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Abstract

Start with four digits, arrange them in both descending and ascending order, sub-
tract, and repeat. This simple process is known as the Kaprekar routine, famous in
base ten for sending every nonconstant four-digit string to 6174. We show that in ev-
ery odd base B > 3, the four-digit Kaprekar map has an unexpectedly rigid structure.
After at most three iterations, every nonconstant orbit enters an explicit triangular
region and on this region the map is conjugate to projective doubling:

{[r], [s]} — {[2r], [2s]}.

This gives a complete finite description of all nonconstant terminal cycles, including
an explicit formula for their lengths and counts. In particular, the longest terminal
cycle has length at most (B — 1)/2, and equality can occur only when B is prime. For
primes p > 5, equality occurs precisely when the least positive m with 2" = +1 (mod
p) is m = (p — 1)/2. The results proved here were first formulated by Schwartz and
Thakur. As a test case for Al-assisted formal mathematics, AxiomProver produced
Lean/mathlib formalizations of these results.

1 Introduction and main results

1.1 Background

Kaprekar’s four-digit routine looks, at first, like a numerical magic trick. Take four digits,
arrange them in decreasing order, subtract the same digits in increasing order, and repeat.
In base ten, the trick is famously dramatic: the process is drawn to the constant 6174, which

is a fixed point since
7641 — 1467 = 6174.

For example, starting with the number 2808, we have the process
2808 +—— 8532 — 6174 — 6174.

The surprise is not merely that a fixed point appears, but that a rule made from sorting digits
is secretly governed by modular arithmetic. This paper explains that hidden arithmetic for
four digits in every odd base.

Kaprekar introduced this routine in his study of decimal digit phenomena [5, 6, 2]. In the
classical four-digit decimal case, every nonconstant digit string reaches the fixed point 6174.
For 3 decimal digits, the fixed point is 495. The decimal case, however, is only one member
of a larger family. In other bases the four-digit routine need not have a single attracting
fixed point. Its terminal behavior may consist of several cycles, and their lengths depend on
the arithmetic of the base.

The generalized Kaprekar problem has been studied from several points of view. In base
10, fixed points of the Kaprekar map (for every digit length) define the integer sequence OEIS
A099009. Jordan studied self-producing digit sequences [4]. Hasse and Prichett determined
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the four-digit Kaprekar constants (i.e., fixed points for general bases) [3]. Prichett ana-
lyzed five-digit terminating cycles [11]. Thakur developed a broader framework for Kaprekar
phenomena in arbitrary bases and digit lengths [12]. Devlin and Zeng studied maximum
distances to the four-digit fixed point in the bases where such a fixed point exists [1].

More recently, Yamagami and Matsui developed a detailed theory of 3-adic Kaprekar
loops and obtained formulas for Kaprekar fixed points [13, 14]. Kay and Downes-Ward
extended fixed-point and cycle questions to odd bases using Kaprekar indices and sub-
group/coset methods, and their sequel treats even bases, where the classification is more
intricate [7, 8]. Our purpose here is more explicit. In the four-digit odd-base case, the right
coordinates reveal a particularly simple mechanism: after a bounded pre-periodic segment,
the Kaprekar map is just projective doubling. The resulting proof is short, but the simplifi-
cation is quite striking, and gives a transparent route to the cycle-length consequences below
while keeping the digit dynamics visible throughout.

1.2 Main classification result

Given a 4-digit positive integer in an odd base B, let a; > as > a3z > a4 denote its digits in
non-increasing order. As noted by Hasse and Prichett [3], the next Kaprekar iterate depends
only on the two differences

di =ay —ay and do = ay — as. (1)

Thus d; records the outer difference and dy records the inner difference. Accordingly, we
define a natural state space

XB = {(d17d2)11§d1<B, Ogdggdl} (2)

The Kaprekar routine thus induces a map Kg: X — Xpg, sending each difference pair to
the next difference pair. Note here we have excluded the trivial case a; = as = az = a4 by
requiring d; # 0.

In Section 2 we prove that, after a short pre-periodic segment, these two differences
become positive, unequal, and odd; that is, (dy,dy) will lie in the stable odd region defined
by

T ={(d1,dy) € Xp:dy >dy>0and dy =dy =1 (mod 2)}. (3)

We also describe how Kp acts on Tg. To give this description, rather than working with d;
and dy themselves, we work with their half-sum and half-difference:

di +d dy —d
r= 1—; 2 and s = 12 2 (4)

(Note that 7 > s > 0, and that r and s are integers because d; and dy are odd.)
For pairs (r,s) we pass to projective residue classes modulo B, where each residue is
identified with its negative. Introduce the notation

Py = ((Z/BZ)\ {0}) /{=1}
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for the nonzero projective residue classes. For nonzero x € Z/BZ, let [z] .= {z,—z} € Py
denote the corresponding residue class in Pg. Finally, let (PQB) denote the (unordered) two-
element subsets of Pg.

We can now state the main structural result.

Theorem 1 (Structural classification). Let B > 3 be odd, and let Kg: Xp — Xp be the
four-digit Kaprekar map in difference coordinates. Then Tg, as defined in (3), is forward-
mvariant and

K}(Xg) C Tp.

Moreover, the restricted map Kg: Tg — Tg is conjugate to the doubling map

(@ﬁ(}?) by {[r], [s]} — {[2r], [2s]}

under the transformation defined in (4).

Here, in the context of finite dynamical systems, we explicate the term “conjugate” as
follows. Let f: X — X and g: Y — Y be maps. We say that f and g are conjugate under
the bijection ®: X — Y if

O(f(x)) = g(P(x)) for all z € X.

Thus @ is a relabeling of the states which turns one system into the other. In the particular
case of Theorem 1, the map ®: T — (1323) is given by (4), and so Theorem 1 makes an
implicit promise that (4) is bijective.

We can thus describe Theorem 1 in English as follows: After at most three iterations,
every orbit enters our smaller stable region 7. And on this region 7Tp, the sorting-and-
subtracting rule is no longer mysterious! After the change of variables in (4), it is exactly
multiplication by 2, with signs ignored, on unordered pairs of nonzero projective residue
classes.

Remark 2. Here the case B = 3 needs to be excluded because T is empty when B = 3.

1.3 Cycle lengths
Clearly, for odd B the doubling map

(PQB) R (Pz B) by {[r], [s]} — {[2r], [2s]}

is bijective. Since conjugate systems have the same cycle lengths, we get the following
corollaries as the main consequences. They are stated separately so that the dynamical
statement and the arithmetic consequences are easy to distinguish.



Corollary 3 (Cycle-length bound). If B > 3 is odd and cyax(B) is the largest terminal-cycle
length for the four-digit Kaprekar map in base B, then we have
B-1

Cmax(B> S T

Moreover, equality holds if and only if B > 7, B is prime, and the least positive solution to

m — ; _ B-1
2" = =1 (mod B) is m = ==,

Remark 4. In the edge case B = 5, one has ¢p.x(5) =1 < 2 = (B — 1)/2 instead (see |3,
Lemma 1], or [7, §4 and Appendix B]).

Thus Corollary 3 gives a universal ceiling and describes exactly when this bound is
achieved. We also have the following result:

Corollary 5 (Prime bases and maximal cycles). If equality holds in Corollary 3 (so that B
is prime), then the number of terminal cycles of length cpax(B) is

{cmax(f;) — 1J |

Remark 6. Our results are a four-digit complement to the broader odd-base theory. Yam-
agami and Matsui give a detailed theory in base 3 [13], and Kay and Downes-Ward study
fixed points and cycles in odd bases using Kaprekar indices, with regular cycles organized
through subgroup and coset data [7]. Their framework treats arbitrary digit-counts and is
especially well suited to regular cycles. The present note fixes the digit-count at four. In this
small case, the dynamics are more directly described by the outer and inner digit differences,
and after a bounded pre-periodic segment these two differences give a stable region on which
the map becomes projective doubling. Therefore, the contribution here is a low-dimensional
model that makes the four-digit odd-base dynamics and their cycle counts explicit.

1.4 Provenance and formal verification

The structural conjectures leading to Theorem 1 and its cycle-length consequences were first
formulated by Schwartz and Thakur and communicated to Ono. AxiomProver was then used
as an experimental Al-assisted formal mathematics system to produce Lean/mathlib formal-
izations of the resulting statements. The present paper gives a human-readable account of
the mathematics. The formal files, the Lean environment, and the verification protocol are
described in Section 6. AxiomProver is credited as a tool rather than as an author, and the
human authors take responsibility for the mathematical statements, exposition, attribution,
and correctness of the paper.

1.5 Examples of the main results

Here are a few examples that illustrate these results. The cycles are controlled not by
decimal accidents, but by the order of 2 modulo the base, with signs ignored. We start each



example with ordinary four-digit strings, and only then pass to the difference and projective
coordinates.

Example 7 (The case B = T7; [7, §5]). The sorted four-digit string 3100 has
di=3-0=3 and dy=1-0=1.

Thus 341 31
=5 =2 and 52—2 = 1.

Writing each iterate as a sorted digit string, the orbit of 3100 is
3100 — 5430 —— 5520 — 5322 —— 5430 — .. .,

r

which in difference coordinates is the terminal cycle
(3,1) — (5,1) —> (5,3) — (3, 1).

Here (B—1)/2 = 3, and 2 has projective order 3 modulo 7, so the largest four-digit Kaprekar
cycles have length 3. This agrees with the count |(3 —1)/2] = 1.

Example 8 (The case B = 11). The sorted four-digit string 5100 has (dy,ds) = (5, 1), and
hence
r=3 and 5= 2.

Writing each iterate as a sorted digit string, the orbit of 5100 is
5100 — 9650 — 9920 —— 9632 — 7742 — 7652 — 9650 — . . ..

In difference coordinates this is the terminal cycle

(5,1) = (9,1) = (9,7) — (7,3) = (5,3) — (5,1).
Since 2° = —1 (mod 11) and no smaller positive power of 2 is congruent to +1, we have
Cmax(11) = 5. There are

5—1
-
2

cycles of length five; the other one is

(3,1) = (9,5) = (7,1) = (9,3) = (7,5) = (3,1).

Example 9 (The case B = 9). The composite base B = 9 shows why the inequality is usually
strict. Starting from the sorted string 5100, we have (dy, ds) = (5,1) and (r,s) = (3,2). The
terminal behavior in difference coordinates is

(5,1) — (7,1) = (7,5) — (5,1),

with the second cycle
(3,1) — (7,3) = (5,3) — (3,1).

Here (B —1)/2 =4, but 23 = —1 (mod 9), so the terminal cycles have length 3, not 4.
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Example 10 (The case B = 17). Finally, a prime base need not give equality. For B = 17,
the sorted four-digit string 5100 again has (d,ds) = (5,1) and (r,s) = (3,2), but 2* = —1
(mod 17). Thus the largest terminal cycles have length 4, not (17 —1)/2 = 8.

The rest of the paper is organized as follows. Section 2 introduces the difference co-
ordinates and proves that every orbit reaches the stable odd region after at most three
steps. Section 3 identifies the hidden projective coordinates and proves that, on this region,
one Kaprekar step is just doubling in those coordinates. Section 4 translates the projec-
tive model into explicit cycle-count formulas, and then deduces the general cycle-length
bound and the prime-base obstruction to equality. Section 5 treats prime bases in detail and
counts the largest cycles when the bound is attained. Section 6 describes the accompanying
Lean/mathlib formalization, including the AxiomProver protocol, the formal files, and the
verification environment.

2 Difference coordinates for four digits

We now turn from the statement of the result to the mechanism behind it. The first step is
to reduce the digit operation to a map on two integers.

2.1 Difference coordinates

Fix an odd base B > 3. Let
N= a1, ay, az, a,] with a1 > ay > a3 > a4

be the decreasing rearrangement of a four-digit string. We ignore constant strings, since they
map to zero. As in (1), let d; :== a3 — a4 and dy == as — ag so that

1<dy < B and 0<dy<ds.
Then Kaprekar subtraction depends only on (dj, ds), as in [3]. Indeed,

(a1B3 + CLQB2 + CL3B + CL4> — (CL4BS -+ a332 -+ CLQB -+ al)
= dy(B® — 1) + ds(B* — B).

Thus the future orbit after one step is determined by the pair (d;, ds).
If dy > 0, ordinary base-B subtraction gives the unsorted output digits

[dy, dy —1, B—dy—1, B—dy]. (5)
If dy = 0, the subtraction has one more borrow, and the unsorted output digits are

di—1, B—1, B—1, B—d]. (6)
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Let Kp denote the induced map on Xp as defined in (2). To compute Kp(d;, ds), one sorts
the four entries in (5) or (6) in decreasing order and then takes the outer and inner differ-
ences. This passage to difference coordinates does not lose eventual cycle lengths. Indeed, a
digit-level orbit determines a difference-coordinate orbit, and conversely a periodic orbit in
difference coordinates lifts to a digit-level periodic orbit by the subtraction formulas (5) and
(6). If two digit strings in such a lifted orbit were equal, their difference pairs would also be
equal, so the period is the same. Thus it is enough to count terminal cycles for Kz on Xpg.

2.2 Escaping the pre-period

The rest of this section is a cleanup step. We show that the boundary phenomena disappear
after a bounded number of iterations, leaving a simple stable region on which the projective
model will live.

Lemma 11 (Pre-period into the stable odd region). For every odd B > 3,
K%(X B) C Tp.
Moreover Tg is forward invariant under Kpg.

The proof of Lemma 11 is divided into a few cases resolved via explicit calculation of
Kp. This calculation also appears in [3, equations (1.1)—(1.3)], and [I, §2], although our
organization of the cases is slightly different.

Case 11.1. Lemma 11 holds in the case dy > dy > 0. In fact:
o Ifd; >dy >0 and d; =ds (HlOd 2), then KB<d1,d2) € 773

o Ifd; > dy >0 but d; 7_é do (mod 2), then K%(dl,dg) € 779

Proof for Case 11.1. Abbreviate the four entries in (5) by
A=d; and C=dy—1 and D=B-dy,—-1 and E =B —d,.

We always have A > C' and D > F; also A # E and C' # D. We note the case D >
A > C > F is also impossible, because this case would require both d; + dy < B — 1 and
di 4+ dy > B+ 1. Hence, we must be in one of the five situations listed in Table 1. Of course,
only rows whose displayed differences are nonnegative can actually occur.

We assert the last four rows of Table 1 always lie in 7g. Indeed, it is clear the entries are
odd. Moreover, they are easily seen to be unequal; in the third row we have C > F —
d; +dy > B + 1 while in the fourth row we have D > A =— d; +dy < B — 1. Hence in the
third and fourth row dy + dy # B always holds and the two entries are unequal.

It remains to only deal with the first row, which lies in 7p exactly when d; = dy (mod
2). It suffices to show that

Kg(h+1,h—1)€Tp foreachodd h>1. (7)
Indeed (7) can be checked directly:



Ordering Kp(dy,ds) In 757
AZDZEZO (dl—d2+1, dl—dg—l) IﬁdlEdeOdQ

D>FE>A>C (B —2dy, B—2d,) Always
A>D>C>F (2dy — B, B — 2dy) Always
D>A>FE>C(C (B — 2dy, 2d, — B) Always
A>C>D>F (2d1 — B, 2dy — ) Always

Table 1: Possible results of Kp(dy,ds) when d; > dy > 0.

o If h # 1, we apply Table 1 a second time to the new pair (h+1,h—1). For (h+1,h—1),
all five rows of Table 1 are in 7 and we are done.

e If h =1 then in fact (h+ 1,h — 1) = (2,0). Although Table 1 does not apply, we can
directly compute
Kp(2,0) = (B -2,1) € Tp. O

Case 11.2. We have K%(d,d) € Tg for every d > 0.
Proof for Case 11.2. Formula (5) becomes
d,d—1,B—d—1,B—dl.

Then
Kgp(d,d)=(h+1,h—1) where  h = |B —2d|.

This is the same as (7) from the earlier case, so we get Kg(h+1,h—1) € Tp as desired. O
Case 11.3. We have K3(dy,0) € Tp for every d; > 0.
Proof for Case 11.5. Put

u=d; —1 and v=DB—d.
Sorting (6) gives
Kp(di,0) = (B —1—min(u,v), B—1—max(u,v)). (8)
If the second coordinate in (8) is zero, then d; = 1 and
(1,0) —» (B—1,0) = (B—2,1) € Tp.

If the image in (8) has positive unequal coordinates, then Case 11.1 applies. If the image
has equal coordinates, then Case 11.2 applies. Hence every state with do = 0 reaches Tg
within at most three steps. O

We can now deduce the main lemma.



Proof of Lemma 11. We note that Kg(7p) C Tp follows from the first half of Case 11.1,
while K3(Xp) C Tp follows by noting that Cases 11.1 to 11.3 cover all possibilities. O]

Example 12 (The pre-periodic segment in base 11). Let B = 11. An example for Case 11.2
is
(3,3) — (6,4) —> (3,1) € Th1.

An example for Case 11.3 is
(6,0) — (5,5) — (2,0) — (9,1) € T11.

These two computations illustrate why a short pre-periodic segment is needed before the
simple projective model appears.

Remark 13. Lemma 11 is analogous to Hasse-Prichett’s [3, Lemma 3.1], which defines the
analog of Tg for B = 5-2". In our case of odd B we are able to enforce a uniform bound
of 3 on the number of applications of Kz needed. But when B =5 - 2" the number of steps
needed to reach a cycle can grow linearly in n (see Devlin-Zeng [1, Theorem 1.1]).

3 The projective model

The previous section deals with the pre-periodic segment. We now reveal the hidden coor-
dinates on the stable region. They are not the differences themselves, but the half-sum and

half-difference of the two differences, viewed modulo sign.
Recall that Pp = ((Z/BZ) \ {0})/{%1}. Define

d: T — (ZB)

oo {432, (255}

The two classes are nonzero and distinct, because d; > ds > 0 and d; < B. We first prove
this is a bijection.

(9)

Ppg

Lemma 14 (Bijection with projective pairs). The map ®: Tp — ( )

) 18 a bijection.
Proof. Define the intermediate set
R={(r,s)|r>s>0, r+s< B, r# smod 2}.

Recall the notation from (4). We first contend that the map

di+dy dy—d
Tp =R by (dl,dzmw,s):( 10 A 2) (10)
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is a (well-defined) bijection, with inverse given by d; = r + s and dy = r — s. Indeed, the
conditions on 7z and R line up exactly:

di,dy odd <= r 4 s odd
di >dy <= s>0
dy >0 < r>s
B>d <— r+s<B.

This establishes (10) is indeed a bijection.
So, it remains to prove that the projection

R (7)o (LB (1)

is also a bijection. To that end, suppose {[u], [v]} € (") is an arbitrary pair of distinct

projective classes, with 0 < v < B and 0 < v < B. Since [u] # [v] we also have u # v and
u+v+# B.

The main point is that among the four ordered pairs (u,v), (u, B —v), (B — u,v), (B —
u, B —wv) it is easy to see exactly one ordered pair has odd sum less than B. (Indeed, exactly
two pairs have odd sum, and the sum of all four numbers is 2B.)

So without loss of generality, assume (by renaming u to B — u or v to B — v if needed)
that u + v < B is odd. In that case, r = max(u,v) and s = min(u,v) is the unique pair in
R with image {[u], [v]}. Hence (11) is also a bijection.

Lemma 14 now follows by composing (10) and (11). O

Example 15 (The bijection in base 11). In base 11, consider the two classes [2] = [9] and
[5] = [6]. The unique (7, s) pair is r = 5 and s = 2, which gives d; = 7 and dy = 3. Hence
the bijection in this case is

®(7,3) = {[5], [2]}-

The next proposition is the heart of the paper. This proposition says that, after the pre-
periodic segment, the digit dynamics are exactly multiplication by 2 on the two projective
coordinates.

Proposition 16 (Projective doubling). For every (di,ds) € Tg,

O(Kp(dy,dy)) = HQ dl;dz} , {2- dl;dz}}. (12)

FEquivalently, under ®, the Kaprekar map on Tg is conjugate to

(Il [s]} — {[2r], [2s]}

on unordered projective pairs.
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Ordering Kg(r+s,r—2s) Half-sum mod B Half-diff mod B
A>D>E>C (2s+1, 2s—1) 2s 1
D>E>A>C (B—2r+2s, B—2r—2s) —2r 2s

(
A>D>C>FE (2r+2s—B, B—2r+2s) 2s 2r
D>A>FE>C (B—2r+2s, 2r+2s— B) 2s —2r
A>C>D>FE (2r+2s—B, 2r—2s— B) 2r 2s

Table 2: Computing Kg(r + s, — s) in terms of r and s instead.

Proof. We reuse the earlier Table 1 from the proof of Case 11.1 (which is applicable because
we are in Tg), but rewrite it in (r, s)-coordinates. That is, we calculate Kp(dy,dy) = Kg(r+
s, — 8) in terms of r and s, then compute the half-sum and half-difference of the new pair,
modulo B. This transforms Table 1 into Table 2 below.

In Table 2, we find that in every row except the first, the two projective classes are
exactly [2r] and [2s], in some order. This means that (12) is proved in every case except
A>D>FE>C.

In the problematic case, we then note that A > D and E > C rearrange to

A>D «<— d,>B—-dy—1 < 2r>B -1
E>C < B—-di>dy—1 < 2r<B+1.

So in fact this case can only occur when 2r = B — 1 or 2r = B + 1. In either case we have
[2r] = [1] in Pg and (12) is still true. O

Remark 17. One may also simplify the casework by noting that every pair in 7p lies in the
case treated by [3, equation (1.1)] and [1, §2, “type (a)”], which show that Kp(dy,ds) is
{|2d, — B|, |2dy — B|} in some order. (In 7Tp, dy +ds is even and hence never equals B.) This
makes Proposition 16 follow more directly, eliminating the need to compute Table 2.
Example 18 (The conjugacy in base 11). Start from (dy,ds) = (5,1) € T11. Then

5+1 5—1

5 3 and S Tz?,

so ®(5,1) = {[3], [2]}. Doubling gives
{31, 21} = {[6], [41} = {[3], [4]}
in Py, since [6] = [-5] = [5]. The Kaprekar step gives
(5,1) — (9,1).

vo.-{[3] 3]} - 1510

exactly as Proposition 16 predicts.

r

For this new state,
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At this point Theorem 1 is immediate.

Proof of Theorem 1. By Lemma 11, every orbit reaches the forward-invariant region 7 after
at most three steps in difference coordinates. By Lemma 14, ® is a bijection from this region
to the unordered two-element subsets of Pg. By Proposition 16, this bijection carries one
Kaprekar step to one doubling step. This proves both the pre-periodic statement and the
asserted conjugacy on the stable region. [l

4 Cycle lengths

We have now replaced the Kaprekar map by projective doubling. The rest of the argument is
arithmetic. The key quantity is the order of 2 after signs are ignored (see Yamagami-Matsui
[13]; denoted o(r) in Kay-Downes-Ward [7], and OEIS A003558).

Definition 19 (Projective order of 2). For odd B > 3, define
A(B) =min{m >0:2" =41 (mod B)}. (13)
Equivalently, A\(B) is the order of the class of 2 in the finite group
(2/BZ)" J[{*1}.

This definition is tailored to Pg: multiplying by 2*®) brings every projective class back
to itself. Consequently the induced map on unordered pairs cannot have longer cycles.

Lemma 20. Every cycle of the doubling map on (F;B) has length at most A\(B).

Proof. By definition, 2*¥) = +1 (mod B). Therefore multiplication by 2*(®) fixes every
projective class [x] € Ppg, including classes represented by non-units. Hence the induced
action on unordered two-element subsets of Pp is also fixed by the A\(B)-th iterate. Every
orbit length is therefore at most A(B). O

Lemma 21 ([7, Theorem 2]). Let ¢ denote the Euler totient function. One has

EPrL)

Proof. The class of 2 lies in the finite group (Z/BZ)* /{£1}. This group has order ¢(B)/2,
because B is odd and B > 1. The order of an element in a finite group divides the order of
the group. Hence A\(B) < ¢(B)/2. O

This lets us prove part of Corollary 3 now.

Corollary 22. If B > 3 is odd, then cpax(B) < %. Moreover, if equality holds then B
must be prime.
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Proof. By Theorem 1, every terminal Kaprekar cycle is represented by a cycle of the doubling
map on (F;B). Lemmas 20 and 21 give

p(B) . B-1

Cmax(B) < AMB) < 5 S 3

This proves the stated bound.
As for the equality case, suppose that ¢pax(B) = (B — 1)/2. Then every inequality in

B B-1
Cmax(B) < A(B) < “"(2 ) < 5
must be an equality. In particular, ¢(B) = B — 1. For an integer B > 1, this is equivalent
to B being prime. Hence equality forces prime base. [l

This corollary does not say that every prime base is extremal. It only says that composite
bases are ruled out. The examples below show both a composite base where the bound is
strict and a prime base where the bound is sharp.

Example 23 (The order bound in bases 9 and 11). For B = 9, the projective order of 2 is
3, since 23 = —1 (mod 9). Lemma 20 therefore forces every terminal four-digit cycle in base
9 to have length at most 3, and the examples in the introduction show that this bound is
sharp in base 9.

For B = 11, the projective order is 5, since 2° = —1 (mod 11) and no smaller positive
exponent gives 1. Thus the order bound permits cycles of length 5, and the two length-five
cycles displayed in the introduction attain it.

The same projective model also gives an explicit count of all terminal cycles. We record
this as a proposition because it is the most useful practical form of the classification. For
each odd divisor n > 1 of B, put

A(n) =min{m >0:2"=+1 (mod n)}.
Following [7, equation (5)], for a positive integer a, define

ppla)= Y A (1)

n|B, n>1
A(n)=a

Thus pg(a) is the number of a-cycles of the doubling map on Pg itself, before passing to
unordered pairs.

Theorem 24 (Explicit cycle counts). Let Ng(L) be the number of terminal four-digit Kaprekar
cycles of length L in the odd base B > 3, with constant digit strings omaitted. Then
L-1

No(2) = (@) | 25 |+ untzny + (5

+ > usla)us(®) ged(a,b), (15)

a<
lem(a,b)=L
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where pg(a) is given by (14), and where pup(a) = 0 if no divisor n contributes to (14).

Proof. We first compute the cycle structure of doubling on Pg; this goes along the lines of
Kay-Downes-Ward [8, §2.2]. Fix a nonzero residue class [z] € Pg, and let g = ged(z, B).
Write B = gn. Then x = gy with y a unit modulo n. Multiplication by 2 preserves g, and
the projective classes with this fixed value of ¢ are naturally identified with

(Z/nZ)" [{%1}.
On this set, multiplication by 2 has order A(n). Hence all cycles in this stratum have length
A(n), and the number of such cycles is

(Z/nZ)* J{£1} _ e(n)

A(n) 2A\(n)

Summing over all divisors n > 1 of B gives (14).

It remains to pass from cycles on Pg to cycles on unordered two-element subsets of Pg.
This is elementary cycle combinatorics. Suppose first that the two elements are chosen from
two distinct cycles of lengths a and b. If a < b, then each choice of the two cycles contributes
ged(a, b) orbits of unordered pairs, each of length lem(a, b). This gives the final sum in (15).
If the two distinct cycles have the same length L, then each unordered pair of such cycles
contributes L orbits of length L, giving the term (“BZ(L))L.

Finally suppose that both elements lie in the same a-cycle. Label that cycle cyclically.
An unordered pair is determined, up to rotation, by its cyclic distance

1,2,...,H.
2

For each distance smaller than a/2, the orbit has length a. This contributes

un(a)| 25

orbits of length a. If a is even, the antipodal distance a/2 gives one additional orbit of length
a/2 for each a-cycle; this accounts for the term pp(2L) in the count of length-L orbits.

By Theorem 1, terminal Kaprekar cycles are exactly these cycles of the doubling action
on (PZB). This proves the formula. n

Example 25 (Theorem 24 for B = 9). We give a specific numerical example of Theorem 24
to make (15) more concrete.

Consider B = 9. The divisors of B greater than 1 are n = 3, with A(3) =1, and n =9,
with A(9) = 3. Hence, (14) for B = 9 becomes

(a) 1, ifa=1ora=3;
a) =
Ho 0, otherwise.
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Turning to (15), we find Ng(L) = 0 unless L = 3. (In the sum on the second line of (15),
the only nonzero term is (a,b) = (1,3).) Thus, we have (noting j(6) = 0)

M) = () |25 (P5) 5k im0 wed1.3)

Il
—_
[
+

VRS
NI

>-3+1-1-1:2.

Hence,
2, if L=3;
0, otherwise.

In other words, for B = 9, the terminal cycles consist of only two 3-cycles. The cycles turn
out to be the following (sorted):

7630 — 7522 — 5542 +— 7630

7540 — 7720 — 7432 — 7540.
Example 26 (Theorem 24 for B = 63). Here is a second, more complicated example, with

B = 63. In this case, we have A(3) = 1, A(7) = A(9) = 3, and A(21) = A(63) = 6. Thus, a
direct calculation gives

1, ifa=1;

(a) 2, ifa=3;
2l) =

Hes 4 ifa=6:

0, otherwise.

Looking at (15), the first line vanishes unless L € {3,6}. For the second line, the possible
pairs (a,b) with nonzero contribution are (a,b) € {(1,3),(1,6),(3,6)}, corresponding to
L=3,L=6,L=6. Thus,

3—1

Naa(3) = pen(3) - |25 | n0)+ (") 38 (1) ) - ed(1,3)

2
:2-1+4+(2)~3+1~2'1:11.

N3 (6) = 165(6) - f;ZlJ + (“ 632(6)) -6

+ (M63(1) “ pe3(6) - ged(1,6) + pe3(3) - p63(6) - ged(3, 6))
=4-2+ (;l) 64+(1-4-142-4-3) =72

In summary,
11, if L = 3;

0, otherwise.
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Corollary 27. The following are true.

(i) For odd B > 17, there are at least two terminating A(B)-cycles.

(ii) There is a unique terminating cycle for odd B if and only if B=3, B=5 or B=17. (In
other words, these are the only odd bases where all the non-constant strings have the same
eventual behaviour.)

Proof. Put L = A\(B). Then (14) implies that pug(L) > 1. If B > 17 = 2*+1, it is immediate
from the definition of A that L > 4, and thus the calculation of the first term of the right
side (15) implies the claim that Ng(L) > 1, as all the other terms are non-negative. This
implies (i).

For (i), put N = |Pg| = (B —1)/2, so that ("?) has N(N — 1)/2 elements, while by
Lemmas 20 and 21 every cycle of the doubling map has length at most A(B) < ¢(B)/2 < N.
If B> 9 then N > 4, hence N(N —1)/2 > N and the doubling action has at least two
orbits. By Theorem 1, there are at least two terminating cycles. Conversely (};5) has a single
element, and for B = 7 doubling permutes the three elements of (1;7) in one 3-cycle. Finally
T3 = &, so B = 3 lies outside Theorem 1; a direct check shows that all five states of X3
enter the cycle (2,0) — (1,1) — (2,0). For B = 5,7 this cycle is moreover shown to be
unanimous in [7]; for B = 3 unanimity follows from the complete classification of [13]. [

Remark 28. Here the base 5 corresponds to the unique terminating cycle being a 1-cycle (fixed
point, i.e., the original Kaprekar phenomena), and that happens [3] for even B, exactly when
B = 2?1 .5 for n > 0. The numerical evidence suggests that the even bases B for which
there is a unique terminating cycle are exactly 227+ .3 22n+1.5 9237+l .7 the cycle lengths
being 6(n + 1), 1, and 3 respectively.

5 Prime bases and the number of largest cycles

The preceding section gives the full cycle-count formula and proves the universal bound. In
this section we finish the proofs of Corollary 3 and Corollary 5.

5.1 Proof of Corollary 3

Recalling Corollary 22, we suppose B = p > 3 is prime and set ¢ = (p — 1)/2. The
simplification is that every nonzero residue is a unit, so P, is a group quotient rather than
merely a set of projective residue classes. Thus the projective set P, = Fx/{£1} has exactly
q elements. The doubling map on P, has order

Ap) =min{m >0:2" =+1 (mod p)}.

If p > 5, then ¢ > 3. In this case, the induced action on unordered two-element subsets
has a cycle of length ¢ if and only if multiplication by 2 is a single g-cycle on P,. Equivalently,
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this happens if and only if A(p) = ¢q. Therefore, for primes p > 5,
p—1 p—1
) =P = A =T

This proves the equality criterion in Corollary 3.

The prime p = 5 is exceptional for a simple reason. Here ¢ = 2, so P5 has only two
elements and (I;"’) has only one element. Hence the largest induced cycle has length 1, even
though A\(5) = 2.

5.2 Proof of Corollary 5

It remains only to count the largest cycles in the equality case. This is a small piece of cycle
combinatorics: unordered pairs on a single cycle are classified by their cyclic distance.
Assume p > 5 and A(p) = ¢. Then doubling is a single ¢g-cycle on P,. The induced action
on unordered two-element subsets of a g-cycle is classified by cyclic distance. The possible
distances are
1,2, FJ .
2

For a fixed distance 7, all unordered pairs at distance j form one orbit under cyclic rotation.
If ¢ is odd, every such orbit has length ¢. If ¢ is even, the distance ¢/2 orbit has length ¢/2,
not ¢, because each pair is antipodal. Therefore the number of orbits of length ¢ is

{(q —1)/2, qodd,

q/2—1, q even.

|

Since ¢pax = ¢, the number of largest terminal Kaprekar cycles is

Cmax — ]-
B .

This completes the proof of Corollary 5.

Both cases are equal to

Example 29 (Counting largest cycles when p = 11). For p = 11, the projective set P;; has
q = 5 elements. Since 2 has projective order 5, doubling is a single five-cycle on P;;. The
unordered pairs of elements of a five-cycle have two possible cyclic distances, namely 1 and 2.
These two distances give the two length-five Kaprekar cycles displayed in the introduction.
This is the count

=

— | =2

2

For p = 7, the projective set has ¢ = 3 elements and only one cyclic distance, so there is one
largest cycle, again as in the introduction.
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6 Appendix: AxiomProver’s autonomous Lean verifi-
cation

Here we provide the context for this project as well as the protocol used for Lean formalization
and verification (see [9, 10]).

6.1 Process

The formal proofs provided in this work were developed and verified using Lean 4.28.0.
Compatibility with earlier or later versions is not guaranteed due to the evolving nature of
the Lean 4 compiler and its core libraries. The relevant files are all posted in the following
repository:

https://github.com/AxiomMath/kaprekars
The input files were:

e kaprekar-input.tex: statements of Theorem 1 and Corollaries 3 and 5 (and the def-
initions necessary to state these main results)

e task.md: short instructions referring to the Kaprekar input TEX
e .environment: specifies Lean version to use

We note that we did not provide the proofs of the theorems to AxiomProver, only the
statements. Based on these input files, AxiomProver generated two output files:

e problem.lean, a Lean 4.28.0 formalization of the problem statement; and
e solution.lean, a complete Lean 4.28.0 formalization of the proof.

With the formal solutions for guidance, the human authors wrote this paper (without
the use of Al) for human readers. At first glance, the proofs found by AxiomProver may not
resemble the narrative presented in this paper. Turning a Lean file into a human-readable
proof is difficult because Lean is written as code for a type-checker.

7 Declaration of generative AI and Al-assisted tech-
nologies in the manuscript preparation process

As described in the preceding Appendix, AxiomProver (an Al tool under development) was
used to produce a formal proof of Theorem 1 and Corollaries 3 and 5. The paper was written
without Al.
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