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Abstract

We formulate explicitly and discuss a simple new enumerative formula for double
(directed) eulerian circuits in n-edged labeled multigraphs. The formula follows easily
from a recent 2-parametric formula of B. Lass.

Multigraphs may have loops and are considered as symmetric multidigraphs. So, in
an eulerian circuit, every edge is traversed exactly once in each direction (backtracks are
allowed). With respect to undirected multigraphs such circuits are called here double eulerian
circuits. A multigraph possesses a double eulerian circuit if and only if it is connected. We
deal with labeled multigraphs, that is, multigraphs with numbered vertices. Moreover, any
vertex may be distinguished as a root. If a multigraph is unrooted, then vertex 1 implicitly
plays the role of the root.
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All double eulerian circuits are considered as starting and finishing at the root. Two
circuits are equivalent if they differ only in the order in which parallel edges (including
loops) or loops in both directions are traversed.

We define (2n — 1)!! = (2n — 1)(2n —3)---5- 3 - 1. Our main result is the following.

Proposition 1 Up to equivalence, the total number €, of double eulerian circuits in multi-

3t —1
hs with d, ' lto 2n— 1!l ——.
graphs with n edges is equal to (2n — 1) 2T 1)

Indeed, by a theorem of Lass [[]], the number of such circuitsf] in all rooted multigraphs
with n edges and m vertices is (2n — 1)I12™~1( " ). Since the vertices are labeled, the
number of rootings is equal to m. Dividing the above formula by m and summing over all m

we arrive at the desired expression. O

The corresponding numerical values of ,, for n = 0,1,...,8 are as follows: 1, 2, 13, 150,
2541, 57330, 1623105, 55405350, 2216439225. This is the sequence A069736 in Sloane [[].
The exponential generating function is (/1 — 2z — /1 — 62)/2z.

Example. n = 2. There are 4 unlabeled connected multigraphs with 2 edges. A graph on
3 vertices (path) with vertex 1 at an end (there are two such graphs) has only one double
eulerian circuit. The same graph rooted at the middle vertex has two circuits. The graph
consisting of two vertices and two parallel edges (“lune”) also has two different circuits:
(1a2a1b2b) and (1a2b1b2a) where a and b are the two (interchangeable) edges considered as
directed from 1 to 2, and @ and b are the same edges in the opposite direction. Likewise,
the graph with two vertices and one loop has three double eulerian circuits if the vertex
with the loop is labeled 1; otherwise the circuit is unique up to equivalence. Finally, the
I-vertex graph with two loops contains three different circuits: (1alalblb), (lalblalb) and
(1alb1bla). So, there are 4 + 2 + 4 + 3 = 13 double eulerian circuits in all.

Remarks.

1. Asymptotically &, grows as Cn~%26"-n!, where C' = 3/(2y/7 ).

2. By the same theorem of Lass, the total number ¢/, of double eulerian circuits in rooted
labeled multigraphs with n edges is equal to (2n — 1)!! 3™; numerically this is the sequence
A011781 | 1,3,27,405, 8505, 229635, 7577955, 205540245, - - -

3. In contrast with topological maps, few closed formulae are known for the counting of
abstract graphs (without isolated vertices) by the number of edges.

2Some of the above definition details are implicit in [[].



4. Are there any similar results for other classes of graphs and different types of equivalence
of eulerian circuits?

5. At first glance, it seems as if we could use the same method to count double eulerian
circuits regardless of rooting since every double eulerian circuit has one and the same number
n of possible starting pairs (root, incident edge). Accordingly, the contribution to the total
sum from any vertex taken as the root seems to be proportional to its valency. This idea,
however, can be seen to fail because of multiple edges, loops and the definition of equivalence
between circuits; cf. the example above. Nevertheless nle,, for odd n (at the same time ¢,
is odd for even n, so that n does not divide ¢, when n is even.)
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