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Abstract

We define a card-dealing procedure by an infinite word with the letters U and D: a
U-move sends the top card to the bottom of the deck, while a D-move removes the top
card. For each pattern, we study five associated objects: the move-count sequence; the
dealing triangle, whose entries give the removal rank of each initial position; its inverse,
the Josephus triangle; the initial position of the last card removed; and the removal rank
of the initial top card. A single round of the procedure gives simultaneous recursions
for all five objects. For periodic patterns, we obtain additional row recurrences, and
for the under-down shuffle, we express the dealing triangle explicitly in terms of the
2-adic valuation. We collect the resulting OEIS entries, including the 44 sequences
introduced in the course of this project.

1 Introduction

A number of card tricks use what is known as the under-down shuffle or the related down-
under shuffle. Here, the performer alternates between cycling the top card to the bottom of
the deck and dealing the top card of the deck. This procedure is typically continued until
all cards are dealt.

The under-down shuffle corresponds directly to the classical Josephus problem [2, Sec.
1.3]; related treatments appear in the literature [5, 10, 6]. In the Josephus problem, people
numbered 1,..., N are arranged in a circle. The procedure starts with person number
1, and, going clockwise, every second person is eliminated until only one person remains
[1, 8,9, 11, 12]. Appending the survivor to the elimination order gives the order in which a
deck initially arranged as 1,..., N, with 1 on top, is dealt using the under-down shuffie.

In this paper, we discuss generalizations of the under-down shuffle to other dealing pat-
terns involving a concatenation of the cycling move (under) and the dealing move (down)—for
instance, down-under, under-under-down, etc.

We translate these generalizations to the model presented in the Josephus problem: in-
stead of skipping one person between every elimination, we follow some other pattern of
skips and eliminations.

Section 6 shows the corresponding OEIS entries [7]; entries introduced by the authors
are bolded. A longer version of this work contains additional examples, derivations, and
applications to card magic [4].

By understanding the order in which this procedure deals cards, the performer can ma-
nipulate the initial conditions of a deck to guarantee a particular outcome; for an audience
member, this outcome appears to have been produced magically. This paper seeks to quan-
tify the mechanisms behind such results within the broad framework of dealing patterns.

The rest of the paper is organized as follows. Section 2 introduces the patterns and their
five associated objects. Section 3 derives simultaneous recursions from one full round of
dealing. Section 4 gives additional formulas for periodic patterns. Section 5 treats the under-
down shuffle explicitly. Finally, Section 6 collects the OEIS identifications and spelling-based
applications to card magic.



2 Patterns and associated sequences

We consider a deck of N face-down cards, with positions numbered 1,..., N from top to

bottom. There are two types of moves: a U-move (under) sends the top card to the bottom

of the deck, and a D-move (down) removes the top card and places it face up on the table.
A dealing pattern is an infinite word

P =pipops---, pi € {U, D},

containing infinitely many occurrences of D. A finite word used as a pattern denotes its
infinite repetition; for example, UD denotes UDUDUD - - - .
To count the number of occurrences of each move, we define

Dp(n) =#{i <n:p;, = D}, Up(n) =#{i<n:p;=U}.

Let d;(P) and u;(P) denote the positions of the ith occurrences of D and U, respectively,
with u;(P) defined whenever that occurrence exists. We denote by ¢" P a suffix of P with
the first n symbols deleted:

0"P = pny1pnia--
which represents the subsequent list of moves once n moves have already been completed.
A round consists of as many moves as there are cards in the deck at the start of that
round. Each of these cards is handled exactly once. In the first round, cards originally in

positions di(P),...,dp,)(P) are removed, while the surviving cards remain, from top to
bottom, in the order

Ul(P), U,Q(P), ey UUP(N)(P).

If any cards remain, the next round starts with the first card sent under during the preceding
round.
We now define representations for the five properties of a dealing pattern studied in this

paper.
Definition 1. For a pattern P and a deck of size N, we define the following:

1. MP(N) is the number of moves needed to remove all N cards, including U- and D-
moves;

2. J ﬁ,k is the original position of the kth card dealt by a down move;
3. T, is the removal index of the card initially in position k;
4. FP(N) = J§ y is the original position of the last card dealt by a down move;

5. EP(N) =T, is the removal index of the initial top card.



In the Josephus interpretation, a U-move skips the current person, and a D-move elim-
inates the current person. After either move, if anyone remains, we advance to the next
remaining person clockwise. We continue until everyone has been eliminated. The person
eliminated last would be the survivor under the usual convention that the process stops when
one person remains.

The arrays TT and J? are called the dealing triangle and the Josephus triangle, respec-
tively. Their Nth rows, denoted by T4 and J§, are inverse permutations of one another,
each containing N entries. In particular, placing the card labeled T]{;k in initial position k&
makes the cards come out in the order 1,2,..., N. When a triangle is regarded as an OEIS
sequence, its rows are concatenated.

From our definitions, since only the D move removes cards, the move count for a sequence
can easily be determined:

MFP(N) = dn(P).

Example 2. For P = UD and N = 5, the procedure takes MY”(5) = 10 moves, and the
removal order is
P =1(2 4, 1,5, 3),

SO
VP =(3,1,5,2,4), FP(5)=3 EYP(5)=3.

3 The round recursion

After one round, the procedure continues on the remaining deck under a shifted pattern.
Using this, we create recursive equations representing all five parameters:

Theorem 3. Fiz a pattern P. For N > 1, we have
MPO)=0,  MP(N)=N+M"PUp(N)).

For1<k<N,
sz{m“% if pr = D;
’ Dp(N)+Tg, Ko vowy o6 =U.
For1<k<N,
» di(P), if 1 <k < Dp(N);
ik = T (P), if Dp(N) <k < N.

Up(N), k=D p(N)

Proof. During the first N moves, each original card is handled exactly once. Cards in
positions di(P),...,dp,n)(P) are removed in that order, while the remaining cards are
u1(P), ..., uyp(nvy(P), from top to bottom. The procedure then continues on this remaining
deck with pattern o™ P. At that point, N moves and Dp(N) removals have occurred. Adding
these offsets and translating positions in the remaining deck back to original positions gives
the three formulas. O



Taking the last entry of the Nth row of J¥ and the first entry of the Nth row of T gives
the following.

Corollary 4. For N > 1,
PPN = JE {N, if Up(N) = 0;
— JNN — .
UFUNP(UP(N))(P>, if Up(N) > 0,
and
BN =T, = 1" Yo =D
YU\ Dp(N) + BT (UR(N)), ifpi=U.

Noticing that cycling through a deck during a dealing round can be represented through
modular arithmetic, we define a 1-indexed version of reduction modulo N with values in
{1,2,..., N} rather than {0,1,..., N — 1}. Quantitatively, for N > 1 and an integer z, let

(x)y =14 ((z — 1) mod N).

Prepending one move to a pattern gives useful relations among many of the sequences in
Section 6.

Proposition 5. For every pattern P and N > 1,
MPP(N) =1+ MP(N —1), MYP(N) =1+ MF(N).

For1<k<N,
A Fh=li e [T k=1
’ L+ T8 oy, ifk>1, ’ Ty, ifk>1,
and
1 ifk=1;
JDP — ) ’ JUP — JP +1 ]
Mk {1 F TR e iR wi = sty
Consequently,

FPP(1) =1, FPE(N)Y=1+FF(N—-1) (N>1), FUP(N)=(F"(N)+1),,

and
EPP(N) =1, EYC(N) =Ty y-.

Proof. For DP, the first move removes the top card, leaving a deck of size N — 1 in which
original position £ > 1 becomes position k—1. The remaining pattern is P, and all subsequent
removal ranks increase by 1.

For UP, the first move sends the top card to position N and moves every other card
from position k to position k£ — 1. No card is removed, and the remaining pattern is again
P. Thus position j in the rotated deck corresponds to original position (j + 1) .

In both cases, the prepended move contributes 1 to the move count. These observations
give the identities for M, T, and J; those for ' and E follow from their definitions. O
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For fixed k and every N > di(P),
T = di(P) = M (k)

When N > di(P), the kth D occurs during the first round, before any card is handled twice.
It therefore removes the card originally in position dy(P).

4 Periodic patterns
Let P be periodic with period p, and define
d=Dp(p), s=Uplp)=p—d,

as well as 0, as the position of the rth D in one period, for 1 <r < d.
If N=qd+r, where ¢ > 0and 1 <r <d, then

MP(N) = qp+6,.

The first ¢ complete periods have qd instances of D, and the rth extra instance is located at
position ¢, in the following period.
One full period provides us with a row recursion for the dealing triangle as well.

Theorem 6. Assume N > p. For1 <k <N,

Dp(k), if k <p andp, = D;
T]}\;k =qd+ Tﬁ—d7N—p+UP(k;)7 if k <pandp,=U,
A+ TN _gp_ps if k> p.

Proof. During the first p moves, all cards occupying the D-positions of the period are re-
moved. The remaining stack, from top to bottom, is in the order

p+1, p+2, ..., N, uy, us, ..., Us.

The pattern starts again since P has period p. A card originally in position & > p moves to
position k —p, whereas the card occupying the ¢th U-position in the period moves to position
N — p+ 1. Since d cards have already been removed, the ranks of the subsequent removals
increase by d. O

For ¢ > 1, the familiar problem of removing every gth person corresponds to
P=U""D.

For this particular case we have MP(N) = ¢N. The usual one-elimination argument provides
us with the Josephus recurrence.



Corollary 7. Let F,(N) = FU"'P(N). Then
F,(1)=1,  F(N)={(F(N-1)+¢q), (N>1).

Proof. After the first card is removed, the process starts again on the remaining N — 1 cards
from the next card in cyclic order. Hence if the position of the last card was relabeled as
Fy(N — 1), then its original position is (Fy(N — 1) + q) - O

For ¢ = 2,3,4,5,6, these are the OEIS sequences
A006257, A054995, A088333, A181281, A360268,

respectively.
The residue class of the last card is limited by the U-positions of a periodic pattern.
Assume that every period of P contains at least one U. If N > u;(P), we have

prny, = U.

In other words, modulo p, the initial position of the last card taken away must be a U-
position of the period. Since N > u;(P), at least one card remains after the first round.
Every card whose initial position is a D-position of the periodic word is removed during that
round, so the last card must begin in a U-position.

5 Under-down shuffle

Now, we consider the special case P = UD. We write
E(N)=E"P(N),  Tnp=Tgy%,

where 15(n) stands for the exponent of the largest power of 2 dividing n. Halbeisen and
Hungerbiihler [3, p. 313, Eq. (22)] gave an explicit formula for the Josephus permutation
when every second element is removed. Translating their formula from zero-based positions
to the inverse permutation in our one-based notation gives the odd-position formula below.
We include a short direct proof using our recurrences.

Theorem 8. For all N > 1,

Moreover,

Tnoj =17 (1§j§\‘

N —j . |IN=-1
vz = = {WJ <O§J§ {TD

and


https://oeis.org/A006257
https://oeis.org/A054995
https://oeis.org/A088333
https://oeis.org/A181281
https://oeis.org/A360268

Proof. If N = 2m + 1, the first round removes m cards and leaves the initial top card on top
of the remaining deck. Since the next move is D, this card is removed immediately; hence

E2m+1) =m+ 1.

For N = 2m, the first round deletes m cards and leaves the initial top card as the top card
of a pile of m cards with the same dealing pattern U D; hence

E(2m) =m+ E(m).

For N = 2% with r being odd, we have a = 15(N). Iterating the recurrence relations for the
even case followed by the odd case yields

r—1 N
E(N)=N — 5 =N — {QaﬂJ’

which is the first formula.
Each even position 2j is a D-position in the first round, so T 2; = j. Then, using the
result of Theorem 6 inductively to an odd position, we have

Tnojr1 =7+ Tn_j1=7+ E(N —7j).
Substitution of the formula for E yields the required formula. m

The triangle TV is A378635; its inverse JYP is A321298, while the first column EV? is
A225381. The last-card position is the classical Josephus sequence

FUP(N) =2 (N —2lles2 Ny 4 1)

which is A006257. Specifically, the last card is initially at the top of the deck when N is a
power of 2, and at the bottom when N is one less than a power of 2.

6 OEIS catalog

Now, we list the sequences identified from the previous recursions. We start with periodic
and aperiodic patterns, then consider special deck sizes, and finish with spelling applications.

6.1 Periodic and aperiodic patterns

Each triangular array is entered into OEIS by reading its rows. Boldface entries are newly
added by the authors. First, we consider the periodic patterns listed in Table 1 below.

In addition to periodic words, we also have three aperiodic patterns. The arithmetic-
progression pattern AP is

AP =UDUUDUUUDUUUUD--- = H Um™D.

m>1
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https://oeis.org/A321298
https://oeis.org/A225381
https://oeis.org/A006257

P MP(N) | TP JP FP(N) | EP(N)

UD 2N; A005843 A378635 | A321298 A006257 A225381

DU 2N — 1; A005408(N) — 2 | A378674 | A378682 A152423 A000012
UUD 3N; A008585 A380195 | A381667 A054995 A381591
UDU | 3N —1; A016789(N) — 3 | A382354 | A382358 A382355 A382356
DUU | 3N —2; A016777(N) —3 | A381622 | A381623 {1’ =1 A000012

FUUD(N —1)+1, if N>1.

UDD A007494 A382528 | A381049 A337191 A381048
DUD A032766 A381050 | A383076 A381051 A000012
DDU A001651 A383847 | A383845 A383846 A000012
UUUD 4N; A008586 A384770 | A384772 A088333 A384774

Table 1: Sequences of periodic patterns. Expressions such as A005408(/N') — 2 use the OEIS
indexing.

Let A(m) be the number of alphabetical letters in the usual U.S. English name of m, omit-

ting and and disregarding spaces, hyphens, and punctuation. The spelling patterns are
SpellUnder-Down (SUD) and Down-SpellUnder (DSU):

SUD = H UNm D, DSU = D SUD.

m>1

Table 2 describes the corresponding sequences.

P | MP(N) | T" | J” | FP(N) | EF(N)

AP | A000096 | A386639 | A386641 | A291317 | A386643
SUD | A380202 | A380201 | A380247 | A380204 | A380246
DSU | A381128 | A381127 | A381114 | A381129 | A000012

Table 2: Sequences for the aperiodic patterns AP, SUD, and DSU.

All entries of Tables 1 and 2 can be found from Theorem 3; in the case of periodic
patterns, the rows of TF have a particularly simple recursion according to Theorem 6.

6.2 Special deck sizes

Define
Sp={N>1:FF(N)=1}, Lp={N>1:FF(N)=N}.


https://oeis.org/A005843
https://oeis.org/A378635
https://oeis.org/A321298
https://oeis.org/A006257
https://oeis.org/A225381
https://oeis.org/A005408
https://oeis.org/A378674
https://oeis.org/A378682
https://oeis.org/A152423
https://oeis.org/A000012
https://oeis.org/A008585
https://oeis.org/A380195
https://oeis.org/A381667
https://oeis.org/A054995
https://oeis.org/A381591
https://oeis.org/A016789
https://oeis.org/A382354
https://oeis.org/A382358
https://oeis.org/A382355
https://oeis.org/A382356
https://oeis.org/A016777
https://oeis.org/A381622
https://oeis.org/A381623
https://oeis.org/A000012
https://oeis.org/A007494
https://oeis.org/A382528
https://oeis.org/A381049
https://oeis.org/A337191
https://oeis.org/A381048
https://oeis.org/A032766
https://oeis.org/A381050
https://oeis.org/A383076
https://oeis.org/A381051
https://oeis.org/A000012
https://oeis.org/A001651
https://oeis.org/A383847
https://oeis.org/A383845
https://oeis.org/A383846
https://oeis.org/A000012
https://oeis.org/A008586
https://oeis.org/A384770
https://oeis.org/A384772
https://oeis.org/A088333
https://oeis.org/A384774
https://oeis.org/A005408
https://oeis.org/A000096
https://oeis.org/A386639
https://oeis.org/A386641
https://oeis.org/A291317
https://oeis.org/A386643
https://oeis.org/A380202
https://oeis.org/A380201
https://oeis.org/A380247
https://oeis.org/A380204
https://oeis.org/A380246
https://oeis.org/A381128
https://oeis.org/A381127
https://oeis.org/A381114
https://oeis.org/A381129
https://oeis.org/A000012

Thus Sp contains all the deck sizes where the initial top card is removed last, whereas Lp
contains all deck sizes where the initial bottom card is removed last. Proposition 5 gives us

'CP:SUP?
Lpp = {1}U{n+1:n€£p}.

The corresponding OEIS entries are listed below in Table 3.

P | s | Lp
UD | A000079 A000225
DU (1} A000079

UUD A081614 A182459
UDU | A081615 A081614
puU | {1} A081615
UDD | A038754 A164123
puD | {1} A062318
ppU | {1} A038754
UUUD | A385327 A385333
SUD | A385328 A385513
DSU | {1} | {1}U(1 + A385513)
AP | A386305 A386312

Table 3: Sizes of decks for which the initial top or bottom card is removed last. Only positive
terms of the listed OEIS sequences are used. In the DSU row, 1+ A385513 means termwise
addition of 1.

For instance, the explicit formula derived in Section 5 results in
SUD:{Qm:mZO}, EUD:{2m—1m21}

All other rows can be recursively derived using Corollary 4 and Proposition 5.

6.3 Spelling applications

Now, we discuss a trick based on the SUD dealing. For more tricks and performance advice,
see the extended version of our paper [4].

Example 9 (Second time’s the charm). Take six face-down cards labeled 1,2,...,6 and
arrange them in increasing order from top to bottom. Spell the number names one, two, ...,
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https://oeis.org/A385513

siz, moving the top card under for each letter and, after each word, dealing the next card
face up onto the top of a single pile. The removal order is

JSUP = (4, 2,5, 1, 3, 6).

Turn the entire pile over as a unit, so that it is face down, and repeat the procedure,
restarting the spelling at one. This time the cards are dealt in increasing order. Indeed, one
complete deal followed by turning the pile face down reorders the deck according to JgUP.
This permutation is the involution (1 4)(3 5), so applying it twice restores the initial order.
More generally, if (J§)" = I, repeating the procedure n times gives increasing removal order
on the nth pass, provided that the entire pile is turned over between passes and the pattern
restarts at the beginning on every pass.

In addition, there exists a finite spelling pattern based on spelling out the thirteen de-
nominations
ace, two, three, ..., ten, jack, queen, king.

Here we encode ace, jack, queen, and king as 1,11,12,13, respectively. The unique per-
mutation which causes the cards to be removed in increasing order under the resulting
SpellUnder-Down procedure is

(3,8, 7, 1,12, 6, 4, 2, 11, 13, 10, 9, 5),

which is A380248. In the case that a down move is performed first, the corresponding
permutation is
(1, 11, 4, 6, 2, 12, 13, 8, 3, 5, 7, 9, 10),

which is A381151. This pair of finite permutations comes from the same triangle construc-
tion; see our extended paper [4] for performance instructions.

7 Use of Al tools

We used Grammarly for language editing and ChatGPT for proofreading, mathematical
checks, and assistance with LaTeX code. When we received initial reviews of our paper, we
used ChatGPT PRO generated suggested revisions. The authors independently wrote the
final text, verified the mathematical arguments, and are responsible for the final version.
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