
iff h o h, ,where L(6) =L and L(G') = L'

Proof Using induction on the number of "splits" of tables it is
clear that we need only to show the following. If

G] = (2, Pu {PO}, o) is a TOL system and G, = (z ,Pu {P]’PZ}’ o)
s},

IA

where for some s = 2 , P0 =Py {a~» wj 1 <] 1= P' v {a » w]},

L

— ©

P2 =P'"y {a Wj : 2 <j<s}, then h] = h2 iff h] = h2 where
Li = L(Gi) ,1=1,2. Since Pi g_PO for i =1,2 we have L2 E,L] s
L L)
and so if hy =, h, , then h; = h, . Suppose that the converse is
1 QL 2 1 72 2
2

false, i.e. h h2 and there exists w 1in L] so that

1 72
lh](w)l # [hz(w)l . Clearly we do not change L(Gi) if we add to P

the tables P], P2 . So assume that Gi = (I, 51, g) for i =1,2

where if P = (P3, P4, R Pt) , t =2, then P1 = (PO’P1’P2""’Pt)
G.
and P2 = (P]’PZ’PB""’Pt) . We write u ??Ti%ﬁi v if u derives v
by the application of tables Pi ""’Pi in that order. We make a
1 n

Gy Gy
few observations. If ue (% - {a})* , then u PV is equivalent to u 5oV

0 1

Gy
or u 5= v , moreover for i],...,in such that ij #0 for 1 <J<n
‘ Gy Gy
we have u TV iff u V. Finally, letter a is useful
EERA M 1- - 1q

in Gy iff it is useful in G, .
Now if there is w in L such that [h (w)] # |h,(w)| ,

then we may assume without loss of generality that w 1is chosen so



that in 0-7;—4§> w , n is minimal, and further the largest p

such that ip = 0 dis minimal (for selected n ). If such p does not
G
2

exist, then ij #0 for 1 <j<n and o == w , thus
|h](w)[ = |h2(w)| a contradiction.
Gy G
So we have ¢ s=====—=> [ =———==>W Wwith i =0 . Let
Sl i, p
1 p-1 p n
_ _ N . .
7= Ujd ... Ugdlp g s where u; e (z - {a})* . We can write w 1in the form
62 (
W = Xq¥q...%X,Y¥, X so that u, s———=> X also
11 X X K Ty iy Tk
G, G, .
Uy E?——~—-;> Xk) and a r +1.'_1: Y ~where r, =1 if
SRR p

the production a > w, was used at the p-th step to replace the k-th

1
(from left) occurrence of an otherwise e = 2 .
Since a is useful in G] , it is useful in 62 , S0 there

exist SyseeesSy 5 M2 0,1c¢«< Sj <t for 3=1,....m, q>0,

a, ¢ (2 - {a})* for 1 <j<q, such that

J
GZ
T i i * ¥ =~
o : ...s; u]aaz...aqaaq+] . Let Bj e Z* for j=1,...,9 such that
G2 G2
O, s5T———==> B, and therefore also «a. s=——=——= B. . For each
J 11p+1"'1n N J 21p+]...1 J
G,
k=1,...,2 we have o . =>  B.Y,Bo...B,Y.B s SO
S]"'Smrk1p+1"‘1n 17k"™2 27k

L)

since h] =2 h2 , we have

Ih](.yk)l - th(‘yk)l = 1/q (|h2(61-~'82’+])‘ - lh](B]"'BQI.ﬂ)I)



which is a constant independent of k . Now let

Y = X¥qXo¥qe . Xp¥Xg g » Since [hy (W) ] - [h,(w)| does not change when

we replace 7 by ¥y and since |h](w)[ # |h2(w)l we have

]h](y)l 7 |h2(y)l . However, this contradicts the choice of w since
G] L2
o] 3 : ~ =y . Hence, we conclude that h] ER h2 implies
15 11" per e Ty
L
Theorem 2.1 The problem of homomorphism length equivalence for ETOL

languages is decidable, i.e. given an ETOL language L and arbitrary

homomorph1isms h], h2 it is decidable whether !h](w)l = |h2(w)| for

all we L .

Proof Let L < ¥* be anETOL language. If L =¢ , then h] %2 h2 s

otherwise by [9] there exists a Tetter-to-letter homomorphism h (coding)

and a TOL language L' (both effectively) so that L = h(L') . We have

: EQ iff h' L ope

h 1 =g Do

h where h% is the homomorphism defined by

2

h%(w) = hi(h(w)) for each w e I* . So the proof is completed by

Lemma 2.3. ]
Corollary The problem of homomorphism Parikh equivalence for ETOL

languages is decidable.

Proof By Lemma 1.1. 0
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3. H-SMOOTH FAMILIES AND HOMOMORPHISM EQUIVALENCE FOR ETOL LANGUAGES

OVER A BINARY ALPHABET

The main goal of this section is to show that the problem of
homomorphism equivalence for ETOL languages over a binary alphabet is

decidable.

Definition Given a family of homomorphisms H , we say that a family
of languages L (effectively given) is H-smooth if:
(i) The emptiness problem for L 1is decidable.
(i1) Family L 1is effectively closed under the intersection
with a regular set.

L

h , then there

]5 h2) .

(ii1) For all h],h2 el , LelL ; if h]

2
is a regular set R so that L c R < E(h
We mention a result which will not be used here but might be

useful for other applications. It was essentially proved in [6] in more

details then in [7] and [12].

Theorem 3.1 The condition (iii) in the above definition is equivalent

to condition:

L

(iv) For all h,,h, e H, L e L; if h] h then the pair

12772 2’
(h], h2) has bounded balance on L , that is
Hh](x)l - ]hz(x)H is bounded for all prefixes x of

words of L .

Now, we show a result which was already nroved but not
formulated in the general form in [6]. In somewhatweaker form it was

explicitly stated in [7] and [12].
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Theorem 3.2 Let L be a family of languages and H a family of
homomorphisms. If L 1is H-smooth, then the problem of #H equivalence

for L 1is decidable.

Proof We give two semiprocedures, one testing the equivalence, the
other the nonequivalence. Their correctness follows from Theorem 1.1 and
the definition of H-smoothness.

For the equivalence, if L < I*, effectively enumerate all the
regular sets R c z* , if such R s found that L <R E_E(h], hz) ,
then stop.

For the nonequivalence, effectively enumerate all x in L ,
which is possible since nroperties (i) and (ii) of H-smoothness imply
that the membership oproblem for L[ is decidable. If x in L is
found such that h](x) # h2(x) , then stop.

It was shown in [8] that the equality set for elementary

homomorphisms is always regular.

Definition A homomorphism h ZI* - I'* 1is simplifiable if there
exists an alphabet A , with cardinality smaller than T , and two
homomorphisms f : I* >~ A* and g : A* > I'* , such that h = gf , i.e.
h(x) = g(f(x)) for each x e r* . If h is not simplifiable, then h

is called elementary. Let E be the family of elementary homomorphisms.

Theorem 3.3 If h],h2 e E, then E(h], h2) is a regular set.

Proof [3].
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From Theorem 3.2 and Theorem 3.3 it immediately follows that
the equivalence of two elementary homomorphisms on a DOL sequence (or
language which is the same) is decidable a result which was reproved in
[8]. Actually, we can formulate the following general result

essentially also given in [11].

Theorem 3.4 Let L be a family of (effectively given) languages such
that
(i) The emptiness problem for L 1is decidable.
(ii) L is effectively closed under intersection with a
regular set.

Then the problem of E equivalence for [ 1is decidable.

Proof By the conditions above and Theorem 3.3 L s E-smooth. Hence

the problem is decidable by Theorem 3.2. i

In [1] the index languages are defined and it is shown they
satisfy the assumptions of Theorem 3.4. Similarly for uc-programmed
languages defined by unconditional transfer programmed grammars in [10].

So we have the following

Corollary 3.1 The problem of E equivalence for the families of indexed

and uc-programmed languaces is decidable.

Now we are prepared for the one main result.

Theorem 3.5 Let L be a family of languages (effectively given) over

a binary alphabet such that
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(i) The emptiness problem for L is decidable.
(ii) L 1ds effectively closed under intersection with a regular
set.
(ii1) The problem of homomorphic length equivalence for L is

decidable.

Then the problem of (arbitrary) homomorphism equivalence for L is

decidable.

Proof Consider L e L , L < Z*¥ and homomorphisms h1,h2 DIF oo AF

Let X = {a], a,} . First test whether h, and h2 are elementary

2 1
which, clearly, is decidable. If both h] and h2 are elementary, then

h] E h2 is decidable by Theorem 3.4. Otherwise assume that h] is
simplifiable. Since Z has only two symbols that implies there is «
n,

0 such that h](ai) =a ! for i=1,2. Hence

v

in A* and ni

nire

hy iff Lechy'(a*) and hy 5 h, . Indeed, if h,

i

- h

P and hZ(L) = h](L) , hence h2(L) coa* and L g_hél(a*) .

-1

Conversely, if L g.hz (a*) , then hZ(L) co* , so for x e L we have

h](x) e o* and h2(x) e o* , hence h](x) = hz(x) iff lh](x)] = |h2(x)|.

By assumption (i) and (ii1) we can test whether L n R =4¢ for

R being the complement of regular set hél(a*) . By (iii) we can test

L n

whether h IR

1 [

Corollary 3.2 The problem of (arbitrary) homomorphism equivalence for

the family of ETOL over a binary alphabet is decidable.
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Proof The family of ETOL languages satisfies the assumptions of
Theorem 3.5, the property (iii) was proved in Theorem 2.1. ]
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