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Abstract

In this paper we introduce and investigate the so-called quasi-Fibonacci numbers
of the seventh order. We discover many surprising relations and identities, and study
some applications to polynomials.

1 Introduction

Grzymkowski and Wituta [[] discovered and studied the following two identities:

(L+E+EN" = Fopr + Fu(E+ €Y,
1+ 84" = Fo + Fu(8+ &), (1.2)

where F}, denote the Fibonacci numbers and ¢ € C is a primitive fifth root of unity (i.e., £ =
1 and € # 1). These identities make it possible to prove many classical relations for Fibonacci
numbers as well as to generalize some of them. We may state that these identities make up
an independent method of proving such relations, which is an alternative to the methods
depending on the application of either Binet formulas or the generating function of Fibonacci
and Lucas numbers.
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1.1 Example of the application of identities (I-1]) and (I22)
First, we note that
(1 +§+€4)u+v = Fu+v+1 +Fu+v (£+§4) (13)

and

I+E+E)" =1+E+E)" (1+E+87)" =
=(Fun+F, (6+8Y) (B + F, (E+&Y)) =
(by the identity 1+ &+ &2+ &+ €1 =0)
= u+1Fv+1+FF +(FuFpp1+ Fun Fy — F F) (4 &Y =
=Fn B+ P F 4+ (FyFy + F 1 ) (E4+EY. (1.4)

Replacing u by v — r and v by v + r in ([.4) we obtain

(]- + 6 + 54)u+v = Fu—r-‘,—l Fv+r+1 + Fuy Fv+r+
+ (Fu—r Fv+r+1 + Fu—r+1 Fv—l—'r - Fu—r Fv—l—'r)(g + 54) (15)

We note that the numbers 1 and & + £* are linearly independent over Q. Hence comparing
the parts without (£+&?) of (T3) with ([F) and ([) with ([7]) we get two known identities

(see [A )
Fu+v+1 :Fu+1Fv+1+Fqu

and
Fu+1F'U+1 _Fufr+1Fv+r+1 = Fufro+r - F, F,
(after the next (u — r) iterations)

= (_1)U_T+I(Fr Fv—u—H" — Fy Fv—u+2r>
— (_1)U7T+1Fr FU*U%»T'

1.2 The aim of the paper
In this paper the relations ([[.1]) and ([.4) will be generalized in the following way:

(14 0(E+E%)" = An(6) + Ba(0) (£ +£°%) 4+ Cu(6)(£7 + &%),
(1+6(E2+8))" = An(6) 4+ Bn(6)(&* + £°) + Cu(0)(8% + &),

and
(14 6(8% + €)™ = Au(6) + Ba(0) (&7 +&") + Cul8) (€ +£°),

where ¢ € C are primitive seventh roots of unity (i.e., £’ =1 and £ #1),6 € C, § # 0. New
families of numbers created by these identities

{An@))nz, {Bu(0)}2y, and {Gh(0)}75, (1.6)



called here “the quasi-Fibonacci numbers of order (7;6)”, § € C, § # 0, are investigated in
this paper. The elements of each of the three sequences ([L.0) satisfy the same recurrence
relation of order three

Xz + (0 = 3)Xpp0 + (3 —20 — 26X, 41 + (=1 4+ 5 +20° — )X, =0,

which enables a direct trigonometrical representation of these numbers (see formulas (B-17)—
(BI9)). In consequence, many surprising algebraic and trigonometric identities and summa-
tion formulas for these numbers may be generated. Also the polynomials connected with the
numbers {C,, ()},

Z Cria(6) 2", n €N,
k=1

are investigated in this paper.

2 Minimal polynomials, linear independence over QQ

Let W, (z) be the minimal polynomial of cos(27w/n) for every n € N. W. Watkins and
J. Zeitlin described [IT] (see also [[]) the following identities:

Toa(x) = To(z) = 2° [ [ al=)
dn

if n =2s+1 and
T (2) = Tooi(z) = 2° [ [ Wal2)

dn

if n = 2s, where Ts(z) denotes the s-th Chebyshev polynomial of the first kind. In the
sequel, if n = 2s + 1 is a prime number, we obtain

Toi1(x) — Ts(x) = 2°Wy (2) U, ().

For example, we have

1
1 1 1 1 1 1 1
- - -1 3 2 . — 3 2 .
S 1)8(m )(:L‘ +507 -5 8) 2°+ 507 — 5 1

Lemma 2.1. If n > 3 then the roots of ¥, (x) = 0 are cos(2rwk/n), for 0 < k < s and
(k,n) =1 (where n = 2s orn = 2s+ 1 respectively).

Below a more elementary proof of this result but only for the polynomial W7 (z), will be
presented. Our proof is based only on the following simple fact:

Lemma 2.2. Let ¢ € Q and cos(qm) € Q. Then cos(qr) € {O, j:%, j:l}.



Proof. For the elementary proof of this Lemma see, for example, the Appendix to the Russian
translation of Niven’s book [ (written by I. M. Yaglom). O

Lemma 2.3. Let { = exp(i27/7). Then the polynomial
pr(z) = (=€ =)@ - =)z - & — &)
=’ (—E -8 - - - - ¢
+a((E+E)NE+E)+(E+EONE+EN) + €+ +¢Y)
—E+ENE+ONE+ ) =t +aP - 2w -1

1s a mintmal polynomial of the numbers

465 =2c0s(2m/7), €24 &° =2cos(4m/T), & 4 & = 2cos(67/7). (2.1)
Moreover, we have the identity
1
Uq(z) = §p7(2x). (2.2)
Proof. Besides Lemma P37, each of the numbers in (P]]) is an irrational number, so the
polynomial p;(x) is irreducible over Q. O

Corollary 2.4. We have
prlr —1)=2° — 222 — 2z + 1.

See the identity (B-60) below, where the connection of p;(x — 1) with quasi-Fibonacci
numbers of 7-th order is presented.

Corollary 2.5. The numbers cos(2kx/7), k = 0,1,2 are linearly independent over Q.
Proof. 1f we suppose that

a+ bceos(2m/7) 4+ ccos(4m/7) =0
for some a, b, c € Q, then we also have

a+ beos(2m/7) + (2 cos*(2w/7) — 1) = 0,

ie.,
a—c+bcos(2m/7) + 2ccos®(2m/7) = 0
so the degree of cos(27/7) is < 2, which by Lemma P.3 means that a = b= ¢ = 0. O

Corollary 2.6. Every three numbers which belong to the set {1, + &5, &2 + €5, €3 + €4} are
linearly independent over Q.

Proof. Tt follows from the identity 1+ & + &2+ ... + &% = 0 and from Corollary P O



Corollary 2.7. The following decomposition holds:

0= (1 (2o Z)7)- (2 ) (2 (20 2))

=X — 0, X+ 5,X -1,

where ag = —1, By = —2 and

2
Qpp1 = Q) — 267”
{ ﬁn—i-l - 5721 - 205117 n € N. (23)

For example, we have ag = —1, By = =2, a1 = 5, 1 = 6, as = 13, P2 = 26, ag = 117
and (3 = 650. (A more general decomposition will be presented later, see Lemma a.)
We note that 13|a,, and 13|43, for every n € N, n > 2.

Proof. We have

2n+1 2n+l 2n+1

(V= (2cos )" ) (Y2 = (2cosF)" )+ (V= (2cos )" ) =
= —fa(Y) - ful— ):(Yg_anYQ"‘ﬂn _1)(Y3+anY2+ﬁnY+1):

= (Y + 3.Y)? — (@, Y2+ 1) = Y° — (a2 — 28,)Y* + (8% — 20, ) Y* — 1.
O

It is obvious that

27\ 2" 47\ 2" on
an:<2cos7ﬂ> +<2€os—7r> +<2(:os677r>

and

2 4m\2" 2 6 4 67 \2"
Bn = (400377T coS ;) + <4(:0577T coS ;) + <4COS77T coS —7T>

for every n € N. Moreover, from (£.3), we deduce that
Qg1+ ﬁn+l = (an - 1)2 + (671 - 1)2 - 27
Ont1 — ﬁn+1 = (an - 1>2 - (6n - 1)2 = (an - ﬁn) (an + ﬁn + 2) =
= (&n - 571) ((anfl - 1)2 + (/67171 - 1)2>7

which yields

Frt1 = Qnir = l_T ((an=1)"+ (5 -1)") = 13ﬁ (o =1)"+ (3= 1)*) =
ﬁ Oék + Ok + 2

The following extension lemma is the basm technical tool to generating almost all formulas
presented in the next sections.



Lemma 2.8. Let aj,as,...,a, € R be linearly independent over Q and let fr,gr € Q[d],

k=1,2,...,n. If the identity

D S8 ar = gi(0) a

holds for every 6 € Q, then fi(6) = gi(5) for every k =1,2,...,n and § € C.

3 Quasi-Fibonacci numbers of order 7
Lemma 3.1. Let 5,6 € C, €7 =1 and € # 1. Then the following identities hold:

(L4306 +E))" = an(d) +ba(8)(" +€°) + cn(8)(€* +€7°)

+dn () (¥ +€77)

= a,(0) 4+ bn(6)(€ + 56) + Cn@)(g? +&) + dn(‘s)(gg + 54)
= A (0) + Ba(0) (& +£°) + Cu(9) (€2 + &),

(L+0(8+ &))" = an(0) +ba(0) (& +€"°) + ca(9)(€7* + €77
+dn(0) (%2 +€677)
= a,(9) + bn(é)(SQ + 55) + Cn(5)<€3 + €4) + dn(6)(€ + 56)
= Ap(0) + Ba(0)(€* + &) + Cu(0) (&7 + &Y,
(1+0(8% +€9)" = an(6) +ba(0)(€° + €M) + cu(9)(€7° + €7
+dn(0)(€%° + 67
= a,(0) + ba(6) (&% + &) + cal0)(§ + &%) + du(0) (8% +€7)
= A,(9) + Bn(d)(gg + 54) + Cn(0)(§ + fﬁ)a

where

ao(0) =1, bo(d) = co(d) = do(0) =0,
an+1(5) = an((S) + 26b,(0),
n41(0) = 005 (0) + by () + d¢n(9),
Cn+1( ) = (5) +¢n(0) + 9dn(9),
dn11(0) = 6¢a(0) + (1 4 6)dn ()

(3.1)

(3.2)

(3.3)

(3.4)



for every n € N and

An (6) = an+1(5> 11 (6)

= a,(d )—l—25b (0) —den(0) — (1 +5)dn(5)
= ( n(0) — dn(6)) +2 (bn(5) dn(9)) — 0(cn(8) — dn(6))
An(6) +20Bn(0) — 6C(0),
By11(0) = bn+1(5) dp+1(0)
= 0a,(0) + b, (8) + 5c, (8) — 0 (0) — (1 + 0)d,(9)
= 6(an(0) — dn(9)) + bn(0) — dn(0)
= 04,(0) + By(9),
Cnt1(6) := ¢n41(6) — dnya(9)
= 0b, (5)+c (0) 4+ 6d,(0) — e (6) — (1 4 0)d,(0)
= 0(b(6) = dn(6)) + (1 — 6)(cn(0) — dn(9))

= 0B,(0) + (1 = 0)Cn(9),

1.€.,

Ap(0) =1, Bo(6) = Co(0) =

Ans1(6) = An(6) + 25B,(8) — 6Cia(6), .
Boi1(0) = 6A.(5) + Bu(0), '
Cri1(0) = 0B,(0) + (1 — 6)C,(9)

for every n € N.

Proof. For example, we have

(L+6(E+E))" = (14+6(E+)"(A1+6(E+¢°%)
= (an(0) + bn(6) (€ +€%) + ca(B)(E + &) + dn(0) (¥ + &) (1 +0(E + &%)
= () + 0a,(8)(§ +€°) + b, (0 >(€+€6)+5b () +2+) +cn(0)(E2+ &)
+0c,(0)(E +E+ 5+ &) +dn(6 >(£3+€ )+ 0dn(6)(E" + &+ &+ &)
= an(0) + 266, (0) + (& + £°) (80 (8) + b (6) + 5 (6))
+ (&2 4 €°)(0bn(6) + n(8) + 6dn(6)) + (&% + £)(5en(8) + (14 6)dn(0)) =
(by equality &34 &* = -1 — € — &6 — €2 — &)
= an(8) + 20b,(8) — den(8) — (1 + 8)dn ()
+ (£ 4 E°)(0an(6) + bn(8) — (1 + 6)dn(6))
+ (824 E)(0b(8) + (1 = §)en(0) — dn(9)).

\_/\_/

[J

Definition 3.2. The numbers ([7.]) will be called the quasi-Fibonacci numbers of order (7;0)
(see Table [ at the end of the paper). To simplify notation we write a,, by, ¢,, dn, An, Bn,
C,, instead of a,(1), b,(1), ¢,(1), d,(1), An(1), Bu(1), C,(1) respectively, and these numbers
will be called the quasi-Fibonacct numbers of the seventh order.

7



Remark 3.3. Note that section 111 of [§] contains an explicit reference to the sequences
A,, B, and C,,. This paper is partly based on the properties of —pz(—z) and p;(x —1). A,,
B,, and C,, also appear in ff].

Corollary 3.4. Adding equalities (7. 1--3) we obtain the identity
(L+0(E+E))" + (1 +0(8 + )"+ (1 +0(6 + )" =

= 34,,(5) — Bn(8) — C (). (3.6)

Corollary 3.5. There follows from (B-4) and (5.3) two special systems (for § =1)

ag =1, bg=cy=dy =0,
Qpt1 = Qp + 2bn;

bn+1 =a, + bn + Cp,

Cpt+1 = bn +cp + dn>

dn+1 =Cp + 2dn

and

Ay=1, By

An+1
Bn+l

:C’():(]7

= An + Bna
Cn+1 =

B,

for every n € N (see Table [, [A00635q and [A00005] in [1]).

Corollary 3.6. Another system may also be derived from (F]) for 6 = —1

Ag(=1) =1, Bo(=1) = Co(=1) =0,
Anga (= 1):An(—)—2B( 1) + Cu(=1),
Byii(=1) = =An(=1) + B,(=1),
Cpi1(—1) = =B, (—1) +2C,(—1)

for every n € N (see Table [} and [A085810 in [1]).
Corollary 3.7. If § # 0 then from (5-]) the following identities can be generated:

0B (0) = Cny1(0) — (1 = 6)Cn(9),

0A4(0) = Bus1(d) — Ba(0),

62A,(0) = 6Byi1(8) — 6B, (6
= n+2(5) - (1 - 5)Cn+1<5) - (Cn+1((5) - (1 - 5)071(5))
= Cy2(6) = (2= 8)Cosa (6) + (1= 9)

— A (8) = 26B,(8) — 5Cyu(5)
= 2Ch41(0) — 2(1
= 2Cn+1(5) (

3

—~
(o9

~—

Ani1(9)
—90)C,(6) — 0C,(9)
0)Cn(9),

hence, we obtain

§C,(6).

62 A,41(0) — 62A,,(8) = 20°C 41 (8) — (26 — (3.13)

8
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On the other hand, by (F-11) we obtain

0% An41(8) = 624,(8) = Crss(8) — (2= 8)Crsa(8) + (L = 0)Crop1 (8)—
— Cni2(0) + (2= 0)Cnya(6) — (1 = 0)Cn(0) =
= Cni3(0) = (3= 0)Cnia(8) + (3 = 20)Cria (8) + (6 — 1)Cn(9). (3.14)
From ([B-13) and (B_14) we obtain the final recurrence identities for numbers C,,(0)
Cri3(8) 4 (6 = 3)Crya(0) + (3 =26 — 26%)Crp1(6) 4+ (=1 +6 + 26* — 6°)C,(6) = 0. (3.15)

Remark 3.8. We note that the elements of each of the sequences {A,(0)} and {B,(0)} also
satisfy this recurrence relation (which follows from ([5-9) and ([F-17)).

Lemma 3.9. The characteristic polynomial pz(X;8) of ([3-1]) has the following decomposi-
tion:

pr(X;0) ==X+ (0 = 3)X* 4+ (3 — 20 — 20%)X + (=146 + 25 — 6°) =
=X -1-8E+E))X =10 +)NX-1-46(+¢") (3.16)

where § = exp(i2mw /7). So the relation

Ca(0) = a1+ (€ +€%)" + B(L+8(6% +€7)" + (1 + (8 + &))"
holds for every n € N and for some o, 3,7 € R.

Remark 3.10. To find o, 3,7, from Lemma [5.9, it is sufficient to solve the following linear
system:

C1(0) =0 = a1 +0(§ + &%) + B(L+6(€* +€)) + (1 + (8 + &%),
Cy(0) = 0% = a1+ 0(§ + %))+ B(L+0(8% + €))%+ (1 +3(8% + €))%,
C3(0) = 30— 6° = (1 4+ 6(§ +£°))°+ B(1 +6(&2 + £°))>+ v(1 +0(8% + £1))°.

After some calculations we obtain the identities

TC,(0) = (€ + &7 = &1 =€) (1 +d(§ + &))" (3.17)
(74T -7 =)+ 0+ )"
(P = = NI+ + )
=+ - -NA+E+)" + (€ +¢ -6
X (L+0(E+&)" +(E+€ - =)L+ +&N)"

)
4 2T\ " 2
:2<cos?7r+cosg><1+2écos7ﬂ> —2(008%—1—(308?71')

4\ 2 s 67\ "
X (14—2500877() +2<COS77T—COS7)<1+25COS7> .



Hence, by (B.9) we get
1

7B3(0) = 5(7Cn41(0) = 7(1 = 9)C4(9)) (3.18)

= (€€ =M = ) (L4 66+ )"
F (P = =)+ 6+ )"
€4 - €9 — @14 6(E + £))"

=+ -E NI +E+E)N)" +(E+E —¢-¢)
X (1468 +E)N)"+ (£ 4+ - -1 +0(+&h)"

=2 <008277r +COS§> (1 +25008277T>n+2 (Cos477r —005277T>
X <1 + 20 cos 477T>n —2 (cosg + cos 4;) <1 + 20 cos 6%)”

and by (B10)
TALD) = 5(TBua(8) —~ TBA(5)) = (€1 +6°° — € — €)1+ 5(6 + €))"+

R R
(7 €M €7 (11 a(E 4 €)' =
= Q2= -NI+E+E)N)"+2-¢ -1+ + &))"+
+(2-E =)+ +&)" =
= 2(1 + cos g) (1 + 26 cos 2;)” + 2(1 — cos 277T> (1 + 26 cos 4%)”—1—
+ 2<1 — cos 4%) (1 + 26 cos 677r>n (3.19)
Remark 3.11. In the sequel, for § = 1, we obtain from (B_1])
Corig — 20,40 — Covt +Co = 0 (3.20)

for every n € N. Of course, the elements of the sequences {B,} and {A,} satisfy the
identity (3.24). The characteristic polynomial of (8-24) has the following decomposition:
(see Corollary [2-)

X2 —2X2—X+1=(X-1-€(-)X-1-2-)(X-1-6—¢Y,

where £ = exp(i27/7). Moreover, the decompositions of C,, (there are cyclic transformations
of the sums & + &5, €2 + &5 and & + & in elements of the first equality) follows immediately

from (B17)
70, =+ - -1 +E+E)"+
+ (- -O)A+E+ )+ (E+8 -2 =)+ 8+ ) =
=€+ - - +HE+E) T H(E@+EL -+ E+ )T
H(E - -0+t (3.21)
for everyn =1,2,3,...

10



Lemma 3.12. The following summation formulas for the elements of the sequences {C, ()},

{B,(0)} and {A,(5)} hold:

) Z An(6) = Byi1(0) — 6 (3.22)
5ZBH(5) = Cy+1(6) +6 ) Ca(0); (3.23)
hence, from (3.13) we obtain
An41(6) = A1 (6) =20 ) " Ba(8) =6 Y Cu(8) = 2Cn41(6) + 6 Ca(0), (3.24)
52 Cn(0) = =1+ An41(6) — 2Cn41(0); (3.25)
76 Co(0) = =7 = TCn41(5) — TBy41(0) (3.26)
+ (3= 2) Ava(0) + 2 Awea(0);
5 Z Ch(8) = Cnys(8) + (0 — 2)Cyya(8) + (1 — 6 — 20%)Cy 1 (0) — 6% =

= Oni2(0) + (6 = 2)Crnp1(6) + (62 =262 — 5+ 1)Cn(0) — 6% (3.27)
0> Bu(6) = =14 Ay1(8) = Cya (6) (3.28)

and .
5 Z B,(8) = Cn.3(6) + (6 — 2)Cny2(8) + (1 — 6 — 6)Ci1 (6) — 62 (3.29)

Definition 3.13. We define A, () := 3A,(0) — B,(0) — C,(6), 6 € C, n € N. Moreover,
we set A, == A, (1) (see Table [] and [AUF330] in [1]).

Lemma 3.14. From identities ([F-1]{3-19) the following special identities can be deduced:
a)

Al = Ao + 206+ )"+ 28 + )+ 2(8 + )
2T\ " 4\ n 6T\ "
:A2n+2<2COS7> +2<200S7> +2<2cos7)

11
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or

<2cos 2%)71 + <2(:os 477T>n + (2(:08 677r>n = %(Ai — Aan),

and

(4005277Tcos 4;)71 + (4C08277TCOS 6;)” + <4cos477rcos 677r>n =
= ()M A HEFE) FAHEFE)" + (1 +E+E)"] = (1) A,

Consequently, we get the following decomposition:

(1 (o)) (- o)) - (22)) -

_ X3 _ %(Ai C M)XK 4 (— 1) ALX — 1

b)
T 1 B TN 21 27\ 21 37T 2n.
e () = () (o) ()
¢)
AS = Az +6(=1)" +34,(-1) +3(6+&° = =& = 1)"
FEHE - ) 3@ - - )
d)

TCri1 Ay — TCApr = (—14+ 8 + ¢ =4+ ONE + )"+
F (148 +E—AE+ENE+E)" + (1 +E+8 -4+ M)+ =

6 4 6\ "
= (—1+2€os7ﬂ—80087ﬂ>(2c0877> +
4 2 N
+<—1+200877T—8cos7ﬂ><20057ﬂ> +
7; for n =2 4;
—7; for n =6;
2 6 2w\ " ’ '
+<—1+2cos7ﬂ—8cos7ﬂ><2cos$) =< =70 for n=38;
14; for n=1;

7- A(n+1)/2; Jor n=3,5T;
¢)
7(Bn+1 + Cn+1 - 2An+l)(An + Bn - Cn) - 7(Bn + On - 2An)(An+1 + Bn+1 - Cn+1) ==
= (843 +ENEHE) +(8+3(E+ENE +EN)" + (8+3( +€N)(E+&)" =
= (8 + 6 cos 4—7T) (2 cos 2—7T>n + <8 + 6 cos 2—7T> <2(:os 6—7T)n+

7 7 7 7
—14; for n=1;
4 n 3 )
+ (8 + 6 cos 677r) <2 cos 77T> =< 49;  for n=2;
—56; for n =3,

12



and a more general identity

f)

(aTAp1 + BTBpy1 +77C, 1) (ETA, + WTB, + ¢7C,)—
— (aTA, + BB, +v7C,)(eTAp11 + WTBpi1 + @7C,41) =
= ((a0+ Bo(E+ &%) +7(E + &)1+ £+ 5"+
+ (0 + Bo(E + &%) +70( + £ 1+ & + )"+
+ (o + Bo(€ + &N+ +E))A+ & +¢H" ) x
X (g0 4+ wo(€ + &%) + @o(E2 + €)1+ €+ )"+

1+€2+€5)n_'_
_'_£3+£4)n)_
1+&+6%)"+

+ (20 + wo(€ + &%) + o (&2 + €M)(
( 1
(
(148 +&)"+
1
(
(

)
+ (g0 + w0(§3 + 54) + @o(§ + 56))
((ao + Bo(€ +€°) + (8% + &%)
(a0 + Bo(&% + &%) +70(& + &Y
(o0 + Bo(€® + &) )(14&+&H") x
((e0 + wo(€ + &%) + 0o + )1 + £+ )™+
(0 + wo(&* + &%) 900( THENA+ e+ +
(20 + wo(€® + €1 + o (€ + €)1+ £ + €)"H) =
A+ (E+ OB+ (€ +E)C) (6 + )"+

+ A+ (E+EOCHE+NB)(E+ )

+ A+ (E+E)B+ (& +¢ C)<§3+£5)

)
:<A+2005—B+2008 ><QCOS_>

)

(

)

)
+70(€ + €%))(
)

+ )

+
+
X
+
+

(

l\D\]|

where

A = 508 — davwo + oo — €00 + 2woYo — 2600,
B := 5agwy — €050 + 3070 — 3o + Yowo — Boo,
C = 2e03y — 2apwo + 280 — 27v0wo + €00 — oo,

ap :=3a+ [+, Bo:=a+28+7, Yo =+ 0+ 2y,
g0 =3+ w+ o, wo =€+ 2w+ g, o =€+ w+2p.

Proof. The identity b) follows from (B-).
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Remark 3.15. The sequence {5(A2 — As,)}o2, (see Table [) is an accelerator sequence for
Catalan’s constant (see [1]). The generating function of these numbers has the form

3+2x—222
14+2—222—23

(see also in [A]).

Some applications of identities (B.-B.J) will be presented now.

3.1 Reduction formulas for indices

Lemma 3.16. The following identities hold:

Apin(0) = A (8)An(0) + 2B,,(0) By, (6) + Cy(6)Cr(6) (3.30)
o Bm(é)cn(‘s) o Bn( )Cm 5)7

Biin(0) = —C(8)C(6) + A (0) B (0) + An(9) B (9), (3.31

Crnin(0) = Bn(0)Bn(0) = Cn(9)Cn(0) + A (9)Cn(9) (3.32)
+ A,(8)C(0) — B (0)Cr(6) — Bu(9)Crn(0

Proof. First, we note that

(1+8(6+ €)™ = Amyn(8) + B (0)(§ +€°) + Crngn(9)(€7 +€7).

On the other hand, we have

(I8 + )™ = (1+6(E+ )M+ 6(E+ )" =
= (An(8) + Bu(6)(€ +€%) + Cr(6)(€ +€7)) x
% (40(0) + Ba()(€ +€°) + Cu(8)(€* + €9))

= A (0)An(6) + B (0)Bn(6) (&2 + & + 2) + Cr(0)Cr(8) (6" + €7 4 2)
+ A (9) n(5>(£+£6>+A (0)Cu(0)(E* + &) + An(0) B (0) (€ +£°)
+An(6)0m(5>(£ +) + Bu(0)Cu(6)(€ +£°)(&2 + €)

B(6)Crn(0)(€ +E°)(E2 +€7)
(we have (E+E0)(+¢°) = £3+56+£+£4 - & =)
A (0)An(0) + 2B (6)B ( ) + Crn(8)C (6 ) By (8)Cn(8) — Bn(8)Crn(0)
(£+£6>(A (0)Bn(8) + () m(0) = Cr(9)C(6))
(£2+£ ) (B (9 ) () = Crn(8)C(8) + A (8)Cr(0)
An(8)Crn(8) — Bu(6)Crm(6) — B (0)Cr(9))

hence by linear independence of 1, £ + &8 = 2cos 2, €2 4 £ = 2cos T over Q and by
Lemma P.§ the reduction formulas follow O

14


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A094648

Corollary 3.17. We have

Azn(0) = AL(0) + By (0) + (Ba(d) — Cu(0))*,
Bo(8) = 24,(3) Ba(9) — C(0),
Con(0) = B, (8) — C(0) + 2C(0)(An(0) — Bn(9))-

(3.33)
(3.34)
(3.35)

Remark 3.18. (Which comes from [ij], sequence [A006354) Let u(k), v(k), w(k) be defined

byu(l)=1, v(1) =0, w(l) =0 and

u(k +1) = u(k) + v(k) + w(k),
v(k+1) =ulk) +v(k),
w(k +1) = u(k).

Then we have
un+1)=A4,, vin+1)=DB, wh+1)=DB,—Cy
for every n € NU{0}. So, according to Table [3 we get

{u(n)} =1,1,3,6,14,31, ...,
{v(n)} =0,1,2,5,11,25, ...,
and
{w(n)} = {u(n)}
(Benoit Cloitre (abcloitre@wanadoo.fr), Apr 05 2002). Moreover

(u(k))2 + (v(k))2 + (w(k))2 = u(2k) (Gary Adamson, Dec 23 2003).

The n-th term of the sequence {u(n)} is the number of paths for a ray of light that enters
two layers of glass, and then is reflected exactly n times before leaving the layers of glass.

One such path (with 2 plates of glass and 3 reflections) might be
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Corollary 3.19. We have

Azn(0) = An(0) A2 (0) — (5)C‘2n(5) B2 (0)Cn(9) (3.36)
+2B,(0) Ban(9) + € (8)Can(9)
= A,(0) = B,(0) + 64,(0) B, (8) + 3A,(0)C1(0) — 3B, (3)C,y(9)
n(

+3B5(0)C (6 )—GA (6) B (6)Cn(9),
B3,(6) = A2, (6) Bn(0) + An(0) B2 (9) — n(5)02n( ) (3.37)
= 2B,(8) + C(8) + 3A2(0) Ba(9) + 34, (0)C(9)
+3B,(0)C2(8) — 3B%(8)C,,(9),
C3,(0) = BovBa, () + An(0)Can(8) + Az (8)Cr(8) — Cr(0)C20(6) (3.38)
=3C3(0) — B3(6) + 3A§(5)On(5) +3A,(0)B2(6) + 3B2(6)C,(0)
—6A4,(0)B,(0)C,(9).
Lemma 3.20. The following identities are satisfied:
1 | An(6) 2Bi(0) — Ci(9) Ci(6) — Bi(9d)
An@) =5 | Ba®)  A0) () L (339)
Cal8)  Bil6) — Ch(6)  Ay(8) — By(6) — C1(0)
1| Ax(0) An(d) Cr(6) — Bi(9)
B, 1(0) = | Bx(d) Bu(9) —Cx(9) , (3.40)
A1 G8) Cud) Aud) — Buld) — (o)
and
1 Ag(6) 2Bx(0) — Ck(d) An(d)
Chr(0) = x By () Ar(9) B(0) |, (3.41)
C(6)  Bi(d) — Cr(0)  Cu(9)
where Au(8) 2Bu(6) — Cu(0)  Cw(0) — Bi()
A= | By(6) Ar(0) —Cy(9)

Ci(6)  Bi(0) = Ci(6)  Ax(d) — Bi(8) — Ci(9)
Proof. First we note that

(148(6+€%)"" = Au (8) + Baon(6)( + %) + Cop(9)(€2 + 7).
On the other hand we obtain

b (T+0(E+€9)"  A(0) + Ba(0)(E+€°) + Cu(6)(£2 + &)
(a4 A©) + Bi(0)(E +E0) + Cr(8)(E + &)

The final form of formulas (B:39), (B:40d) and (B.41)) from the following identity could be
derived:

(L4 0(E+€5)"

a+b(€+E°) + (& +&°)

— 6 2 | ¢5
d+e(&+€5) + f(€2 4 £9) =a+pE+&)+(E+E),
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where

1)@ 2e—f f—e 1 d a f—e
a:=—|0>b d —f B:=—|e b —f
D c e—f d—e—f D f c d—e—f
RK 2e—f a d 2e—f f—e
=5l ¢ d b and D:=]e d —f
fe-f ¢ foe—f d—e—f

Lemma 3.21. The following identity for the determinant A from Lemma holds:

Ai(9) 2Bx(6) — Cy(9) Ci(6) — Bi(9)
Bed)  Au() -G
Cr(0)  Bi(6) — Cr(6)  Ax(6) — Br(9) — Ci(9)

= (A4(0))" + (Bi(9))’ + (Ci(6 )) + 3 Ak(6) Bi(0) Ck(0 ) (Au(9))’ (Bi(8) + Ci(6))—
=2 4(0) ((Br(0))" + (Cu())") +3 (Bi())" Cu(6) = 4 Bi(0) (Cw(9))" =
— (—282—6+1)" (342)

A:

Proof. By (B.I0) we obtain

[(1 +0(E+ )X+ 08 + )1+ 68+ §4))]k — (8% =282 — 6+ 1) (343)
On the other hand, by (B1])—(B-J) we get

(L (e +€) (145 +€) (L4 +¢Y)) =
— (1+ 6+ 146+ (1 +6(8+¢Y)* =
= (AR(0) + Bi(6)(€ +£°) + Cr(0) (&2 + %)) (Ar(6) + Br(0) (€2 + €°) + Ci(6)(€* + £1)) x
X (Ax(0) + Be(0) (& + €Y + C(0)(€ 4+ €%)) =
= (A(8))” + a (Bu(8))" +a (Cr(9))” + b Ar(8) Bu(8) Cu(8) +
+ ¢ (Ak(0))° (Bi(0) + Ca(8)) + d Ax(6) ((Ba())* + (Cr(#))*) +

2 2

+ 0 (Bu(®))” Culd) + 1 Bu(o) (Cul8)’, (3.44)

where (see Lemma P3)
a=(E+ENE+E)E+EY =
b=((+)NE+E)+(E+¢ )<€3+£4> (E+)(E+eH+

FE+E+(E+E)+(E+eh) =3,

c=E+E8+8++0+60 =
d=(E+ENE+E)+(E+ 56)<€3 - £4> +(E+E)(E+¢H =2
e=E+EHE+O)+(E+EONE+EN?H(E+O(E+¢N) =3
f=E+E)E+E P+ (E+EPE+EN+(EC+)E+6) =4
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Hence (B43) follows from (B.4]) and (B:49). O

3.2 Reduction formulas for j-arguments

Next, our aim will be to prove some more general identities connecting the quasi-Fibonacci
numbers with different 6’s (6 # 2). Let us start with the following formula:

(2+0(€+ &) +0(€+)" = (2-0) -0 +£")" =
=@ (14 555+ e) —e-ora (55 )+
+(2-96)"B, <552)(§+§6) (2—5)”@(%)(5%55). (3.45)

But, we can deduce another equivalent formula

(2 +0(E2 4+ €5) + (&% + 54)>n = ((1 +0(E+E)+ (1+6(+ 54))>n (3.46)
—Z( ) 14+6(82+ €)M (1 +6(8 + )" *
k=0

Y (k) (46(6) + BuB)(€ +€) + CulB)(€* + €Y ) x

% (Ann(8) + Bun(0)(E + €Y + Carl0)(€ +€)

3

_ (Z)(Akmm £(8) + Ar(8) Bui(8)(E3 + €1) + Ap(6)Crui(6)(€ + £9)

+ Au(0) Bi(8) (6% + &) + Br(0) Bui(0)(§” +6° + £+ €7)
+ Br(0)Cri(9)(€° + €+ &7+ &) + An ik (9)Cr(9) (&7 + ¢1)

+ Ba b(O)Ch(0)(€ + € +2) + CLO)Can(D)(€' + € + €+ 69)) =

=3 () AN A0-406) = A Ba-k(5) ~ BlG)Cosl8) — Au-s(6)CH0)
k=0

+ 2B, () Ci(6) — Ci(0)Cri(9))

n
n

+ (€ + €% (—Ak(0)B_(0) + Ap(0)Cr—k(5) + Br(8)Bp—x(9)

k
— An1(0)C(0) + Bn1(0)Cr(0) — Cr(6)Crr(9))

) (—A()Bus(6) + An_s(0) ()

o

+ Bi(6) B :(5) Byu(6)Cr-k(0) — Ap-1(8)Ci(9))-

From (BZ3) and (BZ0), again by linear independence of 1, £ + &5 = 2cos 27 and &% + &° =

2cos 2 over Q and by Lemma - the identities below can be generated:
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Lemma 3.22. We have

2-54(525) = X (1) (4004040 - A0)Bos0 (3.47)
— Bi(0)Crnk(0) — Ap—(8)Ci(6) + 2B,—k(8)Ci(6) — Ck(5)cn—k(5>>
0 " /n
@-ayB(25) =3 ( k) (= A()Bo4(0) + AO)Cos0) (3.43)

+ Bi(0) Bn1(9) — An—(0)Cr(9) + Bn(0)Cr(d) — Ck(5)0n—k(5)>

and

(2 — o) "(5f—2) - ; (Z) ( — Au(8)Bui(6) (3.49)

4 A1 (8)Bi(8) + Bu(8) B_n(8) — Byu(8)Crui(8) — An,k@)ck(a)).

In the sequel, from the above formulas the following special identities can be obtained:
the case § =1

" n
A1) =Y (k> (AxAn & — ABo i — BiCo — An_1Ci (3.50)
k=0
+ 2B, Cr — CihCry),
B,(-1)=Y" (Z) (= ApBy i+ AkCo st + BB — Ay 1Cy (3.51)
k=0

+ By ,Cl — CrCry),

Co(—1) = % <k> (= ABui + Au_iBy + BiBoy (3.52)
— BiCp_y, — Anfkck);
the case 0 =3

(= 10,03 = 2 () (An(3)400(3) — Au(3)Bn(3)- (3.53)

— Bi(3)Cri—k(3) — Ank(3)Ck(3) + 2Bn(3)Ck(3) — Ci(3)Cri(3))
(=178 = 3 (1) (= A Bars() + Ao s( (3.54)

+ Bk(3)Bn_k(3)_— An 1(3)Ck(3) + Bn-r(3)Ci(3) — Ci(3)Cnk(3)),
(=103 =3 (1) (- ABBsl®) + AaBBE) (3.55)



The case 6 = 2 must be treated in another way

2n

(2422 + &) + 26 +69)" = (- 2(6 +¢9)

=222+ (2 + &))" =2 (1+ 4 +€)" =

= (4,(3) + Bu(D)(E +€) + G () (€ +€Y) =

=2 (4, (1) + Ba (D)@ + ) + Cu(B) (-1 -6 - & - - €%)) =
2 (4n(3) = Call) + (Ba3) = Ca(§)) (€ +€) = Ca(3) (6 + ),

which, by (B-40G), implies the next five identities

(4,035 = o) = X (1) (rlDann(2) — Au(2)Bana2)- (3.56)

k=0

— By(2)Con—(2) — A2n—k(2)Ci(2) + 2Boyp—1(2)Cr(2) — Ci(2)Canr(2)),

(5,0 - ) = X (1) (- 4@ B - @B (357

+ Bi(2) Bon—i(2) — B:(2)02n—k(2) — Ao 1(2)Cr(2)),

—2C, (%) = zn: (2]:) (= Ap(2)Ban—i(2) + Ap(2)Cop_i(2)+ (3.58)

+ Bk;(2)B2:n_k(2) — Ao 1(2)Cr(2) = Ban—k(2)Ck(2) — C(2)Cani(k)),

hence, after some manipulations, we obtain

A4, (3) =3 () (42420402 - M2Cara2)- (3.59)
32(2)3271 #(2) = Bi(2)Con—1(2) + Ban-1(2)Ci(2)),
27, (1) = Gf) (= A2)Con4(2) + A 1(2)Be(2)— (3.60)

0
Bip(2)Con—1(2) — Ban—i(2)Ci(2) + Ci(2)Canr(2)).
We have also the identity
(14+E+8)1+6(2+8)) =(1+&+€°) -

ie.,

(L+€+€)" (1+0(e2+¢7)" = (1 +€+¢%) —a)
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which, by (B])) and (B3), yields

(An -+ B +€%) + (€ + &) ) (Aa(0) + Bald) (€2 + €) + Culd) (€ + €7) ) =

n

zzgé(_awk(Z)(1+gw+g%k::§%(—5wk(Z)Ak+

+ (€ 4+ €9 Zn:(—é)"’“ (Z) B+ (€4 Y (=0 (Z) Cy

k=0 k=0

Hence, by Lemma P.§, the following three identities can be discovered:

Ano(8) = ACa(0) = BuBal8) = BaCal9) + CaBa(0) = (3.61)
N

CALCLS) - BAAL(S) — BuCo(6) — CuBald) + CC(d) = (3.62)
UL

Ay Bo(8) — AnCon(8) — BuBo(6) + CuAn(8) — CoBu(8) + CuCn(5) = (3.63)
- kn()(—é)”—k (Z) C

3.3 Polynomials associated with quasi-Fibonacci numbers
of order 7

Directly from equation (B]) we obtain (for ; := 14 26 cos 2%, k = 1,2,3)

= A,(6) + Bn(9) Ty — B9) + ) (252 <2 cos? %7# - 1))

= A, (9) + B”;‘S) T — B";é) ngé) v — 2w+ 1 — 252>
B,(0) Cyn(o B, (0 Cr(6 Cr(6
= A,(9) — 5()— 5g>(252—1)+ 6<>xk_2 5g)xk—|— 52 )xz,

Wr(x:;6) == 022" — C,(0)2” + (2C,(8) — 6B, (8)) 2+
+ 6B, (8) + (20 — 1)C,(8) — 62A,(6) =0

for x = x, k = 1,2,3. So, by identity (B-Iq) the polynomial p;(X;¢) is a divisor of the
polynomial W, 7(X; ) (for every n > 3). In the sequel we obtain (for § = 1)

(2 = 22" — 2z + 1)|(z" — Cpa® + (2C, — B,)z + B, + C,, — Ay) (3.64)

21



for every n € N, n > 3. More precisely, the following decomposition holds:

n—2
pr(X;6) ( 3 0k+1(5)x"—2—k> = W,a(X:0), (3.65)
k=1
hence, for 6 = 1, we obtain
n—2
(2% —22% —x +1) ( Z ka"—Q—k> =2" — Cp* +(2C, — Bz + B, + C, — A,. (3.66)
k=1

Remark 3.23. Equation ([3.07) after differentiating and some manipulating enables us to
generate the sums formulas of the following form:

polynomial depending

<p7(X; 5)>TH ( Zn: k“Ck(5)X”_’“_T) = on Wo7(X;6), pr(X:9)

and their derivatives
For example, the identity ([5.6]) implies the identity (B-2]) (for X =1).
Remark 3.24. There exist other ways to obtain the relation (5.0]). For example, by (B-3)
we have
aApi1(0) + BBn+1(6) +7Cnta(0) =

= (a+B6)Au(8) + (2ad+ B+76)Bu(6) + (= da+ (1 —0)7)Cp(). (3.67)

We are interested when the following system of equations holds:
a+Bd 200+B+76 —da+(1-0)y
a s B v

which is equivalent to the following one:

)

v = §(62—2a2>,

3 2
()7 (' -2(0)-1-0
Hence, by Remark [7.11, it follows that
e
a

So the equation ([7.07]) then has the following form:

2%
{1+2cos?ﬁ: k= 1,2,3}.

Api1(0) +2cos %?WBHH((S) - (1 + 2 cos %?W)_ICHH((S) =

2km 2km 2k, -
= (1 + 20 cos ?) (An(é) + 2 cos TB"((S) — <1 + 2 cos ?) Cn(6)> =

2km\n 2k 2k, -
— (1 + 20 cos 77T) <A1(5) + 2 cos %Bl(é) - <1 + 2 cos 77T) 16'1(6)> =

(by B1))

2km\ n
= (1+2§COS?7T) i
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" " =0z +86—1)A0) + (z+0—1)(z — 1) B,(6) — 6°Cn(0),
i.e.,
8% 2" — 2° B, (8) + 2((2 — 0) Bn(6) — § A, (0))+
+6(1—=6)An(6) + (8 — 1) Bu(6) + 62 Ch(8) = 0
for x : =1+ 20 cos 2’“7”, k=1,2,3, which is equivalent to
W,r(X;0) =0.

Lemma 3.25. Immediately from (B.00) we obtain the following identities:

n—2 ,
(2 — 2%~z +1)2. (Zkan—2—k) _
k=1

3
w

=@ -2 —x+1)* ) n—2—k)Ba" ¥ F =

(]

1
=(n—3)2""? - 2(n—2)2"™ — (n — 1)2" + na" ' + Crz*+
+2(B,, — 2C,)z* + (3A,, — 5B, + 2C,))2* + (—4A, + 4B, +2C,)x — A, +3C,, (3.68)

=
Il

and

n—2
3 2 3 n—2—k " _ 2 n+4
(x° —22° —x +1)°- g Byx = (n*—"Tn+12)2" "+
k=1

+ (—4n® + 24n — 32)2" + (2n* — 10n + 18)2" 2 + (6n° — 24n + 6)2" '+
+ (=3n® + 9+ 6)2" + (2n — 2nH)a" ! + (n? —n)z" % — 2C, 2%+
+ (=6B, + 12C,)x° + (=124, + 24B,, — 18C,,)z* + (324, — 42B,, + 6C,,)z*+
+ (=184, + 30B,, — 18C,,)2* + (=64, — 6B, + 30C,)x — 6A, + 4By +8C,. (3.69)

Corollary 3.26. We have
n—2

> By=A,-2C, -1,
k=1

n—2

> (=1)FBy = =1+ (—1)"(A, — 2B, +2C,,),
n—3

> (n—2-k)By=-2(A, —2C, — 1) —n+ By,
k=1

n—2

ZkBk =nA, — B, — 2nC,,

k=1

n—3

> (n=2—k)(—1)"B, =6 —n+ (—1)"" (64, — 11B, + 8C,),

k=1
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and

i
w

(—1)*kBy, = —4 + (—1)" <6An —11B, + 8C,+

i
I

+(n—2)(A, — 2B, +2C, — Bn_2)>.

3.4 Numerical remarks about the zeros of polynomials 5, (z)

Let us set

B, (z) = Zka"’k, n € N.
k=1

Then,
Bi(x) =1, By(z)=x+2, Bs(x)=2"+21+5,

and, thus, we have the recurrence relations (see (B.20))
Buys(x) = 2" 4+ 2B, o(x) + Buyi(z) — Bu(z), n>1.
All polynomials B, (z) for n = 2k + 1, k € N, have an even degree, for example

Bs(z) = x* + 22 + 52 + 11z + 25,
Br(z) = 2° + 22° + 52* + 112° + 2527 + 562 + 126.

As follows from calculations, these polynomials have no real zeros for n < 200.
However, all polynomials B,,(x) for n = 2k, k € N, have an odd degree, for example

By(z) = 2 + 22 + 5x + 11,
Bs(z) = 2° + 20* + 52° + 112% + 252 + 56.

These polynomials have exactly one real zero, which is less than zero (for n < 200). The
zeros s, of the consecutive polynomials B, make a decreasing sequence from s, = —2 to
So00 = —2.2442546 (by numerical calculations).

Remark 3.27. All numerical calculations were made in Mathematica.ﬂ
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Table 1:

An(9)
n=01|1
=11
=222 +1
=3 | -0+652+1
n=4|56*—46 +126%+1
n=>5|—20° +226* — 76% +206% + 1
n =6 | 1465 — 276° + 726* — 176% + 3062 + 1
n="7] 135" 4+ 926° — 965° + 1726* — 3263 + 4262 + 1
By, (6)
=010
=16
=226
=3128+30
=4 | —6* 4+ 853446
=5 | 56° — 50% + 208° + 56
=6 | —26° 4 276% — 126 4 4063 + 66
=7 | 1407 — 2965 + 995° — 296* + 706 + 75
Cn(9)
n=010
n=1|0
n=21§
n=31| -6+ 362
n=4|36* - 45 + 662
n=>5| —48° + 155* — 106° + 1052
n=6 | 965 — 2465 4 456* — 2063 4 1562
n="7|—-118" 4+ 605% — 815° + 1056* — 3563 + 2152
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Table 2:
0 1 0 0
1 1 1 0
2 3 2 1
3 6 5 2
4 14 11 5
5 31 25 11
6 70 56 25
7 157 126 56
8 353 283 126
9 793 636 283
10 | 1782 | 1429 | 636
11 | 4004 | 3211 | 1429
Table 4:
n An(%) Bn(%) Cn(%)
0 1 0 0
1
1)1 1 0
3 1
2 3 1 i
19 7 5
3| % i 8
47
41 % 16 1
5 197 155 33
32 32 16
6 319 507 221
32 64 64
7 2069 413 91
128 32 16
8 3357 5373 595
128 256 64
g | 10897 4365 7753
256 128 512
10 | 70755 28357 | 25213
1024 512 1024
11 | 220725 | 184183 | 1907
2048 2048 2048

Table 3:
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n | Ay(=1) | Bu(=1) | Ch(—1)

0 1 0 0

1 1 -1 0

2 3 -2 1

3 8 -5 4

4 22 —13 13

5 61 —35 39

6 170 —96 113

7 475 —266 322

8 1329 —741 910

9 3721 —2070 2561

10 | 10422 | —5791 7192

11| 29196 | —16213 | 20175

Table 5

n | A.(2) | Bu(2) | Cn(2)
0 1 0 0
1 1 2 0
2 9 4 4
3 17 22 4
4 97 56 40
5 241 250 72
6 | 1097 732 428
7 | 3169 2926 1036
8 | 12801 | 9264 4816
9 | 40225 | 34866 | 13712
10 | 152265 | 115316 | 56020
11 | 501489 | 419846 | 174612




Table 6: Table 7:
n | AB) | B3 | G3) no| A | BA2 = Az | Au(D)
0 1 0 0 0| 3 3 3
1 1 3 0 1] 2 ~1 5
2 19 6 9 2| 6 5 1s
3 28 63 0 3| 11 4 L
4 406 147 189 4] 26 13 uz
5 721 1365 63 5| 57 —16 155
6| 8722 3528 3969 6 | 129 38 593
7| 17983 29694 2646 7 | 289 —57 8827
8 | 188209 | 83643 | 83790 8 | 650 117 12359
9 | 438697 | 648270 | 83349 9 | 1460 —193 40169
10 | 4078270 | 1964361 | 1778112 10 | 3281 370 65169
11 | 10530100 | 14199171 | 2336859 11 | 7372 —639 423065
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