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ABSTRACT

A number of file structures (i.e., inverted files and multilist
files) can be modelled as a collection of records whose contents are
described using sets. With each of these sets is associated a
definition which is stated as a Boolean expression of attributes.
The contents of a set logically consists of all records in the file
for which the associated definition is true. A common application
is to determine all records in the file which satisfy a given query
(stated as a Boolean expression of attributes).

We consider this retrieval problem in a general manner. A
method is developed whereby the descriptive sets are combined, using
the conventional set-theoretic operations, to obtain a superset of
the required collection of records. This superset can be shown to
minimal, with regard to the given query and the given collection of
descriptive sets. For an arbitrary query, some of the descriptive
sets may be irrelevant and can be ignored when constructing this
superset. We present a method whereby the descriptive sets can be
partitioned into classes and we show how some of these partitions
need not be considered when constructing the superset.

A general model of the file structure, called Set-Theoretical
Descriptive Storage (STDS), is formulated and used to analyze the
retrieval problem. The minimal superset, obtained in the basic
construction, may not be the best superset to process in order to
determine the exact collection of records (complementation, for
example, may be a prohibitively expensive operation). Because of
these considerations we present a number of methods to construct
supersets which are constrained in different ways (i.e., complemen-

tation of sets is not allowed).

Keywords: attributes, Boolean functions, Boolean queries, file
organization, information retrieval, inverted file,
multilist file, retrieval
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1) Introduction:

In several well-known file systems (i.e¢y inverted files
and multilist files) some of the information is classified
using sets. Fach of these sets has a definition and contains
all records for which this definition is true. A  common
problenm is to select all records for which & Roolean
expression of keywords or attributes is true. In this paper

we shall formally consider this probleme.

The definitions used to generate the descriptive sets are
Boolean expressions of attributes. For an arbitrary query, wa
will demonstrate a number of wmethods to combine the sets,
using the usual set~theore tic operations, to obtain a
superset of the regquired information. Cne of the methods can
be used to construct a superset which is minimal. The
alternative me thods can be used when other considerations,
such as the cost of complementing a sat, become importante.
These methods can be enployed in a general file structure,
Set-theoretical Descriptive Storage (8TDS), which we shall
define. Several well—~known file systems, such as inverted
files and multilist files, are special cases of this general

definitione.

As a preliminary example, consider an inverted file
consisting of information about the employees of a companye.
Each record in this personnel file would correspond to one
employee and would contain the data relevant tuo that employee.

An inverted list is a collection of records f{or record



addresses) for which some property is true. For ExXxample, a
list of all smployess who work in the enginceering department
might be maintainced. There moy be wmany such lists and the

lists may have complex definitionse Quuries, or retrieval

regquests,y may e specified £ Zoolean RXPressions of
attributes ie ey Pemployse works in engineering department®
AND Veuployer 1w a secretary™. To locate all records for

which such & Boolean expression is true, the appropriate lists
may be used. For exampley, the collection of sscretaries who

work in the ineering depertment mey be detesrmined as the

intersection of the liste with the definitions:?

]

mployee works in engineering department”
"eumployer is a secreatary”

If only on of these two lists existedy, then the requested

collection of records could he determined by examining thosea

records indicated by the defined lisTte

The retricval problem, then, introduces savaral
gquestions?
(i) Given & Guery, whatl s=ts sheuld bke used to

.
i
e
3
[
i
L

determine the records for which the gusry

(ii) How sheuld the zsets in (i) be used to determine the

reguired collection?

In section (2) we presant an abstraction of the problem and
introduce several conceptse Ve provide an answer 1o gquastion
(ii) in section (3) and we indicate a solution to guestion (i)

in saction (42). Ve present (section (5)) o general definition



of & file structurse and indicate how the results of the
previous sections are applicablee. In section (6) we present
further solutions to guestion (ii). ¥e conclude our remarks

in section (7).




2)

Formally,

definitions:

Definitiop [1]:

We shall use the teras

Pefipitions and ap _absiraction of the nroblem

we present the following (standard)

A Di-vaelent HBooleapn variable is a variable

which may assume values of 0 or 1.

A Boolean expression is defined ( recursively)

as:

(i) 0, i, and bi~valent Boolean variables
are HBoolean expressionse

(ii) It f and g are Boolean expressions,
then so are fVg, fargy %, and é.

(iii) Only items (i) and (ii) are Boolean

expressions.

"variable” and Yexpression" as synonyms
for "bi~valent Boolean variables" and "Boolean expression",
respectivelye. The operations "A" (AND), Uy (OR), and
complementation are defined in the usual BENSS. For
legibility, we shall write expressions omitting M"AN
operationss For convenience, we assume thet these implied
operations are to be performed before YORY operations. Thus,

the expression ab y cd is understcod to be equivalent to (a A

b) V(C Ad)o

The

which we shall treat as variabless.

variable

records

in the file have attributes or properties

¥e shall assume that every

may be assigned a value of true (1) or false (0) for



every record in the file. Definitions of sets associated with
the file and the gueries are stated as expressions using these
ettributes. For an arbitrary query we would like to determine
the set of records for which the query is truee. This set may
be constructed using the set-theoretic operations of union,
intersection, and complementation, applied to the sets
describing the file,. ¥hen it is not possible to exactly
determine this sety we would like to determine a set which
centains the required set. Those records for which the query

is false are then eliminated from this superset.

These considerations motivate our definition of an f-

cover { functional cover) of a Boolean expressione

Definition [37]: An expression ¥ is gguivalent to an

expression g 1if and only ifr for all
valuations of the variables in f and gy £ =

[

pPefinition [4]: An expression g covers an expression f

{(written f=2>g) if and only if g is true for
any evaluation of the variables for which f

is true.

Definition [5]: For an arbitrary expression gy an f-cover of
g with respect to the expressions f£f(1), £(2),
seey f(n) is an expression

C[f(l),f(2),...,f(n)] satisfying g =2 C.



Thus, an f-cover g is an expressiony, with the given
expressions as variables, which covers qa For example, if

g = ab VvV c

f(1) = ab

f(2) = ac

f(3) = ac

f(4) = b

f{§) = ¢
then,

k2

£(1) v £(2) v £(3)

f(4)F(5) v £(2) v £(3)

are all f~covers of g with respect to the indicated
expressionss As we shall seey an expression of special

interest is the minimal f~covere.

Definition [ 6]t A mipimal f-cover C of an expression q, with

respect to f(1)y, f(2)y seey f(nd, is an f=-
cover satisfying C=>C?' for all f-covers C' of

g with respect to f(1)y, fl2)y 2»ey finl}l.

Intuitively, the minimal f~cover is the "smallest" f—~covers
Before considering how to construct a minimal f-cover, we find

i1t convenient to present the following lemmas.

Lemma [11: If fy=>g; and f => g, then

(i) flVfZ -‘=>-&«,1Vg2



(ii) £33 A T2 =2 gy A =2

(iii) é; => ';1 and g_?,z => Ez

lemma [21: fy v f32 =2 g if and only if £y => g and o =2 g

lepma_ [3]1: £ => g1 A gz if and only if £ => gq and £ => goe
The proofs of these lemmas follow directly from the

definitions and are omitted.



3. Construction of mipimal f-covers

For an arbitrary expression  and for a collesction of
expressions £{1)y Fl2)ysea9f(n)y let Us{w(1),w(2)yeseyw(k)} be
the collection ctf variaebles used. Then, ¢ can be written in

disjunctive normal form as

2
q =,\§Lu(i,i)u(i,Z)...u(i,k) [1]
(=

where uli,j) (12if1,15j%k) is either w(i) or w(i)s FEach of

the 1 terms in {1] may be used to define a valuation V(i) of

the variables in U as follows. Let V(i) = {v(i,1), v(i,2),
sssevi{iysk)} (12i21) where wvliy,jl=1 if wuli,gj) = w(j) and
viiyd)=0 if wli,jl=w(g)s For each of the 1 valuations V(i)

(1%i£f1), each of the n expressions f(j) (15i£1,1<,ij%n) may be
evaluated. Define h{i,j) = £(j) (15151, 1%iSn) if () is
true for valuation V(i) and define h(i,J)=§(J) otherwise.

Theny, a minimal f-cover of g is given by

L
Cla) = v h(iy1dh(iy2)seshliyn)e 2]
=1
Before demonstrating that [2] is a minimal f-cover of g, we
shall consider an example of the constructione. Let

g = a Vv b

f(1) = a
f£(2) = b
£f{3) = ¢
Then, we have U = {a,byc} and g is written as

g = abc V abZ& VvV abc V abc Vv abc v abé



and so we determine

Vil) = {1,1,1}
V(2) = {1,1,0}
V(3) = [1,0,1}
vi4) = {1,0,0}
V(5) = {0,1,1}
V(i6) = {1,0,1}

and the required f-cover is given by

Clg) = £(1IF(2)2(3) v £CIF(2)F(3) v £(1IF(2)F(3)

FO1IE(2)F(3) v FOLIE(2)£(3) v fCL1IF(2)IF(3)

which simplifies to Clg) = f(1)vi(2)e The following lesmmas

{(proven in the appendix) justify the above constructions

lemma {4]3: C(g) is an f-cover of q with respect to £(1), f(2),

IR XK) fin)de ¢

lemma [5]: C(g) is a minimal f-cover of ga

Ve can thus construct an f-cover for a given expression with
respect to an arbitrary collection of expressionses Referring
to the preceding example, it is clear that not all of the
expressions in the sarbitrary collection need always be
considered in the constructions, For example, the exclusion of
f(3) = ¢ in the example does not change the resulting f-cover.

in order to determine which expressions can be excluded from



consideration we have developed the concept of irrelevant

expressions, which is the subject of the next section.



Ga Irrelevani expressions

Intuitively, for a collection of exprassions (1), £(2),

seey Ffln)y an vxpression i) is irrelevent with respesct to an

exprassion o it it contribruates nothing to the definition of
the minimal f-cover of o Thus, the exXpression £(3) is

irrelevant for ¢ in the last examplos Formally, we define

Definiticen | 7]z Given @& collection f(1), £(2), s+sey fln) of

expressions, an expression (1) (1%i€n) is

o
Py

irpelevent for an expression g if and only
the minimal f-cover of g with respect to
FCL1)yT(2)yseeyf(nn) is egquivalent to  the

winimal f=cover with respect to F(1)yeasyfl i~

1)91(1"'1 )yc-oyf(’{))-

Tt is possible to deterwmine some 0f the expressions which
are irrelevant for £ i ve CXPression by considering
pertitions of the collection of Ziven eXpressionsSe For an

sxpregsion fy wa define W(f) to be the collsction of variables

y

necessary for the definition of fe An egulvalence relation @

is defined as follows:

Definiticen [81: For @ coliection F of expresgions, two

menbers fL1),f( k) of F satisfy f(1) « f(x) if
and only if There exists a collaection
TC2)98(3)yeseyf(k~1) of 2xpressions in F such

that W F(1)] o ¥ #(i*+1)] # 2 for 15i<Kk.



£ is casily shewn to be symmetric, reflexive, and transitive
and s0o g on sgulvalence relatiornes Thus,y the given collection

F may be partitionad inte p disjoint evqguivelence classes F(1),

F(E)y s 0y f‘(p)o mv},‘jvin.i,lf‘«g}, L(i) = U WW
feF(

show that Z0 1), ZE2)yaneqyi() are disjoint. Mhe following

—

£] we can also easily
)

lemma and its corollary indicate why this partiticoning process

ig importante

lemma [6]: Let € he a minimel f=cover for an @xpression
g with respect to i(1), f{2), e ey Flnda
Zuppose that an £xpression b o satisfies $(R) 0
{WOQIUW(C ECI)IUWIT(2)) U see U W F(nd))} = P

Then, C is a minimal f~cover of g with

respeEct Yo by {1 )gi( 2),0.0 ,'f( n)as

I

Corolliary: 17f WwW(g) N Z(1i) Py then any member of F(i) is

irrelevant with respect to e

Thuﬁ, when construacting fecovars we need only consider the
partitions I'(i) for which Z{1) n %(q) # P Zimilarly, only
the collections Z(1i) for which Z{i) N ¥ q) # ¥® necd be
considered when constructing the disjunctive normal fTorm of <

during thaet constructiones

Ve rave now developed sufficient theory to exsmine the

significapnce of cur results with regard to tile systomse
B



Fecalling our remarks in the introductory

interested in the problem of information

Boclean expressionss Towards this ond, we

et~ theoretical

model of & ftile systom,

Storage (2ThR

Defipition [91: 2pn $TDS is o four-tuple

collection of

recordss

(ii) A iz s collection of attributes such

A has o value of true (1) or false

rya ] Tfor a record r in I

(1ii) v is finite collection of

5

which are menpbers of A

(iv) & is & finite subset of the power

follows. For any sXpression

Theny

sesctiony
retricval

formulate a

KIyph 082

undefined

that

(0),

zxprossions the

Het

d in D

Wi AP
using

zeneral

Desceriptive

whig re

items called

cach a in

denote o

variables

of I defined
let S0 ) =

z={8(d)|den} .

Informally, thn set I corresponds to a file of records. The
s¢t A is a collection of conditions (such as "eamployee iw a
secretary" in & personnel 1Tile), gach of which c¢can be
determined 1o be eithaer true or false with respect to any
record in the file. The Tile is tdescribed! using the

collections D and %£. Fech of the sets $ in

definition d in D oand consists of

which the definition is trues

shown, 1l

axactly those

definition

b corresponds to a

records for

of an »STDS



includes several well-known file systems; ieeay inverted
files, multilist files, the generalized file structures of
Hsisao and Harary (US1a4070), #anola and Hsiao (MANOLAT3), and

the canonical structure of Wong and Chiang (WONGT1).

The theory of f-covers provides a powerful tool for
information retrieval in the 3TDS environment. Ve may
construct a minimal f-cover of 2 query g with respect to the
collection of Boolean expressions in De The set~theoretical
operations of union (U), intersection (N), and complementation
() may then be used to combine the sets in $ to obtain the
smallest superset of the regquired set of recordse. The

following lemmas are used to justify this process.

lemma [7]: In the STDS <I,A,0,8>, for S;1,582 in &%,

{r{{rel )X E[r,D(&1) VY D(S2)]=1)}

o~

(o)

~—r

4]
[y

[

i
N
!

{rl(reI)(E[r,d(S5y) A D(8z)]=1)}

—-
pos
[
A
in
[
]
i
N
#

(iii) By = {r|(reI)E[r,D(5;)]=1])}

lemma [ 8]: In the STDS <I A,D,8>, for S3y 5p 'in By if D(S,) =>

M{S2)y then S5; & 55

Corollary: The number of records in the set corresponding to

the minimal f-cover of gy with respect to B, is minimum

compared to all f-covers of Qe

By lemma [7]s the set of records corresponding to an arbitrary

f~cover can bs determined by performing the set~theoretical



operations indicated by the expression obtained from the -

cover by substituting (simultaneocusly)
(i) Yy! for 1Ty?
(ii) 'p'! for A1
(iii) § in $ for D(S)

By the corollary +to lemma [8], the number of records in the
set corresponding to the minimal f-cover is minimunm, compared

teo the set for any other f=covers

The theory about irrelevant expressions was developed in
order to make the construction of f-covers an #2fficient
process in  STDS. ¥hen completely general expressions are
allowed as the definitions of setsy the following algorithm is

suggested for retrieval,

(i) Determine the attributes +to be used in the
construction of the f~cover.

(ii) Construct the disjunctive normal form of the guery
using the attributes in (i)de.

{(iii) Construct the minimal f-cover for the guery with
respect to the set definitions in the appropriate
partitionse.

{iv) Simplify the resulting expression for the f-cover.

(v) Perform the indicated set operations to obtain the

superset of the reguired sote.



(vi) 8Select (eliminate) those records in the superset

which are true (false) for the guerys

Thus, we can construct the minimal f-cover, using only the

necessary set definitionse.

Despite the advantage of the minimal f-cover with regard
to the number of records in the set which corresponds to it,
the minimal f~cover may not be the best choice for a given
querye. For example, if the sets? contents were stored as
collections of hardware addresses, at unpredictable locations,
then complementation of a set may be a prohibitively expensive
operatione. Ag =& result of this and other considerations we
present in the following section an analysis showing how to

» - -
construct f-covers constrained to several specific formatse

Simplification of f-covers may be accomplished using
standard techniques for the simplification of Boolean
eXpressions, such as  the Quine-~dNcClusky method (%¥00D68).
These methods,y howevery deo not take into consideration that
the expressions used as variables in the f~covers are composed
of a (possibly shared) set of variables. The following lemma
indicates the reductions possible using this axtra

informatione

Lemma [9]: If £=>z, then fvg = g and fAg = foe



&) Lon

K

trainsd f-cover

..

We

constrained in

(i) No
in

(ii) »o
(iii) Mo
(iv) The

property (ii)

e
1O

construct

=3

mhall

coensider {=Ccovers whOw e format
the following

will b

i
MALINNE S 2
complementation of the (1) (1i<n) is allowad
the f~cCcovers
v prerations are allowede
A operations are allowed,

expression i= to have property (1) and cither
0or (lii)o

an tT-cover with property (iii)

we procesd as
follows:
(i) Construct a minimal trcover Clg) to the expression
s
(ii) VwWrite Clg) as an TANGY o f= 100! terms exXxpression
using the distribution laws for Heoolaan
CXPressionse.
(iii) Select one of the tORY terms as the reguired -
CTCOVEDTe
By  lemme {3] and the definition of an f-covar, the salected
expression is an f-cover for (e
To construct an f~cover with proverty (ii), the
method can be aseds

(i)

Proceeding

following

as outlined in the constraction of a
minimal f~cover, form the EXpressions
(ISiSL,ISJSH)n

h(i,j)



{(ii) Then, the required f=cover is the YAND' of all
hi 1,.j) (1<—:J$ﬂ) for which h(l,.j) = h{2,.3) = LY =

h( 1,‘,.).

If there exist h(l,§) (15jSn) with the property in (ii)
above, then, by lemmas [2,3] and the definition of an f=cover,
the expression determined is an f~cover in the required
formate Similarly, by using lemma [3], we can ecasily
demonstrate that if a non-trivial {(ieeey other than the
constant 1) f~cover exists, then there must exist at least one

h(ly,j) with the property in (ii).

To construct an f-cover with property (i), we proceed as

follows:

(i) As outlined in the method to construct minimal f-

covers, form the expressions hli,j) (12if1l, 15j%n).,.

4
M

1

(ii) Then, the reqgquired f~cover is given by .
r'4

f{3) if n{iu,jg) = £(j) and g(iu,j) = 1 otherwise.

The method outlined above clearly produces a non-trivial f-
cover in the required format if for all i (15if1l) there exists
at least one Jj(i) such that hii,j(i)] = f(j(i))e In the case
where the minimal f-cover contains a term T(1)F(2)esef(n), the
onliy f~cover which does not involve complementation is the
trivial f~cover consisting of the constant 1. This statement

is jJustified by the following lemma and its corollary.

Lemmal 10]: Let q be a Boolean expression which does not



involve complementations Then, the disgunctive
normal form of g, with respect to the wvariables
u( 1), u{ 2), es ey ul K, contains a term

ul1)a(2)essul k) if and only if g is the constant 1.

-

Corcllary: If the disjunctive normal form of minimal f-cover
of an expression gy with respect to f(1), F(2),
esey fln) contains a term T(1)F(2)esef{n)y, then the
ornly f-cover of g with respect to (1), £(2), 2oy
fin), which does not involve complementation, is

the trivial f-cover consisting of the constant 1.

Thus, if a non-~trivial f~cover which dcees not involve
complementation of the f£(Jj) (15j%n) exists, the me thod

outlined above will determine one.

To derive an f-~cover which involves only '0OR' operations
and which does not involve complementation, W proceed as

follows:?

(i) Construct an f-cover with does not involve

complementationes

(ii) It that f-cover is non—trivial, then write the f~

cover an YAND'-~of?'ORY terms expressions
(iii) Select any 'OR! term as the reqguired f-cover.

Since the distribution laws of Booclean expressions do not

involve complementationy then, using lemma [3] it is easily



shown that the method determines a non—-trivial f-cover in the

reguired format if one exists.

To construct an f~cover which is the YAND? of the

uncomplemented given expressions, we proceed as follows:

i) As outlined in the method for the construction of
minimal f~covers, form the expressions nii,j)?

(12151, 1£3<n).

(ii) Then, the required f-cover is the 'AND' of all

b(i)J) such that h(l,J) = h(E,J) = exa = h(ly,j) =
f03).
If such a non-trivial f-cover exists, then the method

determines a non~trivial f-cover in the reguired format, as

could be shown using lemma [2].



T Conclusions:

For a file system in which sets are used to classify the
information and for thch Boolean gueries are used to spepcify

retrieval regquests, we have indicated:

(i) the collection of sets to be used to derive the

collection of records for which the guery is true}

(ii) =a number of ways to combine the sets selected in

(i)

Several extensions to this work are immediately apparent.
For the case¢ where a number of f-cover existy then probability
theory may be applied to select the one expected to ba least
costlye. In the situation where experience indicates that f-

covers of a certain type are preferable, then some heuristic

approach may prove useful. Lastly, the general retrieval
algorithm has a number of implications regarding the

organization of the sets. For exampley, the sets! definitions
and contents should be stored separately on direct-access

storage media since they are never usad concurrentlye



APPENDIX A3 Proofs of lemmase.

Lemma _[4]: C€(g) is an f-cover of g with respect to f(1), f(2),

e ey T(n)s

proof: It is sufficient +to shown g =2 C{g). For 1%if1,
the term uliy1d)ul{is2)eesu(iyk) is true only for the

valuation V(i)e By definition of h(i,j) (15%j%n),

n(i,j) is true for the valuation V(i) Hence, we
derive u(i,l)u(i,Z)...u(i,k) => h(iy.j)o By n
applications of lemma [1] we can show

u(i,l)u(i,2)..-u(i,k) => h(i,l)h(i,?;).-.h(i,n) and
by 1 applications of lemma [1] w2 can show g =2

Lempa [51: ¢C(q) is a minimal f-cover of .

proof:

It is sufficient to show C{g) => D for any f-cover

D ot g with respect to f(1)y f(2)y 2se¢y fln)s Let D be

written in disjunctive normal form
Q dity1)d(ty2)eesd{tyn) with respect to the n given
t=1

expressionsy deesy d(tyj) is *£{j) or F(j) for 15tSm,
1£j%<m. Now, for +the i-th wvaluation (1£i1) Vi),
n{iy1Idh(iyg2)eeehliyn) is true. If the t-th term of D is
‘not identical to h{iy1)d)h(iy2)eesn{iyn)y, then there exists
a j (1£j<n) such that h(i,j) = d(tyj)e Hencey, the t-th
term of D is false for the valuation V(i). But, q is

true for V(i) and so D is true for V(i)e Hence, at least



o1 ¢ term  dltyi)dl(ty,2)e el tyn) is true for V{i)a

There fors, there must oxist a2 1 such that the t-=-1th term
of I 1sm identical to the i1~th term of Clg)y lenisy we can

vrite U=C(g) v CY and so Clg) =2 D

lemma [ 6] Let € be a minimal f-cover for an exonression g
with respect to (1), Ff2)yesaf(n)s Theny, C is a minimal
fcover with raspect to gy FfUI1)3f(2)yseeyfin) if wWlial n

fwlalowl ce) Juwl£C2) ]y, . ¥ Fln) ]} =9

precf:

As the prococf is lengthyy, we shall cutline the proof

and lzave the details vaspecifiesd:

1) Lat P be any f~cover of g, with respect to gy
(1), (2), .oy f(rn)e. Write B in

m

disjunctive normal form as » = Vi

t:

&
r\.v
o]
4

{1t )p(tyldpl t42)eeep( tynn) where z(t) i

T and where p(tyd) is 1T(J) or £(j).

E=

(2) SThow that ¢ can bhe written in the form
£
U= {3\// ghlisyl)dh(iyg2) eee h(iyﬂ)} v
L'—
£ _ NP L
f,vl;j.‘:h(i,l)n(lyz,) eee Nl iyndle
‘:
{3) Let V' be any valuation of the variables w[ ]
Tor which & is trus. Show by siwmilar

arguments to lemma [ 3] that there exists for
all i (1€i%n) a t such that the 15 rm

ch{iyI)h(iy2)enahliyn) is identical to



&.(t)p(t,l)p( tyz)-soﬁ(tyﬂ)i

(4) Similarly +to (3) above, show that there
exists for all i1 (1f£ifn) a 1t such that
éh(i,l)h(i,2)-..h(i,n) is identical to

g( t)p( tyl)p( tyZ)ao-p( t,n).

(3) Conclude P = C v ¢! and so C=2 P} iecreay C is
a minimal f-cover of g with respect to

g,f(l),f(Z),...,f(n).

Corgllary: If W(g) n 2Z{(i) = @, then any member of F(i) is

irrelevant with respect to g

proof?s The proof follows directly from lemma [5] and is

omitted,

lemma_[7]: In the STDS <I,A,D,8>, for S;, S, € B,

(i) 81 U S, {r|(r€l) and E[ryD(S3) Vv D(S5) ]=1}

{rl(r€l) and E[{r,D(5;3) A D(S5)]=1}

i

(ii) 81 n Sz

- ———
{(iii) 83 = {ri(r€1) and E{r,D(53)] = 1}
proof: As the proofs for (i), (ii)y and (iii) are similar

we shall include only the proof for (i).

Suppose r€Sy U Ss. Then, r€35; and/or r€S,. Hence,
E[ryD(S;)] = 1 and/or E[r,D(S2)] = 1. Thusy EB[r,D(8,;) v
D(S2)] = 1 and so S; y Sz ¢ {r] (r€I) and E[r,D(S;) v

D(Sz)}z 1}.



tuppose  r €  {r|(rel) and {r,0(8;) v D(35,) =1},
Theny lry(53)] = 1 and/or ey 523 = 1 and s0 r € B
U Bog 1Leiay {PI(T@I) and E{Pyﬁ(ﬁi) v )(iz)] = 1 } S iy U

S2e Hence, 53US; = {rf(reT) and Blre,2(3;1) v D(s)] = 1},

Lemma [81: In  the STDS <1,4,048>, for Sy, S € #, if D(8;) =>

DE3z)y then S € Spe

proof: Let re€Sie Then, Elry 0(53)] = 1. Secsuse DSy ) =>

T(32)y we have [ r,D( %5)] = 1 and so 31 € Ho.

Cegrellary: The numbe r of records in the set corresponding to

the minimal T-cover of gy with respect to By is
minimum compared to all feocovers of o

prucf: The proocf of this corollary follows directly from
Lemma | 8]

lemma [ 2]3: If £ => 4, then £ VY g = 2 and fA o = £,

preof The preoot follows directly from lemmas [2,3] and is

omittedes

{10]: Let v e a Boolean expression which does not
‘ involvse complementations Then, the disjunctive
vnormal form of L, with respect to the variables

u( 1), ul(2), PR wul )y contains a torm

Wl1)a{2)essul k) if and only if 7 is tne constant 1.

progf: Iinformally, t he proof is outlined as follows?

Fufficisncy is trivial ayud necessity is proven
Y

using induction on  Ke The basis step (k=1) is



Corpllary

proof:

established by considering the four possible
disjunctive normal forms ¥ may have. The induction

step is outlined as followse

{i) Using Shannonl's expansion theorem, factor E

into two terms involving u(l) and u{ 1),

{ii) By induction, the term involving all) reduces

to u{l).

{iii) Hence, £ reduces to the form E = u(1l)

u(1)Ey where F; does not involve the variable

uf( 1 ).

{(iv) Since E can be written without
complementation, E; must be identical to 1
since this is the only way .u(1) can be

eliminated from the expressione
(v) Hence E = 1.

If the disjunctive normal form of an expression g,
with respect to f(1)y, f(2), ssesy f(n), contains a
term T(1)T(2)se.f(n)y +then the only f~cover of q,
with respect to f(1)y £fU2)y, eesy f(n), which does

not involve complementation, is the trivial f-cover

consisting of the constant 1.

let ¢ be a minimal f-cover of g, with respect to
(1), £(2), ss ey f{n) and suppose that the

disjunctive normal form of C contains a8 term



g

TOIIF(2)ensi(n)a Let D e any f-cover of g, with

sct 1o 1(1)y FU2)y sweey fln)y such that none of

the (1) (1%i<n) is compleaenteds.

Fecalline the procft of lemma 5 we wmhowsd that D
=08 ¥ . ?

can  be written as 0 = (0 \ ct, Hencey the
disjunctive normal form of I contains a te rm

TO1)F(2)eaef(n) and by lermma [10] pust therefore be

the constant 1.



(1)

2)

(3)

(3)

(6)

(7)

8)

(8)

APPENDIX B3 NOTATION

Boolean sxpressions:? fyZsgehep

Boolean variables? agbhycydynu

f-covers: C,yC!?

sets of Boolean variables: Uy W

-

sets of valuations of Boolean variables:

egquivalence relation: 2

Equivalence c¢lasses:? Fe2

8STDS: I A,D,8>

evaluation function: E
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