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1. Introductijon

Consider the problem of solving the dense n x n linear algebraic

system
(1.1) Ax = b,

When A has no special characteristics other than being non-singular, the
usual procedure is to apply Gaussian elimination with partial pivoting,

yielding the factorization
(1.2) PA = LU,

where L is unit lower triangular, U is upper triangular, and P is a permuta-
tion matrix reflecting the interchanges performed [5]. The solution x is
then obtained by solving the two triangular systems Ly = Pb and Ux = y.
The number of multiplications and divisions required to solve (1.1) by this
procedure is n3/3 + O(nz), and the storage required is n2 + 0(n), assuming A
is overwritten by L and U.

In many important applications A is symmetric and positive definite.
In this case it is well known that Cholesky's method may be applied, yielding

the factorization
(1.3) A=LLT,

where L is Tower triangular. This method is stable and exploits symmetry:
the number of multiplications and divisions required is only n3/6 + 0(n2),
and since only the lower triangle of A is needed, which can be overwritten by

L, only n(n+1)/2 storage locations are required. The closely related methods



of congruence transformations (Westlake [13]) or symmetric Gaussian elimination
share the above advantages. The essential difference is that the factoriza-

tion of A obtained is of the form
(1.4) A =1LDL",

where L is unit lower triangular and D is a positive diagonal matrix.

Unfortunately, when A is symmetric but not definite, these schemes
which exploit symmetry can be numerically unstable or fail. (See [4, pp.643-648]
for an excellent discussion.) In recent years a number of schemes which share
some or all of the advantages of Cholesky's method have been proposed for
'so1ving symmetric indefinite systems [1,2,9]. The aim of this paper is to
compare some Fortran implementations of these and other methods for solving
symmetric indefinite systems.

In Section 2, we review the basic idea of the methods to be compared,
and discuss any important features of their implementation. Section 3
describes our experiments and results of the experiments, which were
performed on two different computers, an IBM 360/75 and a Honeywell 6050.
Finally, Section 4 contains our conclusions. A listing of the codes used

is in the appendix.
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2. A Brief Description of the Methods to be Compared

1) Parlett and Reid's Tri-diagonal Method [9]

The basic idea is to reduce A to a symmetric tri-diagonal matrix T
using stabilized elementary congruence transformations, and then to solve
the tri-diagonal system using Gaussian elimination with partial pivoting.
The loss of symmetry during the latter stage is of little consequence. The

first step of the algorithm (ignoring interchanges), can be expressed as
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The basic step is then recursively applied to A] yielding A2 and so on, finally
obtaining a tri-diagonal matrix An-2 = T. At the k-th step, Ak is symmetri-
cally row and column permuted so that the largest component in magnitude in
column k is in position (k+1,k). The method thus displays essentially the

same stability as Gaussian elimination with partial pivoting. With regard

to implementation, it is convenient to store the components Lik’ i> k, of
column k of L in positions (i,k-1), since column one of L is zero below the
diagonal. This Tleaves space for the diagonal and subdiagonal of T, and

the factorization can be carried out "in place". Our code stores A in



"symmetric storage mode" [8]; the lower triangle of A including the
diagonal is stored row by row in a one dimensional array of length > n(n+1)/2.
The code we used is our own implementation of the algorithm.

Thus, the steps of the procedure are as follows:

(2.2a) Apply the tri-diagonalization algorithm to obtain the factoriza-
tion PAP' = LTLT, where P is a permutation matrix reflecting

the interchanges made at each step of the algorithm.
(2.2b) Solve Ly = Pb
(2.2c) Solve the tri-diagonal system Tz =y,

(2.2d)  Solve L'w =

|
N

PTy.

(2.2e) Compute x

The storage requirement for this method is n2/2 + 0(n), but the

number of multiplications and divisions is n3/3 + 0(n2). Thus, the main
attraction this method has over ordinary Gaussian elimination is its

reduced storage requirements.

2) Aasen's Method [1]

The algorithm is in principle identical to that of Parlett and Reid,

except for an ingenious reordering of the tri-diagonalization calculation
which allows further exploitation of symmetry and structure. The number of
multiplications and divisions is now only n3/6 + 0(n2), and the storage

requirement remains n2/2 + 0(n).



The key idea is as follows. Ignoring the permutations, define the

upper Hessenberg matrix H by

(2.3) H=TLT,
whence
(2.4) A = LH.

Now Aasen's observation was that if the first k-1 columns of T and the first
k columns of L are known, then the k-th column H*k of H can be computed.
That is, use (2.3) to calculate components He of H, 1 <r <k from (2.3),
which requires =~ 3k multiplications. Then use (2.4) to compute Hypes Hk+1,k’
T, . and T,

1,i i+1,1
require = k(n-k) multiplications. With Haee available, we now can compute

, and then compute Hr K* k+1 < r < n using (2.3); these steps

column k+1 of L and repeat the process with k replaced by k+1. A rough

operation count follows easily:

n-2 3

k21(3k+kn-k2) = 4 o(n®).

Just as in the implementation of Parlett and Reid's algorithm, it
is natural to store the co]umns of L "shifted left" one column position in
the storage array. Again, A was stored in symmetric storage mode. Our code
is essentially a direct translation of Aasen's Algol 601code provided in [1],

with some minor language-connected modifications.

3) Bunch's Block Diagonal Pivoting Method [2]

This algorithm is similar in spirit to standard symmetric Gaussian
elimination, except that both 1 x 1 and 2 x 2 (block) pivots are admitted,

the choice depending upon numerical stability considerations. Ignoring



permutations, the first step of the algorithm is depicted by the following

matrix equation.

(2.5) A
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where r is 1 or 2, and Iq denotes an identity matrix of order q. The basic step

is then recursively applied. The algorithm requires n3/6 + 0(n2) multiplica-
tions and divisions, and can be carried out in place, so the storage require-
ment is n2/2 + 0(n).

Before the k-th step in the factorization, the largest component
in magnitude, say a ., in the (n-t+1) x (n-t+1) part of the matrix remaining to be
factored is permuted via symmetric row and column interchanges into the
(t+1,t) position if r # s, or into position (t,t) if r = s. Thus, before
each step, r and s must be determined, which means the algorithm requires
(roughly) between n3/6 and n3/12 comparisons. In our implementation, in
order to reduce loop and indexing overhead, we determine r and s for step k
during the (k-1)st transformation.

In our initial experimentations we used the implementation of Bunch's
algorithm LEQT1S provided in the IMSL library [8]. However, it performed so
poorly that we used a slightly modified version of George's implementation
of Bunch's algorithm appearing in [7, Appendix C]. We have included times for
both LEQT1S and our implementation, to show how the careless implementation of

an algorithm can severely damage its performance.



4) Householder tri-diagonalization

This scheme is similar in spirit to the first two methods
described, except that elementary Hermitian matrices are used to transform

A to tri-diagonal form. Thus, we obtain the factorization

A =QTQ',
where T is symmetric tri-diagonal and Q is a product of n-2 elementary
Hermitian matrices; if Q is kept in factored form, which is natural for this
app]ication,the storage required for the method is n2/2 + 0(n). However,
the operation count is 2n3/3 + O(nz), about four times that required for
methods (2) or (3). As a partial compensation, no interchanges are required
during the reduction to tri-diagonal form, which reduces the overhead.
Also, it is conceivable that on some computers which have very fast floating
point arithmetic instructionscompared to the execution time of other
instructions, the overhead decrease may more than compensate for the
increased arithmetic. Also, on a paged computer, the advantage of not having
to permute rows and columns, thus avoiding page faults, could be enormous.
Our code for the Householder transformations is essentially a
direct translation of the Algol 60 code Tred3 in [14}. The main modification

is to use scaling to prevent overflows, as is done for the Fortran code TredZ:

[11].

5) Gaussian elimination with partial pivoting

This algorithm ignores symmetry, and at least on the surface wouid
not appear to be competitive. Nevertheless, it might be recommended for
small problems. One reason for including it was to provide a basis for

comparison. The method of Parlett and Ried, in theory, should execute



about as fast as this algorithm. However, a certain amount of overhead is
introduced because only the lower triangle of A is available.
The Gaussian elimination code was kindly provided by M.A. Malcolm

and C.B. Moler; this code is to appear in [6].

6) Cholesky decomposition

Again, this code is not strictly relevant to our investigation,
but we include execution times for positive definite systems of the same size
as the indefinite ones we solved to provide a benchmark. Ideally, we
would 1like a code for solving indefinite symmetric systems to execute as
fast and require no more store than our implementation of Cholesky's

algorithm,



3. Description of Numerical Experiments and the Results

For each method (code) the table below gives the order of operations

(multiplications and divisions), the number of comparisons, and the storage

required,
Method Operations Comparisons Storage
Cholesky n3/6 none n2/2
Aasen n3/6 n2/2 n2/2
Bunch n3/6 > n3/12, < n/6 nZ/2
LEQTTS n3/6 > n3/12, < n¥/6 n?/2
Parlett ¢
Pariett & n3/3 n%/2 nZ/2
Gaussian 3 2 2
Elimination n”/3 n~/2 n
Householder 3 2
Transformations 2n”/3 none n~/2

Description of the Timing Tests

We tested our codes in the fo]]owfng manner. For a given dimension
n, we generated a random matrix (a matrix consisting of random numbers
between 0 and 1). Assuming the solution was a vector with components all
ones, we generated an appropriate right hand side using double precision
arithmetic, since all our codes are single precision. The resulting system
was solved and the time required to solve it recorded. We repeated this
procedure with each code, for the same matrix. We tested matrices from

dimension 25 to 200 in steps of 25. To optimize our codes the program was

compiled under Fortran H (opt = 2) on an IBM 360/75 and Fortran Y (opt = OPTZ)
on a Honeywell 6050. Tables 1 through 5 contain the results for these experiments.
Qur timing runs were subject to the usual vagaries of modern large scale computing
systems, and are accurate only to about .1 seconds. This leads to some minor
anomolies in the table entries, but the trends upon which we make our remarks

are clear.
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TABLE 1 Timings for the IBM 360/75"

Dimension Method (code)

n Orotesky Aasen PRISEC punon Jouserelder - ygqnys Seuseran,
25 0.05 0.06 0.05 0.06 0.11 0.16 0.05

50 0.23 0.28 0.32 0.34 0.68 1.08 0.33

75 0.62 0.73 1.01 1.02 2.06 3.43 1.05

100 1.30 1.47 2.30 2.28 4.72 8.39 >2.43

125 2.36 2.62 4.38 4.29 8.99 15.25 4.70

150 3.89 4.24 7.54 7.28 15.81 25.87 8.02

175 5.92 6.44 11.79 11.30 24.93 41.09 12.62

200 8.59 9.21 17.46 16.67 37.10 64.74 18.71

TABLE 2 Times for the Honeywell 6050

Dimension Method (code)
Vo Chotesky tasen [PEISS mnen  foUNTgons Sauseien,
25 0.13 0.18 0.19 0.24 0.33 0.36 0.16
50 0.66 0.87 1.23 1.44 2.18 2.29 1.02
75 1.90 2.38 3.88 4.40 6.90 7.32 3.20
100 4.15 4,95 8.86 9.96 15.84 15.90 7.34
125 7.69 8.96 16.97 18.91 30.32 30.68 14,05
150 12.82 14.64 28.91 32.04 51.69 57.08 23.96
175 19.86 22.29 45.48 50.21 81.31 89.34 37.70
200 29.04 32.18 67.34 74.16 120.50 131.05 55.89

* A11 times given in the tables are in seconds.
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TABLE 3 Ratio of Honeywell to IBM entries in Tables 1 & 2

btmenston Crotesky asen [RISEE mnen  oussholder - eqmis Sauselen,
25 2.60 3.00 3.80 4.00 3.00 1 2.25 3.20
50 2.87 3.11 3.84 4.24 3.21 2.12 3.09
75 3.06 3.26 3.73 4.31 3.35 2.13 3.05
100 3.19 3.37 3.82 4.37 3.36 1.90 3.02
125 3.26 3.42 3.87 4.41 3.37 2.01 2.99
150 3.30 3.45 3.83 4.40 3.27 2.21 2.99
175 3.35 3.46 3.86 4.44 3.26 2.17 2.99
200 3.38 3.49 3.86 4.45 3.25 2.02 2.99

TABLE 4 Ratio to Cholesky on the IBM 360/75

simersion Choesky asen [OTISEE g fouseholder - gqmis Sauseien,

25 1.00 1.20 1.00 1.20 2.20 3.20 1.00

50 1.00 1.22 1.39 1.48 2.96 4.70 1.43

75 1.00 1.18 1.68 1.65 3.32 5;53 1.69

100 1.00 1.13 1.78 1.75 3.63 6.45 1.87

125 1.00 1.11 1.86 1.82 3.81 6.46 1.99

150 1.00 1.09 1.94 1.87 4.06 6.65 2.06

175 1.00 1.09 1.99 1.91 4.21 6.94 2.13

200 1.00 1.07 2,03 1.94 4,32 7

.54 2.18
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TABLE 5 Ratjo to Cholesky on the Honeywell 6050

Parlett

pimension Chotesiy asen OEISEE s fouserolder gqms Savseian,
25 1.00 1.38 1.46 1.85 2.54 2.77 1.23
50 1.00 1.32 1.86 2.18 3.30 3.47 1.55
75 1.00 1.25 2.04 2.32 3.63 3.85 1.68
100 1.00 1.19 2.13 2.40 3.82 3.83 1.77
125 1.00 1.17 2,21 2.46 3.94 3.99 1.83
150 1.00 1.14 2,26 2.50 4.03 4.45 1.87
175 1.00 1.12 2.29 2.53 4.09 4.50 1.90
200 1.00 1.11 2.32 2.55 4.15 4 .51 1.92

Tables 1 and 2 illustrate several points. Probably the most
noteworthy is the relative execution times of the Aasen and Bunch codes.
Although their arithmetic operation counts are essentially the same, the 0(n3)
comparisons required in Bunch's algorithm compared to the O(nz) comparisons
in Aasen's algorithm led to the latter's superior performance. In fairness,
we should point out that Bunch has recently developed a partial pivoting
modification of his algorithm [3], and we would expect a careful implementation

of it to perform about as well but probably no better than our implementation

of Aasen's algorithm.
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Tables 1 and 2 show that the code LEQT1S fared very poorly, and as
mentioned in section 2, this was the reason we included George's implementa-
tion of Bunch's algorithm. We should point out that IMSL is aware of the
shortcomings of LEQT1S, and is taking steps to improve it. Examination of the
code provides immediately the reasons for its poor performance; a substantial
number of unnecessary subscript related calculations is being done in the
inner loops of the code. An example taken from the code appears below.

DO 190 K=10,I

DO 190 J=I1,N
JK*J*(J 1)/2+K

B(K)=B(K) A(JK)*B(J)
199 CONTINUE

This Toop could be profitably replaced by the essentially equivalent code
below.
DO 190 K=10,I
JK=K+IT*(11-1)/2
DO 190 J=I1,N
B(K)=B(K)-A(JK)*B(J)

JK=JK+J
190 CONTINUE

The other basic difference in the two implementations of Bunch's algorithm

was mentioned in section 2. At each stage in the decomposition, we must find
the largest componént in magnitude in the part of the matrix remaining to be
factored. 1In LEQTIS this search is done in a separate loop, which means that
the component in the part of the matrix remaining to be factored is examined
twice. In our implementation, we find the maximal element and its position
during the transformation which actually produces the component. Although this
obviously does not reduce the number of comparisons, it does reduce the amount

of loop overhead.
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It is clear from Table 3 that the execution times depend strongly on
the Fortran compilers. Compared with the Honeywell, LEQT1S ran twice as
fast on the IBM 360/75 while BUNCH ran almost 4-1/2 times as fast. This
factor of 2~1/2 could easily lead one to draw incorrect conclusions.

Tables 4 and 5 il1lustrate some interesting points. Clearly, the ratio
of the execution times for the AASEN code compared to the Cholesky code is
converging to one. This is expected since the inner loop routine in both
cases is the same (i.e. SUBIP). However, for the other subroutines, the
generated code for the inner loops is (understandably) different, and the
relative execution times predicted in theory by counting operations do not
always hold. For example, one would predict that Parlett and Reid would execute
in the same time as Gaussian elimination, and both these to execute about half
as fast as the Cholesky code (for large n). On the IBM 360/75, the code
PAREID is about half as fast as CHLSKY (for large n), but GAUSS is slightly
slower. On the Honeywell this situation is reversed. Also BUNCH is about
half as fast as CHLSKY on the 360/75, but on the 6050 it is only about 2/5 as
fast. |

In the interests of portability, our codes have been run through the
Fortran verifier [10] written at Bell Telephone Laboratories. As far as
we can discover, our codes comply with the ANSI standard Fortran [12].1~ Of course
the two routines RANDS and TIMER are not portable. The routine RANDS
simply generates random numbers for our matrices and the routine TIMER prints
out the hollerith string passed to it and the time elapsed since the previous
call to TIMER., We found it a relatively simple matter to move our code from

the IBM 360/75 to the Honeywell 6050.

¥ The IMSL code LEQT1S does not conform to the ANSI standard, but since IMSL
provides codes for various machines, it was not changed.
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4, Conclusions

We feel Tables 1 and 2 provide fairly clear-cut conclusions.
For symmetric indefinite linear systems of equations, the algorithm proposed
by Aasen appears to be substantially superior to its potential competitors.
Again, we note that the recently developed partial pivoting version of
Bunch's algorithm should perform comparably [3]. For very small systems
(of dimension less than 20}, it is probably simplier and cheaper to store
the entire matrix and use a good code for ordinary Gaussian elimination with

partial pivoting.
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