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Abstract

In this work we settle ten conjectures recorded in the On-Line Encyclopedia of Inte-
ger Sequences. The results span combinatorics, number theory, and discrete geometry.
Our proofs are elementary in spirit and mostly self-contained. We use techniques like
combinatorial identities, parity and congruence arguments, generating functions, and
elementary geometric and graph-theoretic reasoning. In several cases we also generalize
or sharpen the original conjectures.

1 Introduction

The On-Line Encyclopedia of Integer Sequences (OEIS) [7] is an ever-growing indispens-
able resource for researchers across the mathematical sciences. It catalogs nearly 400,000
sequences, many of which are accompanied by conjectured formulas, recurrence relations,
generating functions, or asymptotic descriptions. For instance, Stephan [9] collected one
hundred open conjectures from the OEIS, illustrating the vast potential for mathematical
exploration contained in its entries. Continuing our work [4], we provide proofs to conjec-
tures that encompass a broad spectrum of mathematical topics. Specifically, we address
problems from the following areas:

1. The diagonal of (1 + x+ y − z)n(1 + x− y + z)n(1− x+ y + z)n.

2. Triangular numbers near squares along the Beatty sequence ⌊n
√
2⌋.
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3. The number of arithmetic progressions of the set {1, 2, . . . , n}.

4. The sum of the decimal digits.

5. The sum
∑n

k=0

(
2n+1
n+k−1

)
(−2)k modulo 4.

6. Parity, divisibility and the partition function.

7. The function
⌊
cot
(

π
2m

)⌋
.

8. Numbers of fixed length with a repeating decimal ratio.

9. Extremal positioning of cevians.

10. Intersection points, edges and regions in a two-fan polygonal construction.

We make use of the following notation. We let N denote the set of natural numbers
{1, 2, . . .} and by Z the set of integers. We write N0 for the set of nonnegative integers, i.e.,
N0 = N ∪ {0}. Let f(x) =

∑∞
n=0 anx

n be a power series in the variable x and with real
coefficients a0, a1, . . .. For n ∈ N0, we set [xn]f(x) = an. For n ∈ N0, write Tn = n(n+ 1)/2
for the nth triangular number. For n ∈ N, set [n] = {1, 2, . . . , n}. If A is a finite set, we
let #A denote the number of elements in A. For a condition c, the indicator function 1c is
equal to 1 if c holds and 0 otherwise.

2 Main results

2.1 A multivariate diagonal

Let n ∈ N0 and let

a(n) = A000172(n) =
n∑

k=0

(
n

k

)3

,

Fn(x, y, z) = (1 + x+ y − z)n(1 + x− y + z)n(1− x+ y + z)n.

Bala conjectured the statement of Theorem 2 (up to the missing factor (−1)n) in A000172.
For the proof we need some preparation. First, recall Strehl’s identity (e.g., [10, (29)]):

n∑
k=0

(
n

k

)2(
2k

n

)
=

n∑
k=0

(
n

k

)3

. (1)

Second, Gould [5, (3.58)] states the following combinatorial identity: for every m ∈ N0,

2n∑
k=0

(−1)k
(
2n

k

)(
2m− 2n

m− k

)
= (−1)n

(
m

n

)(2m
m

)(
2m
2n

) . (2)
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Lemma 1. Let n ∈ N0. Then, for every two integers r and s such that 0 ≤ r ≤ n and
0 ≤ s ≤ 2r, we have

n∑
k=0

(−1)k
(
n

k

)(
2n− 2r

n− k

)(
n− k

n− 2r + s

)(
2r − k − s

n− s

)
= (−1)n

(
n

2r − n

)(
2n− 2r

n− s

)
. (3)

Proof. We have (
n

k

)(
n− k

n− 2r + s

)
=

(
n

n− 2r + s

)(
2r − s

k

)
,(

2r − s

k

)(
2r − s− k

n− s

)
=

(
2r − s

n− s

)(
2r − n

k

)
,(

n

n− 2r + s

)(
2r − s

n− s

)
=

(
n

2r − n

)(
2n− 2r

n− s

)
.

Thus, the left-hand side of (3) is equal to(
n

2r − n

)(
2n− 2r

n− s

) n∑
k=0

(−1)k
(
2r − n

k

)(
2n− 2r

n− k

)
. (4)

Now,
(
2r−n
k

)
= 0 for k > 2r − n and

(
2n−2r
n−k

)
= 0 for n− k > 2n− 2r. Thus, for k ̸= 2r − n,(

2r − n

k

)(
2n− 2r

n− k

)
= 0.

It follows that

n∑
k=0

(−1)k
(
2r − n

k

)(
2n− 2r

n− k

)
=

{
(−1)n, if n ≤ 2r;

0, otherwise.

Notice that if n > 2r then
(

n
2r−n

)
= 0 and we may therefore write

(4) = (−1)n
(

n

2r − n

)(
2n− 2r

n− s

)
,

completing the proof.

Theorem 2. Let n ∈ N0. Then,

[xnynzn]Fn(x, y, z) = (−1)na(n).

Proof. We have

(1 + x+ y − z)(1 + x− y + z) = (1 + x)2 − (y − z)2.
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Thus,

(1 + x+ y − z)n(1 + x− y + z)n =
n∑

r=0

(−1)r
(
n

r

)
(1 + x)2n−2r(y − z)2r. (5)

Multiplying (5) by

(1− x+ y + z)n =
n∑

k=0

(−1)k
(
n

k

)
xk(1 + y + z)n−k

and similarly expanding (1 + x)2n−2r, we extract [xn] and obtain

[xn]Fn(x, y, z) =
n∑

r=0

n∑
k=0

(−1)k+r

(
n

k

)(
n

r

)(
2n− 2r

n− k

)
(y − z)2r(1 + y + z)n−k. (6)

Expanding

(1 + y + z)n−k =
n−k∑
j=0

(
n− k

j

)
yj(1 + z)n−k−j

and similarly expanding (y − z)2r, we extract [yn] from (6) and obtain

[xnyn]Fn(x, y, z)

=
n∑

r=0

n∑
k=0

2r∑
s=0

(−1)r+k+s

(
n

r

)(
n

k

)(
2r

s

)(
2n− 2r

n− k

)(
n− k

n− 2r + s

)
(1 + z)2r−k−szs. (7)

Extracting [zn] from (7) yields

[xnynzn]Fn(x, y, z)

=
n∑

r=0

2r∑
s=0

(−1)r+s

(
n

r

)(
2r

s

) n∑
k=0

(−1)k
(
n

k

)(
2n− 2r

n− k

)(
n− k

n− 2r + s

)(
2r − k − s

n− s

)
. (8)

Using Lemma 1 in (8) gives

[xnynzn]Fn(x, y, z) = (−1)n
n∑

r=0

(−1)r
(
n

r

)(
n

2r − n

) 2r∑
s=0

(−1)s
(
2r

s

)(
2n− 2r

n− s

)
. (9)

Using (2) in (9) gives

[xnynzn]Fn(x, y, z) = (−1)n
n∑

r=0

(
n

r

)2(
n

2r − n

)(2n
n

)(
2n
2r

)
= (−1)n

n∑
r=0

(
n

r

)2(
2r

n

)
= (−1)n

n∑
r=0

(
n

r

)3

,

where the last equality is (1).
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2.2 Triangular numbers near squares along the Beatty sequence
⌊n

√
2⌋

Let n ∈ N0 and let an = A001951(n) = ⌊n
√
2⌋. Stephan conjectured the statement of the

following theorem in A001951.

Theorem 3. Let n ∈ N0. Then

min
k∈Z

|Tan − k2| ≤
⌊an
2

⌋
.

Proof. It suffices to prove that

|Tan − n2| ≤
⌊an
2

⌋
. (10)

To this end, set ∆ = an(an + 1) − 2n2. Thus, |Tan − n2| = |∆|/2. It suffices to prove that
|∆| ≤ an. Indeed, this implies |∆|/2 ≤ an/2 which, since |∆|/2 is an integer, implies (10).
We distinguish between two cases.

1. ∆ ≥ 0. Since an ≤ n
√
2, we have a2n ≤ 2n2. Thus,

0 ≤ ∆ = a2n + an − 2n2 ≤ an =⇒ |∆| ≤ an.

2. ∆ < 0. Since an > n
√
2− 1,

a2n + an > (n
√
2− 1)2 + (n

√
2− 1) = 2n2 − n

√
2.

Therefore −∆ < n
√
2. Since −∆ is an integer, we have

0 < −∆ ≤ an =⇒ |∆| ≤ an.

Remark 4. The bound in Theorem 3 is attained infinitely often. Indeed,

|∆|
2

=
⌊an
2

⌋
⇐⇒


a2n = 2n2 − 1, if ∆ ≥ 0 and an is odd;

a2n = 2n2, if ∆ ≥ 0 and an is even;

(an + 1)2 = 2n2 + 2, if ∆ < 0 and an is odd;

(an + 1)2 = 2n2 + 1, if ∆ < 0 and an is even.

We now prove that the first case occurs for infinitely many values of n. It is well known
(e.g., [1, p. 253]) that the negative Pell equation x2 − 2y2 = −1 has infinitely many integer
solutions given by

x =
(1 +

√
2)2m−1 + (1−

√
2)2m−1

2
,

y =
(1 +

√
2)2m−1 − (1−

√
2)2m−1

2
√
2

,
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where m ∈ N. Let x and y be of this form. Clearly, x+ y
√
2 = (1+

√
2)2m−1 > 1. Factoring

the Pell equation gives

0 < y
√
2− x =

1

x+ y
√
2
< 1.

In particular, ⌊y
√
2⌋ = x. Let n = y. Then an = ⌊n

√
2⌋ = x ≥ 1, and

a2n − 2n2 = x2 − 2y2 = −1.

It follows that

∆ = an(an + 1)− 2n2 = (a2n − 2n2) + an = an − 1 ≥ 0.

Finally, x is odd, since x2 = 2y2 − 1.

2.3 On the number of arithmetic progressions of [n]

Let n ∈ N0 and let

a(n) = A006218(n) =
n∑

k=1

⌊n
k

⌋
.

Let b(n) = A078567(n), defined to be the number of arithmetic progressions of [n] of length
≥ 2. Sloane conjectured the statement of the following theorem in A006218.

Theorem 5. Let n ∈ N. Then

b(n) =
n−1∑
m=0

a(m).

Proof. An arithmetic progression of [n] of length ℓ ≥ 2 is determined by its first term
x ∈ [n−1] and by the difference d ∈ [n−1]. Now, the elements of the arithmetic progression

x, x+ d, x+ 2d, . . . , x+ (ℓ− 1)d

all belong to [n] if and only if

x+ (ℓ− 1)d ≤ n ⇐⇒ (ℓ− 1)d ≤ n− x. (11)

For a fixed x, the number of pairs (ℓ− 1, d) ∈ N× N that satisfy (11) is equal to

n−x∑
d=1

⌊n− x

d

⌋
= a(n− x). (12)

Summing (12) over x = 1, . . . , n− 1 gives

b(n) =
n−1∑
x=1

a(n− x) =
n−1∑
m=1

a(m).

Since a(0) = 0, the assertion follows.
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2.4 On the sum of the decimal digits

Let n ∈ N and let a(n) = A007953(n), defined to be the sum of the decimal digits of n.
Let S(n) be the strictly increasing sequence of the distinct integers obtained by inserting a
single decimal digit x ∈ {0, 1, . . . , 9} at any position between the digits of n, a leading 0 is
prohibited. For example,

S(8) = (18, 28, 38, 48, 58, 68, 78, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 98).

Let pos(n) be the index of the number 10n in S(n). For example, pos(8) = 8. Marcus
conjectured the statement of the following theorem in A007953.

Theorem 6. Let n ∈ N. Then pos(n) = a(n).

Proof. Suppose that n consists ofm ∈ N digits and write n as dm−1dm−2 · · · d0 with dm−1 ̸= 0.
Notice that 10n has decimal expansion dm−1dm−2 · · · d00, i.e., we obtain it by appending the
digit 0 at the end of n. In particular, 10n ∈ S(n) and pos(n) is well-defined. Let j be an
integer with 0 ≤ j ≤ m − 1 and consider the insertion of a digit x immediately to the left
of dj. Let n(x, j) denote the resulting number and notice that we are only interested in the
numbers n(x, j) with n(x, j) < 10n. To determine whether n(x, j) < 10n, write the two
numbers 10n and n(x, j) as follows:

10n : dm−1 · · · dj+1 dj dj−1 · · · d1 d0 0

n(x, j) : dm−1 · · · dj+1 x dj dj−1 · · · d1 d0

There are three possibilities:

(a) x < dj. Then n(x, j) < 10n.

(b) x > dj. Then n(x, j) > 10n.

(c) x = dj. Set d−1 = 0, and define i to be the largest integer with 0 ≤ i ≤ j such that
di ̸= di−1. If no such index exists, then n(x, j) = 10n. Assume that such an index does
exist.

10n : dm−1 · · · dj+1 dj dj−1 · · · di−1 · · · d1 d0 0

n(x, j) : dm−1 · · · dj+1 x dj · · · di di−1 · · · d1 d0

If di > di−1, then n(x, j) > 10n. If di < di−1, then, necessarily, i > 0, and n(x, j) =
n(di, i− 1), i.e., the number n(x, j) is equal to a number corresponding to the case (a)
with index i− 1.

It follows that, for each integer j with 0 ≤ j ≤ m− 1, exactly the insertion of the digits
0, 1, . . . , dj − 1 results in numbers < 10n, with the exception of the digit 0, if j = m − 1.
Notice that inserting a digit to the right of d0 always results in a number ≥ 10n.
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We claim that the numbers obtained in case (a), for different values of j, are all distinct.
Indeed, let i and j be two integers with 0 ≤ i < j ≤ m−1, and let x, y ∈ {0, 1, . . . , 9} satisfy
x < dj and y < di. Write n(x, j) and n(y, i) as follows:

n(x, j) : dm−1 · · · dj+1 x dj · · · di+1 di · · · d0

n(y, i) : dm−1 · · · dj+1 dj · · · di+1 y di · · · d0

Thus, n(x, j) and n(y, i) differ at index j (the bold digits) and are therefore distinct. It
follows that the number of numbers < 10n equals

dm−1 − 1 +
m−2∑
j=0

dj =
m−1∑
j=0

dj − 1 = a(n)− 1.

Thus, pos(n) = a(n)− 1 + 1 = a(n) and the proof is complete.

2.5 On a certain sum modulo 4

Let n ∈ N0 and let a(n) = A026641(n), defined to be the number of nodes of even outdegree
(including leaves) in all ordered trees with n edges. Bala conjectured the statement of the
following theorem in A026641.

Theorem 7. Let n ∈ N0 and assume that a(n) is odd. Then a(n) ≡ 1 (mod 4).

Proof. According to a formula of Bala,

a(n) =
n∑

k=0

(
2n+ 1

n+ k + 1

)
(−2)k. (13)

Furthermore, Bala stated that a(n) is odd if and only if n = 2k − 1 for some k ∈ N0. Thus,
we consider n of this form. Notice that, if k = 0, then n = 0 and the assertion holds trivially.
Thus, we assume that k ≥ 1. Reducing (13) modulo 4, we obtain

a(n) ≡
(
2n+ 1

n+ 1

)
− 2

(
2n+ 1

n+ 2

)
(mod 4). (14)

Thus, it suffices to prove that (
2n+ 1

n+ 1

)
≡ 3 (mod 4), (15)(

2n+ 1

n+ 2

)
≡ 1 (mod 4). (16)

We have, (
2n+ 1

n+ 1

)
=

(
2k+1 − 1

2k

)
=

2k−1∏
j=1

2k + j

j
.
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Write each integer j with 1 ≤ j ≤ 2k − 1 as j = 2ℓjuj, where 0 ≤ ℓj ≤ k − 1 and uj is odd.
Thus, (

2n+ 1

n+ 1

)
=

∏2k−1
j=1 (2k−ℓj + uj)∏2k−1

j=1 uj

.

The denominator
∏2k−1

j=1 uj is odd and therefore invertible modulo 4. Hence,

P ≡

(
2k−1∏
j=1

(2k−ℓj + uj)

)(
2k−1∏
j=1

uj

)−1

(mod 4).

Now, if k− ℓj ≥ 2, then 2k−ℓj + uj ≡ uj (mod 4). On the other hand, k− ℓj = 1 if and only
if j = 2k−1 (i.e., uj = 1) and therefore, for this j, 2k−ℓj + uj ≡ 3 (mod 4). This proves (15).

We now prove (16). If k = 1, then the identity holds trivially. Assume that k ≥ 2. We
have

(n+ 2)

(
2n+ 1

n+ 2

)
= n

(
2n+ 1

n+ 1

)
. (17)

Furthermore, n = 2k − 1 ≡ 3 (mod 4) and n + 2 = 2k + 1 ≡ 1 (mod 4). Reducing (17)
modulo 4 and using (15) we obtain(

2n+ 1

n+ 2

)
≡ 3

(
2n+ 1

n+ 1

)
≡ 3 · 3 ≡ 1 (mod 4),

as asserted.

2.6 Parity, divisibility and the partition function

Let n ∈ N0 and let p(n) = A000041(n), defined to be the number of partitions of n. Let
a(n) = A305123(n), which is defined by a generating function, i.e.,

∞∑
n=0

a(n)xn =

(
∞∑
k=1

x2k−1

1 + x2k−1

)(
∞∏
k=1

1

1− xk

)
.

Let m ∈ N and let

bm(n) =
n∑

k=1

k2m+1p(k)p(n− k).

Bala and Somos conjectured the statements of the following theorem in A067567.

Theorem 8. Let n ∈ N. Then

(a) If n is odd, then n | bm(n).

(b) Let q = bm(2n)/n. Then q is an integer. Furthermore, q is odd if and only if both n
and p(n) are odd.
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(c) a(n) is odd if and only if both n and p(n) are odd.

(d) Let

c(n) = 2

(
b1(n)

n
−

⌊
b1(n)

n

⌋)
.

Then c(n) = 1 if and only if n is even and both n/2 and p(n/2) are odd.

Proof. Set r = 2m+ 1.

(a) Let k be an integer such that 1 ≤ k ≤ n− 1. Since r is odd,

(n− k)r ≡ (−k)r +
r∑

j=1

(
r

j

)
nj(−k)r−j ≡ (−k)r ≡ −kr (mod n).

Thus,
k r + (n− k) r ≡ 0 (mod n). (18)

We consider now the summands of bm(n). The nth summand is of the form nrp(n),
which is divisible by n. Now, since n is odd, we may pair each integer k satisfying
1 ≤ k ≤ (n − 1)/2 with n − k. The kth and (n − k)th summands have the form
krp(k)p(n− k) and (n− k)rp(n− k)p(k), respectively. Their sum is

(kr + (n− k)r)p(k)p(n− k),

which, by (18), is divisible by n. It follows that

bm(n) =
n∑

k=1

k2m+1p(k)p(n− k)

= nrp(n) +

n−1
2∑

k=1

(kr + (n− k)r)p(k)p(n− k)

is divisible by n, as asserted.

(b) Let k be an integer such that 1 ≤ k ≤ n− 1. Since r is odd,

(2n− k)r ≡ (−k)r +
r∑

j=1

(
r

j

)
(2n)j(−k)r−j ≡ (−k)r ≡ −kr (mod 2n).

Thus,
kr + (2n− k)r ≡ 0 (mod 2n). (19)

We consider now the summands of bm(2n). The 2nth summand is of the form (2n)rp(2n),
which is divisible by 2n. The nth summand is of the form nrp2(n), which is divisible
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by n. Now, we pair each integer k satisfying 1 ≤ k ≤ n/2 − 1 with 2n − k. The kth
and (2n− k)th summands have the form krp(k)p(2n− k) and (2n− k)rp(2n− k)p(k),
respectively. Their sum is

(kr + (2n− k)r)p(k)p(2n− k),

which, by (19), is divisible by 2n. It follows that

bm(2n) =
2n∑
k=1

k2m+1p(k)p(2n− k)

= nrp2(n) + (2n)rp(2n) +

n
2
−1∑

k=1

(kr + (2n− k)r)p(k)p(2n− k)

is divisible by n, as asserted. Thus, q = bm(2n)/n is an integer. From our observations
it follows that the parity of q is equal to the parity of nr−1p2(n). Since r ≥ 3, the
parity of the latter is nr−1p2(n) is even if and only if at least one of n and p(n) is even.
Equivalently, nr−1p2(n), and therefore also q, is odd if and only if both n and p(n) are
odd, as asserted.

(c) Set

P (x) =
∞∏
k=1

1

1− xk
.

It is well known (e.g., [8, (1.77)]), that P (x) =
∑

n≥0 p(n)x
n. Now, set

Q(x) =
∞∑
k=1

x2k−1

1 + x2k−1

and notice that

Q(x) ≡
∞∑

m=1

mxm

1− xm
(mod 2).

But

∞∑
m=1

mxm

1− xm
= x

d

dx

(
−

∞∑
m=1

log(1− xm)

)
= x

d

dx
log(P (x))

= x
P ′(x)

P (x)
.
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It follows that

∞∑
n=0

a(n)xn = Q(x)P (x)

≡ x
P ′(x)

P (x)
P (x)

= xP ′(x)

=
∞∑
n=0

np(n)xn (mod 2).

Comparing coefficients, we conclude that an and np(n) have the same parity, proving
the assertion.

(d) Assume that c(n) = 1. Then b1(n)/n is not an integer. By part (a), n is even, i.e.,
n = 2k for some k ∈ N. By part (b), k | b1(n). Set q = b1(n)/k. Then,

1 = c(n) = 2
(q
2
−
⌊q
2

⌋)
,

meaning that q is odd. By part (b) k = n/2 and p(k) = p(n/2) are both odd.

Conversely, assume that n is even and that both n/2 and p(n/2) are odd. By part (b),
q = 2b1(n)/n is odd. It follows that

c(n) = 2

(
b1(n)

n
−

⌊
b1(n)

n

⌋)

= 2

(
b1(n)

n
− 1

2

(
2b1(n)

n
− 1

))
= 1.

2.7 On the floor of a cotangent function

For m ∈ Z \ {0} let

f(m) =
⌊
cot
( π

2m

)⌋
.

Let n ∈ N and let a(n) = A223577(n), defined to be the sequence obtained by ordering the
set

{k ∈ N : ∃! m ∈ N \ {1} with − k = f(−m)}. (20)

Let b(n) = A223578(n), defined to be the sequence obtained by ordering the set

{k ∈ N \ {1} : f(−k − 1) < f(−k) < f(−k + 1)}. (21)
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Jeffery conjectured the statement of Theorem 12 in A223577. For the proof we need some
preparation. First, for m ∈ Z \ {0}, let

g(m) =
⌈
cot
( π

2m

)⌉
.

Using that the cotangent function is odd and that ⌊−x⌋ = −⌈x⌉, for every real x, we have

f(−m) =
⌊
cot
(
− π

2m

)⌋
=
⌊
− cot

( π

2m

)⌋
= −

⌈
cot
( π

2m

)⌉
= −g(m).

Thus, we may write

(20) = {k ∈ N : ∃! m ∈ N \ {1} with k = g(m)}, (22)

(21) = {k ∈ N \ {1} : g(k − 1) < g(k) < g(k + 1)}. (23)

Lemma 9. The sequence (g(m))m∈N is nondecreasing and, for each m ∈ N, we have g(m+
1) − g(m) ∈ {0, 1}. Moreover, each n ∈ N occurs either once or twice among the values of
(g(m))m∈N.

Proof. The function m 7→ cot( π
2m

) is strictly increasing on N. Thus, the sequence (g(m))m∈N
is nondecreasing. The mean value theorem shows that

cot

(
π

2(m+ 1)

)
− cot

( π

2m

)
≤ 1.

It follows that g(m+ 1)− g(m) ∈ {0, 1}. Now, we have

g(m) = n ⇐⇒ n− 1 < cot
( π

2m

)
≤ n

⇐⇒ π

2 arccot(n− 1)
< m ≤ π

2 arccot(n)
.

The mean value theorem shows that

4

π
≤ π

2 arccot(n)
− π

2 arccot(n− 1)
≤ π

2
,

and therefore, for a given n, there is at least one, but at most two, corresponding values
g(m).

For n ∈ N, let mult(n) denote the number of occurrences of n in (g(m))m∈N. By Lemma 9,
mult(n) ∈ {1, 2}. We refer to n as a singleton if mult(n) = 1. Notice that, by (22), the
sequence (a(n))n∈N is actually the sequence of all singletons. Let s(n) be the number of
singletons in the set [n].

Lemma 10. Let r ∈ N. Then

#{m ∈ N \ {1} : g(m) ≤ r} = 2r − s(r).
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Proof. We have

#{m ∈ N \ {1} : g(m) ≤ r} =
r∑

j=1

mult(j) = s(r) · 1 + (r − s(r)) · 2 = 2r − s(r).

Lemma 11. Let r ∈ N and let m ∈ N \ {1}. Then r is a singleton and m is the unique
number satisfying g(m) = r if and only if

g(m− 1) = r − 1, g(m) = r, and g(m+ 1) = r + 1. (24)

Proof. By the first statement of Lemma 9, the sequence (g(n))n∈N is nondecreasing. Thus

g(m− 1) ≤ g(m) ≤ g(m+ 1).

Since r is a singleton and g(m) = r, necessarily, g(m− 1) < r < g(m+1). Using the second
statement of Lemma 9, we obtain g(m − 1) = r − 1 and g(m + 1) = r + 1, proving (24).
Conversely, assume that (24) holds. Since (g(n))n∈N is nondecreasing, g(ℓ) ≥ r+1 for every
integer ℓ with ℓ ≥ m + 1, and g(ℓ) ≤ r − 1 for every integer ℓ with 1 ≤ ℓ ≤ m − 1. In
particular, g(ℓ) = r if and only if ℓ = m and hence r is a singleton.

Theorem 12. Let n ∈ N. Then

a(n) =
b(n) + n− 1

2
.

Proof. Let r = a(n). Then r is the nth singleton and therefore s(r) = n. Let m ≥ 2 be the
unique integer satisfying g(m) = r. We claim that bn = m. Indeed, by (23), the sequence
(b(n))n∈N consists of numbers m ≥ 2 such that g(m− 1) < g(m) < g(m+1). By Lemma 11,
each such m corresponds to a singleton and vice versa. Thus, if r is the nth singleton, this
means that m belongs to the sequence (b(n))n∈N, and, second, that n− 1 singletons precede
r. These, in turn, correspond to n− 1 values preceding m, which therefore must be the nth
element of (b(n))n∈N. Now, since the sequence (g(n))n∈N is nondecreasing, we have

{ℓ ∈ N \ {1} : g(ℓ) ≤ r} = {2, 3, . . . ,m}.

Furthermore, using Lemma 10,

b(n)− 1 = m− 1

= #{2, 3, . . . ,m}
= #{ℓ ∈ N \ {1} : g(ℓ) ≤ r}
= 2r − s(r)

= 2r − n.

Solving for r = a(n) yields the assertion.
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2.8 Numbers of fixed length with a repeating decimal ratio

For n ∈ N, let a(n) = A285273(n), defined to be the number of x ∈ N satisfying the following
two conditions:

(1a) x has exactly n+ 1 decimal digits.

(1b) There exists k ∈ N with

x ≤ k < 2x and
k

x
= 1 +

x− 10n

10n − 1
. (25)

Kilfiger conjectured in A285273 that, for every n ∈ N, a(n) is a power of 2. In the following
theorem we prove a stronger result. We use the function ω(m) that counts the number of
distinct prime factors of m ∈ N (e.g., [2, Exercise 20 on p. 111]).

Theorem 13. Let n ∈ N. Then a(n) = 2ω(10
n−1).

Proof. Set N = 10n and M = N − 1. Solving the second equality in (25) for k gives

k =
x(x− 1)

M
. (26)

Thus, we reformulate the two conditions above and determine the number of x ∈ Z satisfying
the following two conditions:

(2a) N ≤ x < 10N .

(2b) M | x(x− 1) and 1 ≤ (x− 1)/M < 2.

We notice that 1 ≤ (x − 1)/M if and only if x ≥ N , a condition already required in (2a).
Furthermore, (x − 1)/M < 2 if and only if x ≤ 2M . Since 2M < 10N , we can further
simplify the two conditions to obtain

(3a) N ≤ x ≤ 2M .

(3b) M | x(x− 1).

We now translate the problem into the language of congruences. Write x = N + t with
0 ≤ t ≤ M − 1. Since N ≡ 1 (mod M), we have x − 1 ≡ t (mod M). It follows that
M | x(x − 1) if and only if t(t + 1) ≡ 0 (mod M). It follows that the mapping x 7→ t is a
bijection between the set of numbers x ∈ N satisfying the two conditions and the set

T = {0 ≤ t ≤ M − 1 : t(t+ 1) ≡ 0 (mod M)}.

To calculate #T , write

M =

ω(M)∏
i=1

peii ,
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where p1, . . . , pω(M) are distinct primes and e1, . . . , eω(M) ∈ N. Let i be an integer with
1 ≤ i ≤ ω(M). Since gcd(t, t+ 1) = 1 for every t ∈ N0,

peii | t(t+ 1) ⇐⇒ peii | t or peii | t+ 1

⇐⇒ t ≡ 0 (mod peii ) or t ≡ −1 (mod peii ).

By the Chinese Remainder Theorem (e.g., [2, Theorem 4.8]), every choice of one of the
two congruences for each peii yields a unique residue class modulo M , and every solution of
t(t + 1) ≡ 0 (mod M) arises in this way. It follows that the number of distinct solutions
modulo M is 2ω(M).

2.9 Extremal positioning of cevians

Let n ∈ N0 and let

a(n) = A007980(n) =

⌈
(n+ 1)(n+ 2)

3

⌉
,

b(n) = A000212(n) =

⌊
n2

3

⌋
.

Zakharov conjectured the statements of the two following theorems in A007980 and
A000212. These statements relate the two sequences to a question regarding an extremal
positioning of cevians. Recall that a cevian is a line segment joining a vertex of a triangle
with a point on the opposite side of the triangle, such that the line does not coincide with
any side of the triangle (e.g., [3, Definition 2.3.4]).

Theorem 14. Let n ∈ N0. Then the maximum number of regions a triangle can be cut into
by n cevians is a(n) = ⌈(n+ 1)(n+ 2)/3⌉.

Proof. Let ABC be a non-degenerate triangle. Let a, b, c ∈ N0 with a + b + c = n be the
numbers of cevians emanating from A,B,C, respectively. Clearly, it suffices to consider only
cevian configurations that satisfy the following conditions:

1. All cevians emanating from a vertex are pairwise distinct.

2. No three cevians intersect in the same point.

Indeed, any violation of these conditions may be removed by sufficiently small perturbation
of an endpoint without decreasing the number of regions. Thus, every cevian emanating from
one of the vertices intersects all cevians emanating from the other two vertices. Therefore,
the total number of intersections is ab+ ac+ bc.

Draw the n cevians one at a time and suppose we have already drawn i− 1 cevians and
that the ith cevian we now draw intersects the i − 1 cevians at ti points. This means that
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the number of regions is now increased by ti + 1. Starting with zero cevians and one region
(the whole triangle), after drawing all n cevians, the number of regions is

1 +
n∑

i=1

(ti + 1) = 1 + n+
n∑

i=1

ti.

Now, each intersection point involves exactly two cevians, and we count it exactly once in∑
i ti, namely, when the later of the two cevians in the pair is drawn. Hence

∑n
i=1 ti =

ab+ ac+ bc. It follows that the total number of regions equals

1 + n+ ab+ ac+ bc. (27)

Thus, maximizing (27) is equivalent to maximizing ab+ ac+ bc and since

ab+ ac+ bc =
(a+ b+ c)2 − (a2 + b2 + c2)

2
=

n2 − (a2 + b2 + c2)

2
,

maximizing (27) is equivalent to minimizing a2 + b2 + c2. It follows that we need to solve
the following integer optimization problem:

minimize a2 + b2 + c2

subject to a+ b+ c = n,
a, b, c ≥ 0.

We claim that the minimum occurs when a, b, c are as equal as possible, i.e., when |a−b|, |a−
c|, |b− c| ≤ 1. Indeed, suppose that a ≥ b+ 2. Then

(a− 1)2 + (b+ 1)2 + c2 − (a2 + b2 + c2) = a2 − 2a+ 1 + b2 + 2b+ 1− a2 − b2

= 2(b− a) + 2

≤ 2 · (−2) + 2

= −2.

Thus, replacing a and b with a − 1 and b + 1, respectively, strictly decreases a2 + b2 + c2.
Iterating the process leads to absolute differences that are ≤ 1.

Thus, with n = 3q + r where r ∈ {0, 1, 2}, there are three possibilities for a, b, and c,
namely

(a, b, c) =


(q, q, q), if r = 0;

(q, q, q + 1), if r = 1;

(q, q + 1, q + 1), if r = 2.

(28)

Substituting these in (27) gives 
3q2 + 3q + 1, if r = 0;

3q2 + 5q + 2, if r = 1;

3q2 + 7q + 4, if r = 2.
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It is straightforward to verify that all values are equal to ⌈(n + 1)(n + 2)/3⌉. Since every
such cevian configuration can be realized, the upper bound is attainable.

Corollary 15. Let n ∈ N0. Then the number of intersection points of n cevians that cut a
triangle into the maximum number of regions is b(n) = ⌊n2/3⌋.

Proof. Write n = 3q + r where r ∈ {0, 1, 2}. From the proof of Theorem 14 it follows that
the number of intersection points of the n cevians in a setting where the number of regions
is maximal equals ab+ ac+ bc, where a, b, and c are determined in (28). Substituting these
values into ab+ ac+ bc leads to

ab+ ac+ bc =


3q2, if r = 0;

3q2 + 2q, if r = 1;

3q2 + 4q + 1, if r = 2.

It is straightforward to verify that all values are equal to ⌊n2/3⌋.

2.10 Intersection points, edges and regions in a two-fan polygonal
construction

Let m,n ∈ N and let P = (−1, 0) and Q = (1, 0) be two points in the plane. We construct
a polygon as follows. From P draw m equally spaced rays with angles

αs = π − 2πs

m
, s = 0, 1, . . . ,m− 1,

and from Q draw n equally spaced rays with angles

βt =
2πt

n
, t = 0, 1, . . . , n− 1.

Consider a circle centered at the origin with radius large enough to strictly contain all
the ray-ray intersection points. Connect by a straight line every two consecutive ray-circle
intersection points. See Figure 1 for a visualization. Blomberg conjectured the statements of
the following three corollaries in A338041, A338042, and A338043. By taking m = n, these
corollaries are immediate consequences of the more general results we prove in Theorems 16,
18, and 20.
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Figure 1: The polygon corresponding to m = 5 and n = 6.

Theorem 16. The number of ray-ray intersection points, including the two points P and Q
equals 

2

⌊
m−1

2

⌋∑
s=1

⌈
ns

m
− 1

2

⌉
+ 2, if n is odd;

2

⌊
m−1

2

⌋∑
s=1

⌈
ns

m

⌉
− 2

⌊
m− 1

2

⌋
+ 2, if n is even.

Proof. By x-axis symmetry, it suffices to count ray-ray intersection points having positive
y-coordinate. Thus, we want αs, βt ∈ (0, π), which is equivalent to

s ∈

{
1, 2, . . . ,

⌊
m− 1

2

⌋}
, t ∈

{
1, 2, . . . ,

⌊
n− 1

2

⌋}
. (29)
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The rays corresponding to αs and βt intersect if and only if

βt ∈ (αs, π) ⇐⇒ 2πt

n
∈
(
π − 2πs

m
, π
)

⇐⇒ t ∈
(n
2
− ns

m
,
n

2

)
. (30)

The number of values of t satisfying condition (29) and condition (30) for a given s is⌊
n− 1

2

⌋
−

⌊
n

2
− ns

m

⌋
. (31)

Summing (31) over s = 1, . . . ,
⌊
m−1
2

⌋
, multiplying by 2 (to account for the symmetry) and

adding 2 (to account for P and Q), we obtain

2

⌊
m−1

2

⌋∑
s=1

(⌊
n− 1

2

⌋
−

⌊
n

2
− ns

m

⌋)
+ 2. (32)

We claim that for every real number x the following identity holds⌊
n− 1

2

⌋
−

⌊
n

2
− x

⌋
=

{⌈
x− 1

2

⌉
, if n is odd;

⌈x⌉ − 1, if n is even.
(33)

Indeed, if n is odd then⌊
n− 1

2

⌋
−

⌊
n

2
− x

⌋
=

n− 1

2
−

⌊
n− 1

2
+

1

2
− x

⌋

=
n− 1

2
−

(
n− 1

2
+

⌊
1

2
− x

⌋)

=

⌈
x− 1

2

⌉
.

Similarly, if n is even, then⌊
n− 1

2

⌋
−

⌊
n

2
− x

⌋
=

(
n

2
− 1

)
−

(
n

2
− ⌈x⌉

)
= ⌈x⌉ − 1.

Using (33) in (32) with x = ns
m

finishes the proof.

Corollary 17. By taking m = n in Theorem 16 we obtain

A338042(n) = I(n, n) =

{
n2+7
4

, if n is odd;
n2−6n+16

4
, if n is even.
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Theorem 18. Let us refer to the line segments on the rays lying between ray-ray intersection
points and ray-circle intersection points as edges. Then the number of edges equals

m+ n−
12|m

2
+ 4

⌊
m−1

2

⌋∑
s=1

⌈
ns

m
− 1

2

⌉
, if n is odd;

m+ n−
1 + 12|m

2
+ 4


⌊

m−1
2

⌋∑
s=1

⌈
ns

m

⌉
−

⌊
m− 1

2

⌋ , if n is even.

Proof. The number of ray-circle intersection points is m+n−12|m−12|n. We consider these
points, together with the ray-ray intersection points, and the two points P and Q, as vertices
of a graph whose edges we enumerate. The ray-circle intersection points all have degree 1.
The two points P and Q have degree m and n, respectively. Finally, the ray-ray intersection
points all have degree 4. We apply the degree sum formula (e.g., [6, Theorem 2.1]). Using
Theorem 16, the total degree sum for odd n equals

m+ n− 12|m +m+ n+ 8

⌊
m−1

2

⌋∑
s=1

⌈
ns

m
− 1

2

⌉
= 2m+ 2n− 12|m + 8

⌊
m−1

2

⌋∑
s=1

⌈
ns

m
− 1

2

⌉
,

and, for even n, by

m+ n− 1− 12|m +m+ n+ 8


⌊

m−1
2

⌋∑
s=1

⌈
ns

m

⌉
−

⌊
m− 1

2

⌋ =

2m+ 2n− 1− 12|m + 8


⌊

m−1
2

⌋∑
s=1

⌈
ns

m

⌉
−

⌊
m− 1

2

⌋ .

Dividing these by 2 yields the assertion.

Corollary 19. By taking m = n in Theorem 18 we obtain

A338043(n) =

{
n2+4n−1

2
, if n is odd;

n2−2n+6
2

, if n is even.

Theorem 20. The number of regions enclosed in the polygon equals
2

⌊
m−1

2

⌋∑
s=1

⌈
ns

m
− 1

2

⌉
+m+ n−

12|m

2
− 1, if n is odd;

2

⌊
m−1

2

⌋∑
s=1

⌈
ns

m

⌉
− 2

⌊
m− 1

2

⌋
+m+ n−

1 + 12|m

2
− 1, if n is even.
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Proof. Let f, v, and e denote the number of regions (including the outer one), vertices, and
edges of the polygon, which we look at from the perspective of a planar graph. Notice that
the vertices of the polygon include the ray-circle intersection points and the edges of the
polygon include the lines connecting ray-circle intersection points. By Euler’s formula (e.g.,
[6, Theorem 11.1]), f = 2− v + e. Using Theorems 16 and 18, we have, in the odd case

f = 2−

2

⌊
m−1

2

⌋∑
s=1

⌈
ns

m
− 1

2

⌉
+ 2 +m+ n− 12|m


+

m+ n−
12|m

2
+ 4

⌊
m−1

2

⌋∑
s=1

⌈
ns

m
− 1

2

⌉
+m+ n− 12|m


= 2

⌊
m−1

2

⌋∑
s=1

⌈
ns

m
− 1

2

⌉
+m+ n−

12|m

2
,

and in the even case,

f = 2−

2

⌊
m−1

2

⌋∑
s=1

⌈
ns

m

⌉
− 2

⌊
m− 1

2

⌋
+ 2 +m+ n− 12|m − 1


+

m+ n−
1 + 12|m

2
+ 4


⌊

m−1
2

⌋∑
s=1

⌈
ns

m

⌉
−

⌊
m− 1

2

⌋+m+ n− 12|m − 1


= 2

⌊
m−1

2

⌋∑
s=1

⌈
ns

m

⌉
− 2

⌊
m− 1

2

⌋
+m+ n−

1 + 12|m

2
.

Subtracting 1 from these (since f accounts also for the outer region) finishes the proof.

Corollary 21. By taking m = n in Theorem 20 we obtain

A338041(n) =

{
n2+8n−5

4
, if n is odd;

n2+2n
4

, if n is even.
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