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Abstract

The equation commonly known as Sury’s identity is a deceptively simple summation
formula that connects the Lucas numbers, Fibonacci numbers, and powers of two.
Many authors have given extensions and generalizations over the years; in this paper,
we take a different approach that allows us to produce a good number of new summation
formulas, all from elementary (but non-trivial) methods.

1 Introduction
The identity
2 P =Y 2'L; (1)
=0

which connects the Fibonacci numbers, the Lucas numbers, and the powers of 2, is often
called Sury’s identity thanks to his deceptively simple proof [23] that takes the sum of two
geometric series. Fifteen years before Sury’s proof, Benjamin and Quinn [5] proved the same
identity by counting the tilings of a bracelet with squares and dominoes.
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Of course, there are many variations on this identity. Two years after Sury’s proof,
Martinjak [18] used a telescoping sum to prove that

n

(=1/2)"Forn = ) (=1/2)'Lina, (2)

i=0

and if we multiply both sides by (—2)" then this becomes the convolution identity

n

Frpi =Y (=2)" L. (3)

=0

Marques [17] used a quick induction argument to produce a slightly more complicated version
of equation (1) with 3’ instead of 2°, giving us

3" Foyy = Z 3'(Li + Fiy1), (4)

and a clever rearrangement of sums by Edgar [12] produced the more general equation
" Fy =Y L+ (t— 2)Fip). (5)
i=0

We note that Edgar’s equation (5) will easily give us Sury’s equation (1) when ¢t = 2, and
Marques’ equation (4) when ¢ = 3. It is a rather pleasant challenge to show that it also gives
Martinjak’s equation (3) when ¢t = —1/2. For two different methods of proving equation (5),
with colorful tilings and with generating functions, see Martinjack and Prodinger [19].

Dafnis [8] used a telescoping sum to give a variation on Edgar’s equation (5), which in
our notation would be

n

(1) Fugr = S (1) (L + (¢ — 2)F). (6)

1=0

Dafnis went on to prove a similar identity involving the tribonacci numbers.
Abd-Elhameed and Zeyada took Edgar’s equation (5) even further by taking up gener-
alized Fibonacci and Lucas sequences, defined as

Uty = aUt + 00U with U’ =0, UM =
(7)

n

VA, =aVs 0V with Vi =2, v

Their version of Sury’s identity (for a, b, ¢ all non-zero) is

U = 1SR (ot - 2)UR), ®)
=0



and we can clearly see how this is a generalization of Edgar’s equation (5). Bhatnagar
considered even more geneal sequences by replacing the constants a, b in equation (7) with
sequences a,,b,. For other approaches, see recent papers by Adegoke and Frontczak [2],
Chung, Yao, and Zhou [7], Dafnis, Philippou, and Livieris [9], De Micheli Vitturi [10],
Kuhapatanakul and Thongsing [15], Kwong [16], Melham [20], and Philippou and Dafnis
[21].

Despite all this, we have discovered a new way to generalize Sury’s identity. Every other
approach has tried to replace the 2¢ in Sury’s equation (1) with something like the 3% in
equation (4) and then the ' as seen in equation (5), which leads to an adjustment in the
other term in the summation, from the simple L; in equation (1) to the slightly more complex
L;+F;;; in equation (4) to the rather complicated L;+(t—2)F; 1 in equation (5), culminating
in the general expression V/*" 4 (at — 2)U?, fl from Abd-Elhameed and Zeyada’s equation (8).
By contrast, our approach allows us to select the sequence (the Fibonacci numbers, or the
Pell numbers, or really any linear recurrence sequence of order 2) inside the summation, and
also the initial position, and then produce the particular “¢” to make the formula work out
nicely.

This is best explained by a demonstration. Recall that Sury and Martinjak began their
sums in equations (1) and (2) with Ly and L respectively, but with our approach we can
begin with Ly or L3 or even Ly, giving us the new formulas

n

—1 ]' - n—i
Foy = Z<_2)n Liy1= 3 Z(—1/3) Liyo
1=0

1=0

1 »
=0
1 - n—1i
= > (—4/7)" " Liga.
1=0

However, our personal favorites are these generalizations of Sury’s formula (and again, these

seem to be new),
n

D (=2) Ly =2 — (=2)"' F,,

=0

4) 9 Lg = 9" Fy, +8, (9)
i=0
17 "(—38)'Lo; = 34 — (—38)" " Fy,.
i=0
These are similar (in spirit but not in fact) to the formulas we can derive from Theorem 2.1
in Adegoke and Frontczak’s recent paper [2], which give us (after some manipulation)



n

> (1/2)' Ly = Fauin) /2",

1=0

4Z<1/9)iL6i = Fsns1)/9",
=0

17 "(1/38)'Loi = Fo(ny1)/38"
i=0

We can also produce this next collection of formulas with the Fibonacci and Lucas num-
bers (which, again, we believe are new):

Fopyo=1- Z 1" " Fyq =1+ Z(—l)nﬂ'inH,
=0 i=0

Fspi3=2- Z 1" " Fy =2 Z(—3)n_iL3z‘+1> (10)
i=0 i=0

Fipya =3~ Z 2" i = 3 - Z(—4)n_iL4i+1~
=0 =0

Moving on to the Pell numbers (which are found at A0O00129 in the On-Line Encyclopedia
of Integer Sequences (OEIS) [22]), we have

1 - n—i
Frpr =5 D (=1/2)" " Py
=0

= %Z(_Q/E’)n_i i+3 (11)

n

1 n—i
=194 (=5/12)" " Piya.
=0
We compare these to equation (23) in Abd-Elhameed and Zeyada’s recent paper [1], which

gives us
n

2 .
n+1 _ 7
(1/3)" Qnn =1~ 3 ;(1/3) Pi1, (12)
where @, represents the nth Pell-Lucas number A001333 as defined later in equation (66).

Finally, if we think of the Pell numbers (with initial values Py = 0 and P, = 1 and
recurrence P, = 2P, 1+ P, ) as the “silver Fibonacci numbers”, then the “bronze Fibonacci

numbers” would be the sequence A006190 with same initial values but with recurrence
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B, = 3B,,_1 + B,_o. Here are some interesting (and mostly new) formulas for these bronze
Fibonacci numbers, which remind us of the similar identities in equation (10):

Bopio =3 - Z 1" Bajy1,

=0

Bspy3 =10 - Z 3" Byisn, (13)
=0

n
Binta =33 Z 10" Bujy1.
i=0
There are countless variations on these formulas. Again, what sets our approach apart
from all the previous work is that our weighted sums can start at an arbitrary position in
our sequence, and our weighted sums avoid the complicated summands as seen in equations
(5) and (8). Our proofs rely mostly on induction, along with generalized versions of Cassini’s
and d’Ocagne’s identities.

2 Main results

We begin with a theorem associated with a very particular type of sequence.

Theorem 1. Let (A,)n>0 be a second-order linear recurrence sequence with initial term
Ag = 1 and with recurrence
Ap = ciAp 1+ A, .

If we sett = (¢ — Ay) then so long as t # 0, we have
Ango = AjAngy = (Ay — A} 1" A; (14)
i=0

Proof. We proceed by induction. For the base case n = 0, we find that equation (14)
simplifies to

A2 — AlAl = (Ag — A%) : AQ,

and since Ag = 1 we are done.
Next, we assume the identity holds for some fixed n, and we try to prove it for n 4 1. If
we let R represent the right-hand side of equation (14) with n + 1 in place of n, we have

n+1
R=(Ay— A} 174,

1=0

and if we separate out that last term in the summation and then factor out ¢ then we have
i=0
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We multiply through to obtain
R=(Ay— ADApiq +1t- (A — AN "7 A;,
i=0

and we use our induction hypothesis on that last term to give us
R=(Ay— A A+t (Aps — A1 AL
Recalling that t = ¢; — Ay, the above expression becomes
R=(Ay— ADAnir + (1 — A1) - (Apso — A1 An ).
We see that the A%2A,,,; terms cancel, and so we now have
R=AA, 1+ (c1—A) Apso — 1 A1 A4 (15)
When we replace that leading A, term with
Ag = 1Al 4+ oAy = c1 A1 + ol = 1 A1 + o,
then equation (15) becomes
R= (A1 4+ c)Api1 + (1 — A1) - Apyo — 1 A1 Ay
Further simplification reduces this to
R=coApi1+ (c1 — A1) - Apyo.
Since ¢1 A, 19 + oA, 11 is equal to A, 3, then we have
R=A,.3—A1A,,

and this is exactly equal to the left-hand side of equation (14) with n + 1 in place of n, thus
completing our induction step. O

With all that taken care of, we are now ready for our next theorem, which covers a much
more general collection of sequences.

Theorem 2. For X,, a second-order recurrence sequence with initial values Xo and Xi and
with recurrence
Xn - Can—l + C2Xn—27 (16)

then for any fixed integer k such that X, and X,_1 are both non-zero, we have

n

Z (—eaXno1/X0)" ™" Xigre. (17)

1=0

XoXs — X2

XOXn+2 - Xan+1 = X
k



We note that we allow k to be negative. Given that we have fixed initial values X, and
X, for our sequence, then we can always define X_; and X_5 and so on by the identity

1
Xn72 = (Xn - Canfl) )

C2

which follows from the definition of our sequence in equation (16). Our requirement of a
second-order recurrence sequence tells us that ¢ # 0, and thus X_; and X_5 (and so on)
are well-defined.

Proof of Theorem 2. For k fixed, we begin by setting

Xn+k

A, = :
Xk

(18)

This gives us the new sequence (A,,),>o with initial term Ay = 1 but with the same recurrence
as the sequence (X,,),>0 in the statement of the theorem. Next, for convenience we will set

t=c — A,
which means that
t=c1 — X1/ Xi = (a1 X — Xi1)/ Xi = =2 X1/ X,

and since Xj_; is also assumed to be non-zero then ¢ # 0. This means we can now apply
Theorem 1 to the sequence (A,,),>0, giving us

Ango = AAngy = (A — A} 1" A;, (19)

1=0

and it remains to show that we can transform equation (19) into equation (17) in the state-
ment of the theorem.
The first step, of course, is to use equation (18) to re-write equation (19) as

X Xy Xy a

Xntrre X1 Xogrqr Xirz X2\ s nei X
_ — [ =ETre AL 2
Y X 2; X, (20)

and if we multiply through by X7 we arrive at

X0 X, — X? - .
Xt 2 X — X1 Xpppn = — X bt Zt Xioti- (21)
=0

This is almost, but not quite, a match for equation (17). On the left of equation (21) we will
show that
Xorr2Xe = Xe1 Xnpnpr = (—62) (X2 X0 — Xpp1 X1), (22)
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and on the right of equation equation (21) we will show that
Xip2 X — Xpg = (=) (X2 Xo — X7). (23)

After canceling (—c;)* from both sides, we will obtain a perfect match for equation (17).

So, it remains to establish the identities (22) and (23) for all integer values of k. Equation
(22) is just a generalization of d’Ocagne’s identity, and it follows immediately from taking
the determinant of both sides of the matrix equation

k
Xotkra Xpt1 _ (& & ) KXnr2 Xy
Xopsrt1 Xy 10 X1 Xo)'
which holds for £ positive, negative, or zero.
As for equation (23), this is a generalization of Cassini’s identity, and we will prove it by
induction (twice), once for k > 0 and again for k£ < 0. First, take k& to be positive. We note

that equation (23) is certainly true for & = 0, and if we assume it to be true for some fixed
k, then at k 4+ 1 we can write

X3 X1 — Xipvo = (1 Xpp2 + 2 Xii1) X1 — Xy,
and we re-arrange the right-hand side to get
Xip3 X1 — Xipyo = X0 + Xipo (1 X1 — Xiga) -
Since X0 = 1 Xpi1 + coXg,then the above equation becomes
X+3Xp+1 — X13+2 = C2X13+1 — o X2 Xy = (—2) (Xk+2Xk - Xl§+1) )

and now our induction hypothesis comes into play for that last expression on the right to
give us

Xis3 X1 — Xpyo = () ()" (XoXo — X7) = (=) (X2 X — X7),

thus establishing equation (23) for k positive.
Finally, take k to be negative. We again note that equation (23) is certainly true for
k = 0, and if we assume it to be true for some fixed k, then at £k — 1 we can write

1

C
Xk-l—le—l - X]? = Xk+l <_Xk+1 - _le) - X]?a
Co Co

and we re-arrange the right-hand side to get

1 X
ch+1Xk71 - X/? = C_X13+1 — =k

— (1 X1 + 2 Xk).
2 C2



Since X9 = 1 Xky1 + co X, then the above equation becomes

1 Xk

Xpp1 Xp1 — X7 = C—leﬂ — 2 ( Xpr2) = (—1/c2) (XpaXi — X711)
2

Co
and now our induction hypothesis comes into play for that last expression on the right to
give us

X1 X1 — X = (=1/c2)(—e2)"(XoXo — X7) = (=) (X Xy — X7),

thus establishing equation (23) for k negative. O

3 Examples

We now show how to use Theorems 1 and 2 to produce many of the identities from the
Introduction.

Here is an overview of our approach: we begin with a particular sequence (say, the
Lucas numbers or the Pell numbers), and then we try out different variations and offsets so
that we can apply one of our two theorems. Once we have obtained a generic summation
identity from our theorem, we can then attempt various simplifications in order to arrive at
an aesthetically-pleasing formula. For example, we might start with the Lucas numbers L,
but then decide to apply our theorems with either L,,_; (giving us Sury’s identity in section
3.1 below) or L, (as seen in section 3.2, with various offsets) or L, (as done in Theorem 4)
or even Lj, /Ly (which we use to give us equation (54) in Theorem 5).

3.1 Sury’s identity
To prove that

2n+1Fn+1 _ Z QzLZ7
=0

we will use Theorem 2 with X,, = L,,_1, which gives us Xo = —1, X7 =2, and ¢; = ¢, = 1.
Taking £ = 1 in Theorem 2, we get

—1- 22 g n—i
~Lng1 = 2Ly = —— > (12" L. (24)

=0

After cancelling the negatives, and re-writing L,y + 2L, = L, 1o + L, = 5F},,.1, we have
5 - n—i
VINES 3 Z; (1/2)"" L. (25)
Finally, we cancel the 5’s and we multiply both sides by 2", to give us our desired formula,

2n+1Fn+1 - Z 21[11
1=0

9



3.2 Martinjak’s convolution and its generalizations

From equation (3) in the introduction we have

n

Fn+1 = Z(_Q)n_iLz‘Jrl,

i=0
which is part of the family of identities
- —1 1 - n—i
Fopr = Z(—Q)n Lith = 3 Z(—l/?’) Liyo
i=0 i=0

1 »
i=0

i=0
from the introduction. The general form is
1 < .
Fop = I (=Li—1/Ly)" " Lits, (26)
k- izo

and to produce all of these from Theorem 2 we take X,, = L, so that we have X, = 2,
X1 =1, and ¢; = co = 1. As a result, equation (17) in Theorem 2 becomes

n

D (—Lia/Le)" ™ Ligi. (27)

1=0

2.3—1?

2Ln+2 - Ln+1 - I
k

Since 2L, 9 — Lpy1 = 5F,11, we easily produce equation (26).

3.3 Fibonacci and Lucas j-step numbers

We define the “j-step numbers” of a sequence to be the new sequence made up of every
7th term in the original sequence. For example, when we talk about the 3-step Fibonacci
numbers then we could be referring to (F3,)n>0 or perhaps (Fs,i1)n>0 or even (F3,40)n>0,
depending on our choice of offset. We assume throughout this section that 7 > 1, and we
note that if j = 1 then we get the “regular” Fibonacci (or Lucas) numbers without any

skipping.

3.3.1 Fibonacci numbers with zero offset

For our first case, we will consider the j-step Fibonacci numbers such as Fj, for j = 3 or
Fy, for j = 4, with no offset. Here is our result.

10



Theorem 3. For j > 1 an integer, the j-step Fibonacci numbers satisfy

Ly Fioy + (1) Ry = Y (=1 LI, (28)
=0

Proof. We begin with the well-known formula [13, p. 112]
Fopy= LyF, + (=1 E, (29)
and if we replace a with j(n — 1) and b with j, we get
Fjn = LiFjn-1) + (1) Fj(a-2). (30)

For j > 1 fixed, we will use Theorem 2 with X,, = Fj,, and since Theorem 2 requires
both X and Xj_; to be non-zero, we will set k& = 2. Thanks to equation (30), we have
c1 = Lj and ¢o = (—=1)7*1. Since X = 0 and X; = Fj, then the expression on the left-hand
side of equation (17) of Theorem 2 is

XoXny2 — XiXpp1 = 0= FiFjnp), (31)
and the expression in front of the sum on the right-hand side of equation (17) is

X2 FQJ' Lj’

where we have used the well-known identity F5; = F;L;. Likewise, the expression inside the
sum in equation (17) is

(=2 X1/ Xo)" " Xiyo = (=1 Fj/Foy)" " Fiiray = (1) /L;)" " Fjis2). (33)

When we substitute equations (31), (32), and (33) into equation (17), and cancel the —Fj
term from each side, we get

n

Fimns1) = . ((=1)7/L;)" " Fj(i12).-
7 =0
This equation actually looks a bit nicer if we multiply both sides by (L;)"* and simplify,

giving us
n

LI Figny = Y (=1L Fy ). (34)
i=0
Further simplification is needed. First, we replace ¢ with 7 — 2 in the right-hand summation,

giving us
n+2

L Fyuny = D (1L E %)

=2

11



Then, we multiply both sides by L? to give us
n+2

L By = 3 (DL @0

=2
Next, we add in the “missing term” for ¢ = 1 to both sides, giving us

n—+2

LY Fjsny + (1YL By = Z TS (37)

Finally, we replace n with n — 2, we replace L;F; with Fy;, and we start the summation at
1 = 0 instead of at ¢ = 1 to give us

Ly + (—1)i D By, = Z(—l)j(””)Lé-Fji, (38)

=0
which is equation (28) as desired. O

Here are the results for small values of j:

(at j=2): 3" By +3=> 3'Fy,

i=1

(at j =3): 4" Fy oy +8(=1)" = (=1)" Y (—4)'F;,

(at j=4): T Fypon+21=) TFy,

i=1

and it is interesting to compare them to this similar collection of formulas from Dresden and
Tulskikh [11, p. 2],

n

3= Fymyg) /3" = 2(1/3)iF2i7
1=0

Fyni2)/4" —8 = 2(1/4)iF3i,
i=0

21 — Fynya)/T" =Y _(1/7)' Fus.

1=0

3.3.2 Lucas numbers with zero offset

For the j-step Lucas numbers such as Lo, for j = 2 or Ls, for j = 3, we will again use
Theorem 2 but this time with X,, = Lj,, and with k£ = 1. Here is our result.

12



Theorem 4. For j > 1 an integer, the j-step Lucas numbers satisfy

n

2(L;/2)" (Fju/ Fy) + 2(=1)" = ) _(=1)/"(L;/2) Ly, (39)

i=0
Proof. To begin, we will need the formula
La+b == LbLa + (_1)b+1Lafb7 (4())

which follows from adding together two copies of equation (29), the first with a + 1 in place
of a, and the second with a — 1 in place of a. If we replace a with j(n — 1) and b with j in
equation (40), we get

Lin = LiLjtn-1) + (=1) " Lj(n2). (41)

We set X,, = L;,,, which means that X, = 2 and X; = L;. Thanks to equation (41) we have
c1=Ljand cg = (—1)7F.

We now turn our attention to the expression on the left-hand side of equation (17) of
Theorem 2, which is

XoXnt2 = X1Xn41 = 2Ljn12) — LiLjnt)- (42)
From equation (41) with n 4 2 in place of n we have
Ljtnt2) = LiLjnin) + (=1 Ly,
and from Exercise 55 in [14, p. 118] we have
Ljm+2) = 5FFjnyn) = (1) Ly,
and so if we add these together we will get
2Lj(n+2) = LjLjn+1) + 5F;Fjnt1)-
When we substitute this into the right-hand side of equation (42) we get
XoXni2 — X1Xnt1 = 2Ljmr2) — LiLjms1) = 5E Fjnt)- (43)
Likewise, the expression in front of the sum on the right-hand side of equation (17) is

2 2
XoXo = X _ 2Ly — L SF (44)
X, L, I

J

which follows from equation (43) with n = 0.
Now, since we are taking £ = 1 in this section, then the expression inside the sum in
equation (17) is
(=2 Xo/X0)" " Xipa = ((=1) - 2/Lj)" " Lj(i11).- (45)

13



When we substitute equations (43), (44), and (45) into equation (17), and cancel the 5Fj
term from each side, we get
F; - j n—i
Fjnin) = 7= > Q=1 /L) Ljgis)-
7 =0
This equation actually looks a bit nicer if we multiply both sides by (L;/2)"*! and
simplify, giving us
n F - n-r1
(L;/2)" Fins1) = 7]2(— Y (Ly/2) Liiy- (46)
=0
We will need to apply some further simplifications. First, we multiply both sides by 2/ F]
and then replace ¢ with ¢ — 1 in the right-hand summation, giving us
n+1
2(L;/2)" (Fymeny/ Fy) = (=17 (L;/2) " Ly, (47)
i=1
We multiply both sides by (L,/2) to produce
n+1
2(L;/2)" P (Fjpnsny [ Fy) = Y (=1)7"D(L;/2)'L (48)
i=1
Next, we add in the “missing term” for ¢ = 0 to both sides, giving us
n+1
2(L;/2)" * (Fjnyny/ Fy) + 2(=1 0 = 3 “(=1)7H0(L,/2) L. (49)
i=0
Finally, we replace n with n — 1 to get
2(Ly/2)" (Fjn/ Fy) +2(=1)" = (=17 (L;/2)' Ly, (50)
i=0

and this is equation (39), as desired. O

We note that equation (39) looks rather pleasant when L; is even; this happens when j is
a multiple of 3. For our first such case, we substitute j = 3 into equation (39) and multiply
both sides by (—1)" and simplify to get
2 — (=2)""' Py, =) (—2)'Ls;. (51)
i=0
For the second, we use 7 = 6 and multiply both sides by 4 and simplify to get

9" Fon +8 =4 9'Lg;. (52)
=0
These are the first two identities from equation (9) in the introduction, and they are quite
nice and quite unexpected. (A similar procedure for j = 9 or j = 12 will give us additional
equations.)

14



3.3.3 Non-zero offsets

The formulas with offsets —1, +1, and +2, when written down together, seem remarkably
similar:

(Offset —1) n+1 F Z ]+1 n : ji—1 for j > 1,
(offset +1): Finy1y = Fj Z i-1) ) Vit for j > 1,
(OffSGt +2) n+1 F Z n Ji4+2 fOI‘j > 2.

Here are two additional offset formulas, and there does indeed seem to be a pattern:

F; & o .
7j > (Fj_s/2)" 'Fjiys  for j >3,

1=0

(offset +3): Fini1) =

oo|:ﬂ

(offset +4): Finy1) = —F;4/3)" " Fjiya for j > 4.

Here is the general form:

Theorem 5. For j > |k| integers, the j-step Fibonacci numbers with offset k satisfy

F & ,
Einiry = Fi S (V)" Fy/Fo)" ' Fyig  for j > k| >0, (53)

=0

and for the Lucas numbers we have
F; 5 i((—l)kL- /L) " Lj; for j > |k (54)
jn+1) = Ly, j—k/ Hk jit+k .

1=0

We note that if we set £ = 0 in equation (54) then we obtain Theorem 2.1 from Adegoke
and Frontczak’s recent paper [2], and if we set k& = 1 in equations (53) and (54) then we
obtain the collection of identities in equation (10).

Proof. To establish equation (53), we will use Theorem 1 with A, = Fj,+x/F). Thus, we
have Ay = 1, Ay = Fj1/Fj, and since equation (29) tells us that

Fjnir = LiFjn-1y1k + (=1 Ej 2y 14,

then we have

An = L]‘An_l + (—1)j+1An_2.

15



Thus, for the conditions in the statement of Theorem 1 we have ¢; = Lj andsot =c¢; —A; =
L; — Fji/Fy, which gives us
L;F, — F;
t=L;— Fju/Fr = %kﬁk,
and thanks again to equation (29) which tells us that Fy,; = L;F}, + (=1)t1 Fj,_;, this gives
us
t= (—1)]Fk_]/Fk

Since k — j < 0, then we use the well-known fact that F_,, = (—1)""F,, giving us

t= (=1 (=1)"E /B = (1) F /B (55)

We are almost ready to use equation (14) from Theorem 1, but we still need to simplify the
two expressions

An+2 — AlAn—H and A2 — A%

that we find in equation (14). From our definition of A,, as Fj,1x/Fj, these two expressions
are

Finr2) ke — Fjnr1)y+uFjrk FojyrFy — F7 iy
5 and 5
F; F;
Here we will need to call upon a generalization of Catalan’s Identity [13, p. 108] which tells
us that

(56)

FoyeFy o — F Fy = (=1)"TF,  F.. (57)

For the first expression in equation (56), we use equation (57) with a = j(n+1)+k, b= j+k
and ¢ = j to give us

FinyixFx = FinynsnFion (1) Fjpp)F)

Anis — AyApiy = . ,
+2 1 —+1 FkQ FkQ

(58)

For the second expression in equation (56), we simply take n = 0 in equation (58) to give us

A g2 BB - Flye  (CDMER 59

We can now use Theorem 1 with A,, = F}j, 11/ F}, and using our expressions in equations
(55), (58), and (59) in equation (14) we get

(—1)k+11 j(n+1)1 J ( 1)k+11 3'2 - k n—i L' ji+k
= E —OME R —E

i=0
With a bit of cancellation, this simplifies nicely to give us

n

F: n—i
Fitnyr) = Fi > (DM F/F)" Fiva,
1=0
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which is equation (53) as desired.

To establish equation (54), we follow most of the same steps, but there are a few interest-
ing new wrinkles. Proceeding as before, we will use Theorem 1 with A,, = L;,+x/Lg. Thus,
we have Ay =1, Ay = Lj11/Ly, and since equation (41) tells us that

Lin = LiLjn-1) + (=1)" " Ljn-2),
then we have
An = LjAn—l + (—1)j+1An_2.

Thus, for the conditions in the statement of Theorem 1 we have ¢; = Lj andsot = c¢; —A; =
L; — L/ Ly, which gives us
L;Lp — Ljy

Ly, ’
and thanks to equation (40) which tells us that Ly, ; = L;Lj + (=1)7"'L;_;, this gives us

t= (_1)ijfj/Lk-

t=Lj— Ljx/Ly =

Since k — 7 < 0, then we use the well-known fact that L_, = (—1)"L,, giving us
t = (=1 (1) Lj-4/Ly = (~=1)* L4/ Ls. (60)

We are almost ready to use equation (14) from Theorem 1, but we still need to simplify
the two expressions

An+2 — AlAn—H and A2 — A%

that we find in equation (14). From our definition of A,, as L;,yx/ L, these two expressions
are )
Lj(n+2)+kLk - 2Lj(n+1)+ij+k and L2j+kLk: - Lj-i—k (61)
L L?
k k
Here we will need to produce a variant of Catalan’s Identity but with Lucas numbers instead
of Fibonacci numbers. If we take two versions of equation (57) with a+ 1 and a — 1 in place

of a, we have

Fa+1+chfc - Fa+1Fb = (_1)b+c+1Fa+1+cbeca
Fa—1+ch—c - Fa—lFb - (_1)b+c+1Fa—1+c—cha

and if we add these together we find that
LotreFyo— LoFy = (1) Lo W F.. (62)

We now repeat the process, but this time with equation (62) and this time with b+ 1 and
b — 1 in place of b, giving us

La+ch+1—c - Lan+1 - (_1)b+CLa+c—b—lFC7
La+ch—1—c - Lan—l - (_1)b+cLa+c—b+1Fcy
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and if we add these together we find that
LateLyc — LoLy = 5(—1)"F, . F.. (63)

This is not quite as beautiful as the Fibonacci version in equation (57), but it will certainly
meet our needs.

If we turn now to the first expression in equation (61), we use equation (63) with a =
jn+1)+k, b=j+kand c=j to give us

L, Ly — L Livie  5(=D)FF () F;
T (64)
k k

For the second expression in equation (61), we simply take n = 0 in equation (64) to give us

Loj Ly — L2 5(—1)FF?
A2 . A% _ J+ 72 Jj+k _ 5 J ) (65)
k k

We can now use Theorem 1 with A,, = L;,+x/Ly, and using our expressions in equations
(60), (64), and (65) in equation (14) we get

S FyinFy  5(-1)MF} K n—i Ljiyr
= —1)"L,; /L ==

=0

With a bit of cancellation, this simplifies nicely to give us

F; " n—i
Fyren) = 7 > (D Lii/ L) Lyt

=0

which is equation (54) as desired. O

3.4 Pell and Pell-Lucas numbers

We recall [14, p. 23] that the Pell and Pell-Lucas numbers P, and @,, are defined as
P,=2P, 1+ P, with Fy =0, P =1,
Qn=2Qn1+Qn2  Wwith Q=1 Q1 =1

These are the sequences A000129 and A001333, respectively. If we apply Theorem 2 with
X,, = P, and with k # 0, 1, then since PyP, o — P.P,;1 = —P,,1 and PyP, — P> = —1, then
equation (17) gives us

(66)

1 < 4
Prn =5 D (=Pe1/Pi)" " Puss.
k=0
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If we take £ = 2,3, and 4, we will produce the identities in equation (11). However, it is

interesting to note that with £ = —1 we produce the equation
Pry1 = Z 2" Py, (67)
i=0

which is quite different from equation (12). However, it is equivalent to the almost-identical
formula in [11, page 3],

Pn+2 _ 2n+1 + Z 2n72PZ

i=0
To see this, we multiply both sides of equation (67) by 2, we replace i — 1 with i, we pull
out the nth term, we replace 2P, with P, — P,, and we absorb P, into the sum.

3.5 The bronze Fibonacci numbers

As mentioned in the introduction, we define the “bronze Fibonacci numbers” as By = 0,
By =1, and
B, =3B,_1 + B,_».

This gives us the sequence A006190. To prove the first identity in equation (13), we will use
Theorem 1 with A,, = Bs,,1, and so Ag = By =1 and A; = Bs = 10. Starting with

B, =3B, + Bn727

then it is easy to show that
B2n+1 - 11-B2n—1 - BQn—?)

which means that
A, =11A,_1 — A, _».

So, using Theorem 1 with ¢t = ¢; — A; = 11 — 10 = 1, we have
Anga = 104,11 = (Ay — A7) Y 1" A, (68)
i=0
Now, A, 2 — 104, simplifies as follows:

An+2 - 10An+1 - (11An+1 - An) - 10An+1

- An+l - An
- BQn+3 - B2n+1
= 3BQn+2~
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Furthermore, Ay — A? is equal to Bs — B3, and since B3 = 10 and Bs = 109, then putting
everything together we see that equation (68) becomes

3Bonsz =9 Y 1" "By, (69)

=0

and this simplifies nicely to give us the first identity in equation (13). The other two identities
have similar proofs.

4 Conclusion

As we mentioned in the introduction, there are countless other identities that we can prove:
we simply select a sequence, choose a starting value, and then apply our theorem. To take a
random example, if we let a,, be the sequence with initial values ag = 0 and a; = 1 and with
recurrence a, = 4a,_1 + 3a,_», then we can use Theorem 2 to quickly produce the following
identities for this sequence (which is sequence A015530 in the OEIS):

n

1N —1 1 n—i
Unt1 = 7 Z(—3/4)n tit2 = 79 (=12/19)" a4
i=0

We invite the reader to try their hand at developing new such identities. It would also be
reasonable (and quite interesting) to try adapting the methods of this paper to the Fibonacci
and Lucas polynomials, as seen in Adegoke and Frontczak’s recent article [2]. The possibilities
are unlimited.
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