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Abstract
We give explicit formulas for congruences between Eisenstein series and certain
cusp forms of even weight at least twelve. These formulas generalize several classical
congruences of Ramanujan type and express the relevant Fourier coefficients through
additive convolutions involving the Ramanujan tau function and divisor functions. As
a consequence, we prove that every irregular prime occurs as the modulus of at least
one Ramanujan-type congruence.

1 Introduction

Ramanujan [14, 15] observed the following famous congruence:
o11(n) =7(n) (mod 691), (1)
for all n > 1, where oy, is the divisor function
or(n) = Z d*,
djn,d>0

for integers k > 0 and n > 1. Throughout, let z lie in the complex upper half-plane and put
q = €™ so that |q| < 1. The Ramanujan tau function 7(n) is defined by the expansion

7(n)q" = q[J(1 - ¢")** = ¢ — 24¢" + 252¢° — 1472¢" + 4830¢° + - - - .
n=1

n=1
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From a modern perspective, this congruence is the manifestation of a congruence between
the Fourier coefficients of two modular forms of weight 12: the unique normalized cusp form

Az)=q]J =g q=e"",
n=1

and the Eisenstein series

This congruence has fueled numerous profound investigations. Important contributions in-
clude those of Serre [18, 19], Deligne [5], Swinnerton-Dyer [21, 22|, Katz [10], Ribet [17],
Manin [12], and many others. Diamond [6] and Ciolan, Languasco, and Moree [3] give
further results.

In this paper, we prove explicit congruences between Eisenstein series G5 and certain cusp
forms for all even weights k£ > 12. Datskovsky and Guerzhoy [4] noticed the existence of
congruences of this kind, but to the best of our knowledge, the explicit formulas we obtain for
all £ > 28 are new. We also show that for every irregular prime p, there is a Ramanujan-type
congruence modulo p in at least one weight.

2 Main theorem

To state our theorem, we first introduce the following notation.
For a nonzero integer n, let

Liny = {a/b €Q:a,b€Z, b#0, ged(b,n) = 1}.
We extend congruence modulo n to rational numbers by writing
a=b (modn) ifa—0benZpy.

For two modular forms f, g with rational Fourier coefficients, we write f = g (mod n) if their
corresponding Fourier coefficients are congruent modulo n.
Recall that the Bernoulli numbers By, are defined by the standard generating function

B - .
Gi(z) = _2—;; + Z%-l(n)q ; q =",
n=1
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Then Gy (z) is the Eisenstein series of weight k. We define Go(z) = 1. We extend the
definition of o;_1(n) by setting

B
oe1(0) = —2—]’; (k > 4 even),
and
(n) = 1, ifn=0;
M NS

Thus, for every even k > 4,
Gr(z) = Zak—l(n)qna
n=0

with Gg = 1. For even k > 4, let

Bi(z) =1+ Uk_l(n)) q",

n=1 Tk-1 (0

and set Fy = 1. Then Ej is the normalized Eisenstein series of weight k.

For even k > 4, let 0,_1(0) = Ny/D), where Ny, Dy, € Z, Ny, > 0, and ged(Ng, D) = 1.
We also set Ny = Ny = 1. For j > 1, the value IVy; is the absolute value of the j-th term of
A001067, which lists the numerators of By;/(27).

For an even integer k > 4, let Sy denote the complex vector space of cusp forms of SLy(7Z)
of weight k, and let m be its dimension. By the dimension formula of Diamond and Shurman
[7, Sec. 3.5],

_ {Lk/lQJ —1, ifk=2 (mod 12); )

|k/12], otherwise.

For two functions f, g : Z>o — Q, define their additive convolution by

(£ +9)(m) = > Fi)gln o).

Here n > 0, and % is not to be confused with Dirichlet convolution. For formal power series,
the coefficients of a product are exactly the additive convolution of the coefficient sequences,
ie.,

(Z f (n)CJ"> (Z g(ﬂ)f]") = (f*g)(n)g" (3)

We extend the definition of Ramanujan’s tau function by 7(0) = 0, and write 7! = 7
and 70T = 7 (7*7) for integers r > 1. The sequence (7*2(n)),>2 is listed in A010839, and
(7*3(n))n>3 is listed in A035118.
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Theorem 1. Let k be an even integer, k > 12, k # 14, and let m be defined as in (2). Let
C be the m x m matriz (c;;), where

1 , . .
Cij = m(T*Z * Uk:—12i—1)(])v I1<4,5 <m.
Let
(v o ) = (e () oxa(2) -0 ara(m)) C

Then .

Gr =) WA'Ei1z (mod Ny), (4)

i=1

where

N, = max (d :d | Ny, ged(d, Ni_12;) = 1 for every integer i with 1 <i < Uc/lQJ)
Remark 2. When k = 14, the modulus N}, defined above equals 1. In this case, the corre-
sponding congruence trivially holds.

Corollary 3. With the notation above, we have

op-1(n) = 121 #;(O)(T*i * 0p—12i-1)(n)  (mod Ny), (5)
for allm > 1.
Proof of Theorem 1 and Corollary 5. Choose r,s € Z>( such that
4r + 6s = k,
and let h = EjE§. 1t is clear that
G — ok-1(0)h € Sy.

Since the Eisenstein series

Ey(z) =1+ 240> o3(n)q"
n=1
and .
Eg(z) =1—504 Z o5(n)q" (g = e*™?)
n=1

have integral Fourier coefficients (listed in A004009 and A013973, respectively), we have

Gr = G — 0,-1(0)h  (mod Ny). (6)
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Datskovsky and Guerzhoy [4] already obtained this congruence.
For 1 <14 < m, extend the notation ¢;; to all integers 7 > 1 by the same formula. By (3),

1 *7 -
ij = o (T ¥ Ok—12i—
= ) (7% % o_12i-1) ()

is defined so that it is the j-th Fourier coefficient of A'E)_14;, i.e.,

o
A'Ey 19 = Zcijqj~

Jj=1

Each A'E)_19; is a cusp form of weight & with leading term ¢'. Thus ¢;; = 0 for ¢ > j and
cii = 1, so C' is upper triangular with every diagonal entry equal to 1. The distinct leading
powers imply linear independence. Since there are m = dim Sy, such forms, they form a basis
of 8. Hence there exist 41,72, ..., ¥m € C such that

Gk - O'kfl(O)h = Z ’%AiEkflgi. (7)
i=1

Comparing the Fourier expansion of both sides of (7) up to the ¢"-term gives a linear system
with rational coefficients. For each ¢ = 1,2,...,m, the diagonal entry ¢;; = 1 as it is the
leading Fourier coefficient of A'E),_15;. Therefore, the upper triangular matrix C' is invertible
over Q. The first m Fourier coefficients of Gy — 0;_1(0)h are rational, and therefore

Y15 Y25 - -+ Ym € Q.
Combining (7) with the congruence
G = G — o,-1(0)h  (mod Ny)
now yields m
Gr =) AilAEi 1z (mod Ny).
i=1
Comparing the first m Fourier coefficients in this congruence, we obtain

(1 % o Am) C = (ok=1(1) ox-1(2) --+ op—1(m)) (mod Ny).

We may write C' = I + N, where [ is the identity matrix and N a nilpotent matrix satisfying
N™ = 0. Hence

0_1:(I+N)_1:]—N+N2—N3+...+(_1)m—1Nm—1.

For each 7, the Fourier coefficients of Ej_19; have denominators whose prime factors divide
Nj—12;. Hence the same is true for the coefficients ¢;; of A"E},_19;. By the definition of N}, all
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these coefficients lie in the localization Zy;). The displayed finite expansion of C' ~1 therefore
shows that every entry of C~' also lies in Zyy).

Reducing the preceding vector congruence modulo N} and multiplying by C~! inside
Ly gives

(1 A2 - Am) = (ob-1(1) 06-1(2) ... opa(m)) C7F (mod Ny).

Since all Fourier coefficients of the basis elements A*Fj_19; lie in Z N1)s substitution back
into (6) yields

Gk = Zf)/iAiEkfmi (HlOd N]g)
=1

Corollary 3 follows by taking Fourier coefficients of both sides.
O

Remark 4. Tf we use the Miller basis described by Stein [20, Sec. 2.3] instead of A'E),_19;, we
obtain congruences modulo N,. However, the present basis A’E),_1o; vields the particularly
simple formula (5) in Corollary 3, which involves only the additive convolution of 7 and o.

3 Explicit formulas in the cases of low dimensions

In this section, we apply the main theorem to produce congruences of Ramanujan type in
the cases m = dim Sy < 3. For k < 26, we recover Ramanujan’s congruence (1) and other
congruences in the literature. For & > 28, our results are new to the best of our knowledge.

Corollary 5. For k = 12,16, 18,20, 22,26, we have
Gk = AEk_lg (mod N]é) (8)

and ]
_ = —— _ d Ny). 9
r() =~ + () (mod ) )
Proof. For k = 12,16, 18,20, 22,26, we have dim S, = 1. Therefore the matrix C = O~ =
(1) is the 1 x 1 identity matrix. Hence v; = 04_1(1) = 1 and Theorem 1 directly implies (8)
O]

and (9).
Substituting in k£ = 12, 16, 18, 20, 22, 26, we obtain congruences of Ramanujan type:
o11(n) =7(n) (mod 691),

o15(n) = 7(n) + 240 i o3(m)T(n —m) (mod 3617),
o17(n) = 7(n) — 504 i os(m)T(n —m) (mod 43867),
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o19(n) = 7(n) + 480 Z o7(m)T(n —m) (mod 283 - 617),

o91(n) = 7(n) — 264 i oo(m)T(n —m) (mod 131 - 593),
oo5(n) = 7(n) — 24 i o13(m)T(n —m) (mod 657931).

Congruence (8) can be deduced from formulae given by Ramanujan [14, Table 1]. The
congruence modulo 691 appears in Ramanujan’s manuscript [1], in which he also studied
the Fourier coefficients of AE)_1o for the above k. In fact, he used the notation 7; for our
T % Oof_1.

Wilton [23] published proofs of the congruences modulo 691 and 3617. Swinnerton-Dyer
[21] and Manin [12] gave modern proofs of all six congruences in this corollary. Rankin [16]
and Berndt and Ono [1] discuss the history of these congruences.

Corollary 6. For k = 24,28, 30, 32, 34, 38, we have

Gk = AE]C,Q + (le + 25 — —) AZEk724 (mOd N/g) (10)
o1-13(0)
and
1
Uk_l(n) - 01:713(0) (T ’ Uk_lg)(n)

(11)

1
+ 2k=1 4 25 — —) (T %7 % 0p_25)(n) (mod N).
o1-13(0)

Proof. For k = 24,28, 30,32, 34, 38, we have dim S, = 2. The space Sy, is spanned by AFEj._19
and AzEk_M.
From

A(z) =q H(l - C]n)M = Z T(n)q" =q— 24¢% + (higher order terms),

n>1 n>1

we calculate the first few terms of the Fourier expansion of AFE;_15 and A2E)_o4:
ABy 1p(2) = q + (—24+ P

AzEk_24(Z) = C]2 + e

Therefore the matrix C' and its inverse in Theorem 1 are

1 1
o (1 2+ tm) (1 %
0 1 ’ 0 1 ’
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and thus
(n %) =1 aa@) 07 = (1 0@+ 24— o).

Theorem 1 gives congruence (10), namely,

1
Gk = AEk_lg + (Qk_l + 25 — —) AQEk_24 (mod N{C)

or-13(0)
and (11) follows. O
For example, for k& = 24 we have By, = —(103 x 2294797)/2730. Therefore Nj, =
103 x 2294797. As 041(0) = —Bj5/24 = 691/65520, we have
65520
G%EAEH+<fHJ5—7£T>A2(li%xQ%MWL
and
65520 ~ . :
o93(n) = T 2 T(i)o11(n — 1)
65520\
+ (2234—25-—-7i;f-> ;{;r(n7(n-—i) (mod 103 - 2294797).

Datskovsky and Guerzhoy [4] obtained the same explicit formula for & = 24. Their proof
involved congruence of Hecke eigenforms modulo prime ideals.
For k = 24, 28,30, 32, 34, 38, we list N, and the residues of 71,2 modulo N}, in Table 1:

k N gi! Y2 (mod Ny)
24 103 x 2294797 1 107586203
28 9349 x 362903 1 2008360611
30 1721 x 1001259881 1 419043597883

1

1

1

32 37 x 683 x 305065927 2426412849149
34 151628697551 144283399404
38 154210205991661 80609153788200

Table 1: Values of IVj, and residues of 7; and 7, modulo N;.
Corollary 7. When k = 36,40, 42,44, 46, 50, take

=t yo5 — ——
2 0k713(0)

k=13 4 95 9k=1 1 95 1
vy = 381 4 okl 48 4 949 — T +

ok-13(0) 0%—25(0) - 0%-13(0)0%_25(0)




Then we have

Gy = AEy_ 19+ 12 A%E) oy + 13A%E),_ 36 (mod N}),
and

m (7‘ * O'k_lg) (n)
+ #Z(()) (7*2 * O'k,25) (n)

3 *3 % 0p_37)(n mod N}).
+m(7 )(n) (mod Ny)

Proof. When k = 36, 40,42, 44, 46, 50, we have dim S, = 3, and the space S;, is spanned by
AE)_19, A’E)_o4, and A®Ej,_s6. From the calculation of the Fourier coefficients of the three
modular forms, we see

or_1(n) =

k—13 _
1 —24+ m 252 + 2%_13(5)3 1 —cia ciaco3 — i3
c— o | ST R [
ok—25(0)
0 0 1 0 0 1
and
(1 72 1) = (ok1(1) 05-1(2) o1 (3)) C1
So
Y1 = 1a
72:2’“*1+25—#
O'k713(0)7
2k=13 1 95 2kl 4 95 1
=3F1 4 2148 + 949 — — + .
73 ok-13(0) 0k—25(0)  0%-13(0)0)_25(0)
Theorem 1 gives the claimed congruences. O

Table 2 lists N, and the residues of 71, 72, and 73 modulo N, for each k.

k Ny "N Y2 (mod Ny) 73 (mod N})

36 26315271553053477373 1 8390735099767322508 23753298026670817518

40 137616929 x 1897170067619 1 143325441834485554993 249170693679242863157
42 1520097643918070802691 1 1268541799120853738102 213658362938250302834
44 59 x 8089 x 2947939 x 1798482437 1 2310744223299992745919 1741035903638575027145
46 383799511 x 67568238839737 1 25393878538540355611918 6784674507998026661076
50 417202699 x 47464429777438199 1 13556968179673327086390836 15511858160808671948447160

Table 2: Values of IV}, and residues of 71, 72, and 3 modulo Nj.

In all the above cases, N, does not share common prime factors with any of the Ny_1o;
(1 <i<£), and therefore N}, coincides with Nj. In fact, the smallest k such that Nj # Ny,

is k = 68.



4 Remarks on irregular primes

Recall that an odd prime p is irregular if and only if p divides the numerator of By for some
even integer k with 2 < k < p — 3 (see entry A000928 in [13]). By the Clausen—von Staudt
and Kummer congruences, Ny is a product of irregular primes. Conversely, every irregular
prime p appears as a prime factor of Ny, for some k. Consequently, it is also a factor of N},
for some k. (To see this, it suffices to choose the least even k£ > 0 such that p | Ny.)

Corollary 3 thereby provides at least one Ramanujan-type congruence for each irregular
prime. Jensen [9] proved that there are infinitely many irregular primes. Carlitz [2], Treland
and Rosen [8, Chap. 15|, and Luca, Pizarro-Madariaga, and Pomerance [11] give further
discussion.

The smallest irregular prime is 37. Since it is a prime factor of Nj,, we have v; = 1 and
72 = 25 (mod 37),

Gy = AFy + 25A%Es  (mod 37)

and
o31(n) = 22(7 *x 019)(n) + 12(7 * 7 * 07)(n) (mod 37).

The second smallest irregular prime is 59, which is a prime factor of Nj,. We have v, = 1,
72 = 16 (mod 59), 43 = 4 (mod 59). Thus we obtain

Guy = AFEsy + 16A%Ey + 4A%Es  (mod 59)

and
ou3(n) = 27(1 * 031)(n) + 19(7*% % 019)(n) + 32(7* x 77)(n) (mod 59).

5 Acknowledgment

This work was supported by the National Natural Science Foundation of China (grant num-
ber 12271037). The author thanks Zheng for suggesting this problem and for providing
comments on drafts of this paper. The author also thanks the referees for the careful read-
ing and helpful suggestions.

The author used the mathematics software system SageMath for numerical calculations
with exact integer and rational arithmetic; the table entries involve no floating-point approx-
imations.

References

[1] Bruce C. Berndt and Ken Ono, Ramanujan’s unpublished manuscript on the partition
and tau functions with proofs and commentary, Sém. Lothar. Combin. 42 (1999), Article
B42c.

[2] L. Carlitz, Note on irregular primes, Proc. Amer. Math. Soc. 5 (1954), 329-331.

10


https://oeis.org/A000928

3]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Alexandru Ciolan, Alessandro Languasco, and Pieter Moree, Landau and Ramanujan
approximations for divisor sums and coefficients of cusp forms, J. Math. Anal. Appl.
519 (2023), Article 126854.

B. Datskovsky and P. Guerzhoy, On Ramanujan congruences for modular forms of
integral and half-integral weights, Proc. Amer. Math. Soc. 124 (1996), 2283-2291.

Pierre Deligne and Jean-Pierre Serre, Formes modulaires de poids 1, Ann. Sci. Ecole
Norm. Sup. 7 (1974), 507-530.

Fred Diamond, Congruence primes for cusp forms of weight k > 2, Astérisque 196—197
(1991), 205-213.

Fred Diamond and Jerry Shurman, A First Course in Modular Forms, Vol. 228 of
Graduate Texts in Mathematics, Springer-Verlag, 2005.

Kenneth F. Ireland and Michael I. Rosen, A Classical Introduction to Modern Number
Theory, Vol. 84 of Graduate Texts in Mathematics, Springer-Verlag, revised edition,
1982.

K. L. Jensen, Om talteoretiske Egenskaber ved de Bernoulliske Tal, Nyt Tidsskrift for
Matematik B 26 (1915), 73-83.

Nicholas M. Katz, Higher congruences between modular forms, Ann. of Math. (2) 101
(1975), 332-367.

Florian Luca, Amalia Pizarro-Madariaga, and Carl Pomerance, On the counting func-
tion of irregular primes, Indag. Math. 26 (2015), 147-161.

Ju. I. Manin, Periods of cusp forms, and p-adic Hecke series, Mat. Sb. 92 (134) (1973),
378401, 503.

OEIS Foundation Inc., The On-Line Encyclopedia of Integer Sequences, https://oeis.
org, 2026.

S. Ramanujan, On certain arithmetical functions, Trans. Cambridge Philos. Soc. 22
(1916), 159-184.

S. Ramanujan, On certain arithmetical functions. In G. H. Hardy, P. V. Seshu Aiyar,
and B. M. Wilson, editors, Collected Papers of Srinivasa Ramanujan, pp. 136-162. AMS
Chelsea Publ., 2000.

R. A. Rankin, Ramanujan’s unpublished work on congruences. In J.-P. Serre and D. B.
Zagier, editors, Modular Functions of One Variable, V (Proc. Second Internat. Conf.,
Univ. Bonn, Bonn, 1976), Vol. 601 of Lecture Notes in Math., pp. 3-15. Springer, 1977.

11


https://oeis.org
https://oeis.org

[17] Kenneth A. Ribet, Congruence relations between modular forms, In Z. Ciesielski and
C. Olech, editors, Proceedings of the International Congress of Mathematicians, Vol. 1,
2 (Warsaw, 1983), pp. 503-514. PWN, 1984.

[18] Jean-Pierre Serre, Congruences et formes modulaires [d’apres H. P. F. Swinnerton-
Dyer|. In Séminaire Bourbaki, 24éme année (1971/1972), Vol. 317 of Lecture Notes in
Math., pp. 319-338. Springer, 1973.

[19] Jean-Pierre Serre, Divisibilité des coefficients des formes modulaires de poids entier, C.
R. Acad. Sci. Paris Sér. A 279 (1974), 679-682.

[20] William Stein, Modular Forms: A Computational Approach, Vol. 79 of Graduate Studies
in Mathematics, American Mathematical Society, 2007.

[21] H. P. F. Swinnerton-Dyer, On [-adic representations and congruences for coefficients
of modular forms. In W. Kuyk and J.-P. Serre, editors, Modular Functions of One
Variable, III (Proc. Internat. Summer School, Univ. Antwerp, Antwerp, 1972), Vol.
350 of Lecture Notes in Math., pp. 1-55. Springer, 1973.

[22] H. P. F. Swinnerton-Dyer, On [-adic representations and congruences for coefficients
of modular forms. II. In J.-P. Serre and D. B. Zagier, editors, Modular Functions of
One Variable, V (Proc. Second Internat. Conf., Univ. Bonn, Bonn, 1976), Vol. 601 of
Lecture Notes in Math., pp. 63-90. Springer, 1977.

23] J. R. Wilton, On Ramanujan’s arithmetical function ¥, s(n), Proc. Cambridge Phi-
los. Soc. 25 (1929), 255-264.

2020 Mathematics Subject Classification: Primary 11F33; Secondary 11F11, 11B68.
Keywords: modular form, Eisenstein series, Ramanujan congruence, irregular prime, Bernoulli
number.

(Concerned with sequences A000928, A001067, A004009, A010839, A013973, and A035118.)

Received February 1 2026; revised versions received February 2 2026; September 3 2026;
September 17 2026. Published in Journal of Integer Sequences, September 17 2026.

Return to Journal of Integer Sequences home page.

12


https://oeis.org/A000928
https://oeis.org/A001067
https://oeis.org/A004009
https://oeis.org/A010839
https://oeis.org/A013973
https://oeis.org/A035118
https://cs.uwaterloo.ca/journals/JIS/

	Introduction
	Main theorem
	Explicit formulas in the cases of low dimensions
	Remarks on irregular primes
	Acknowledgment

