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Abstract
We provide an asymptotic formula for the average value of the sequence A351830,
whose terms are the absolute differences between square pyramidal numbers and their
nearest perfect squares. Moreover, we supply asymptotic formulas for the k-th moment

of this sequence of distances to the nearest perfect squares, for any fixed positive integer
k.
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1 Introduction

The classical cannonball problem asks when a square pyramidal number is a perfect square.
Lucas [8] posed this problem, and Watson [14] proved that the only positive values of n for
which 12 + 22 + ... +n? is a square are n = 1 and n = 24.

There are many integer sequences associated with the cannonball problem; for example,
see A001032, A351830, A350886, A350887, and A350888 in the On-Line Encyclopedia of
Integer Sequences (OEIS) [10]. In this paper, we establish additional properties of the
sequence A351830. This is given by

where P, is the n-th square pyramidal number defined as

n o3 + 3n2
pn_Zf_w, (2)
i=1

and y,, is the nonnegative integer for which 3?2 is the closest square to P,. The uniqueness of
this choice is verified in Proposition 9. We allow n = 0 when displaying the sequence, with
Py = ag = yo = 0, but all moments below start at n = 1. Xausa [15] tabulated the sequence
through n = 10000. The values for 0 < n < 50 are

0,0,1,2,5,6,9,4,8,4,15,22,25,22,9, 15,25, 21, 7, 30, 46, 53, 49, 32, 0, 49,
40,41, 30,91,46, 12,9, 15,4, 26, 77, 114, 25,91, 61, 105, 15, 122, 129, 66, 22, 1, 1, 24, 76.

Geometrically, a, can be interpreted in terms of rearranging cannonballs. If B, > y2,
then the n-th square pyramid contains more cannonballs than the nearest perfect square
arrangement; after forming the square, exactly a,, balls remain unused. Conversely, if P, <
y2, then the nearest square arrangement exceeds the pyramidal number’s count, so forming
a square pyramid from the square arrangement leaves a, leftover cannonballs. Thus, a,
measures the minimal unavoidable surplus while interchanging these two shapes.

Note that the only values of n such that a,, = 0 are 0,1, and 24, which correspond to
the solutions to the cannonball problem. Moreover, as Conway and Sloane [4] noted, the
solution corresponding to n = 24 allows for the Lorentzian construction of the Leech lattice
[5, pp. 524-528]. Further applications and generalizations of the cannonball problem are
discussed by Laub [7], Beeckmans [1], and Bennett [2].

More generally, the problem of studying the distance between polynomial values and
perfect squares has been considered by various authors. For example, Vajaitu and the fourth
author studied integer points near elliptic curves Y? = X3 + aX + 3 [13], as well as integer
points near hyperelliptic curves Y2 = X241 + P(X) [12], by investigating the differences
V2 — (X3 4+ aX + )] and |Y? — (X2+ + P(X))| for large X. In a related direction, Pink
[11] studied explicit lower bounds for the difference |F(z) — by™| under suitable hypotheses,
where F'(x) is an integer polynomial of degree n > 2, m > 2, |y| > 2, b # 0, and F(x) # by™.
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For real x > 1, let A(x) represent the normalized average of (a,) for 1 < n < z. More
precisely, .
A(x) = — - 3
() = 1<;x (3)
For integer z, this is the arithmetic mean of the first x distances; for real =, we retain
the normalization by z in (3). While the classical cannonball problem asks for exact co-
incidences between square pyramidal numbers and perfect squares, we also ask how close
square pyramidal numbers are to squares on average. Thus, our first goal is to provide an
asymptotic formula for A(z). In this connection, small values of a, relative to the average
show instances when one has an almost solution to the cannonball problem, in the sense that
one can transform a square pyramid of cannonballs into a square, or the other way around,
with a small surplus of cannonballs.

Theorem 1. For real x > 1, the function A(z), given by (3), satisfies the asymptotic formula
1

Alz) = —=2% + O(2°/%), 4

(£) = ¥+ 06 )

where the constant implied by the big O symbol is absolute.

Remark 2. The same argument applies, for example, to integer-valued cubic polynomials with
positive leading coefficient, with the nearest square defined relative to the new polynomial.

Next, we generalize Theorem 1 by considering higher moments of the sequence (a,). For
each k € N, let My (z) represent the k-th moment of (a,)n<., that is,

My(z) == Z ar. (5)
1<n<zx
By Theorem 1,

Mi(z) = zA(x) = %:p‘r’/2 + O(z%%).

More generally, we have the following result.
Theorem 3. For any fixed positive integer k and real x > 1,
rak+l

BEREEVESVIESY

My() + O (2351). (6)

where My, is defined in (5), and the constant implied by the Oy symbol depends at most on
k.

1.1 Structure of the paper

The paper is organized as follows. We begin by introducing some standard notation in
Section 2. In Section 3, we provide some auxiliary results needed in the proofs of the main
theorems. Lastly, in Section 4, we complete the proofs of Theorems 1 and 3.
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General notation

We employ some standard notation used throughout the article.
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The expressions f(X) = O(g(X)), f(X) < g(X), and g(X) > f(X) are equivalent to
the statement that |f(X)| < C|g(X)| for all sufficiently large X, where C' > 0 is an
absolute constant. A subscript of the form <, means that the implied constant may
depend on the parameter .. Dependence on several parameters is indicated similarly,
as in < ).

Given « € R, the notation ||| denotes the smallest distance of a to an integer.
Given a set S, the notation |S| and #S both stand for the cardinality of S.

For € R, the notation [z] denotes the ceiling of z, which is the smallest integer
greater than or equal to x. The notation |z| denotes the floor of x, which is the
largest integer less than or equal to x.

For real z € R, {2} denotes the fractional part of z, that is, x — |z].

The notation e(z) stands for exp(2miz).

Auxiliary propositions

Recall the sequence (a,,) defined in (1). We define a related sequence

dn = [\/Pu = - (7)

In this section, we show that d,, = ||\/F,|| and that the sequence (d,,) is uniformly distributed

in [0,

1/2]. We begin with the following lemma by Kuipers and Niederreiter [6].

Lemma 4 ([6, Thm. 2.7, p. 17]). Let a < b be integers, and let f be a real-valued twice
continuously differentiable function on |a,b|]. Suppose that, for some p > 0, either f"(t) > p
for every t € |a,b] or f"(t) < —p for everyt € [a,b]. Then

b

> elf(n)

n=a

< (If/0) — 1'(@)] +2) (% +3). 0

Recall that a sequence (u,) in [0, 1) is uniformly distributed if, for every 0 < a < g < 1,

1
i — 1 <n< < =0 —o.
]\}E%ON#{TL 1<n<N, a<u,<p}=p—a



Lemma 5 ([9, Weyl’s criterion, p. 1]). A real sequence (vy,) is uniformly distributed modulo
one if and only if, for every integer ~v # 0,

WE

lim —
Nl—rgoN

e(yv,) = 0.

n=1

Next, we show that {v/F,} is uniformly distributed. To do so, we present a more general
result.

Proposition 6. Let q(t) = at*+bt>*+ct+d, where a,b,c,d € R and a > 0. There is an integer
T > 1, depending only on q, such that q(t) > 0 for t > T, and the sequence (\/q(n))p>t is
uniformly distributed modulo one. In fact, for all integers N > T and v € Z \ {0},

N
> e(an)| < AN 4 [y INY2 4 5 ANV 41 (9)
n=T

The implied constant is independent of v and N.

Proof. Since a > 0, the polynomial ¢(t) is positive on a sufficiently large positive ray. On
that ray let h,(t) = \/q(t). Direct differentiation gives

q(t) 2q(t)q"(t) — q'(t)*
24/q(t) 4q(t)

Equivalently, one may differentiate the convergent expansion in 1/t of /at3/?(1 + b/(at) +

c/(at?) + d/(at®))}/?. Either way, one obtains

, 3va _
mt) = Y0y 0,71,
" 3va — —
() = T\/_t 12 40,0737, (10)
" 3va — —
h'(t) = —T\/_t 32 4 0,(t7%).

Thus we can choose an integer 7' > 1 so that ¢(t) > 0, hj(t) > 0 and hy'(t) < 0 for every
t > T. In particular, h is decreasing there and h//(N) >, N~'/2,

For N > T and vy # 0, apply Lemma 4 to f = 7h, on the integer interval [T, N], with
the positive parameter

p = |vlhg(N).
The lemma applies to either sign of ~, and
[f'(N) = f(T)] <q WINY2, p7 2y [y 72N
By Lemma 4, we obtain (9). For each fixed v, the right side of (9) is o(V). Since N—=T+1 ~
N, Weyl’s criterion applied to the tail (1/g(n)),>7 finishes the proof. O
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For ¢(n) = P, = n(n+ 1)(2n + 1)/6, Proposition 6 gives, for N > 1 and m > 1,

N
> e(my/P,)| < m ANV 4 N2 42N 4, (11)
n=1

with an absolute implied constant, independent of m and N. Note that the finitely many
terms with 1 < n < T contribute at most 7" — 1, uniformly in m, and thus are absorbed into
the O(1) term. If N < T, the entire sum is bounded trivially by N <7 — 1.

Remark 7. The conclusion does not necessarily hold for polynomials of even degree. For
example, if ¢ is the square of a polynomial with rational coefficients, then /q(n) is the
absolute value of that polynomial at n, so its fractional parts take only finitely many values,
and thus the sequence is not uniformly distributed.

Remark 8. The qualitative conclusion of Proposition 6 also follows from Boshernitzan’s
theorem [3]. A Hardy field is a field of germs at 400 of real functions that is closed under
differentiation. For a function f in such a field with at most polynomial growth, the criterion

is
W — oo for every p € Q[t]. (12)

This condition is equivalent to uniform distribution of (f(n)) modulo one. On its positive
tail, the function \/q(t) belongs to the Hardy field of real algebraic function germs and has
leading term +/at*?. If degp < 1, that term dominates p; if degp > 2, the leading term
of p dominates /q(t). Therefore, (12) holds in both cases. We retain the elementary proof
above because it gives an explicit estimate needed in the later Fourier argument, with an
implied constant independent of v and N.

Proposition 9. The sequence (d,,), defined in (7), satisfies

d, = |V/P.| <

Moreover, (d,) is uniformly distributed in [0,1/2].

(13)

DN | —

Proof. First let m > 0 be any integer, and put r = [/m|. The nearest square is either r?
or (r +1)2. The former is closer precisely when

1
m—-r*<(r+1) —-m <+ m<r2—|—r—|—§,

which, by integrality, is equivalent to m < r%2 + r. The nearest integer to \/m is likewise
either r or » + 1, and it is r precisely when

1 1
\/ﬁ<r+§ = m<r2+r+1,



which is equivalent to m < r? +r. Neither comparison admits a tie. The nonnegative square
root of the nearest square is therefore the nearest integer to \/m. Taking m = P, proves
(13), including uniqueness.
By Proposition 6, the fractional parts of /P, are uniformly distributed. For fixed 0 <
a<f<1/2 let
Jop={ue€0,1) : min(u, 1 —u) € [a, 5]}

This is a union of at most two intervals, has total length 2(5 — «), and has only finitely
many boundary points. The identity

#n:1<n<z dyeclo,f}=#{n:1<n<z {\V/P.} € Jous}

is exact. It therefore shows that for every 0 < a < 5 <1/2,

1
lim _#{n:1§n§xa d, € [0575]}:2(5_05)7 (14)
r—00 I
which, by the definition of equidistribution, completes the proof of Proposition 9. m

4 Proof of Theorems 1 and 3

In this section, we prove both theorems by reducing the moments to weighted sums involving
a periodic function evaluated at h(n) := v/P,. The exponential sums arising from the Fourier
expansion are estimated using Proposition 6. The resulting bound is then combined with
partial summation to obtain the stated main terms and error terms.

4.1 Reduction to a periodic function

Fix a positive integer k, and write

Sy IR R S W) (15
By Proposition 9, ¢, = h(n) + O(1) and
an = [h(n) = yn|(h(n) +yn) = [|A(n)]|(A(n) + yn). (16)

Expanding h(n) = v/P,, we obtain

o= R () ()

3/2
=04 ﬁnl/2 +0(n~1?), (17)

N




Therefore,

Mm+%=§?W+WM%, mw+%fz&%>m+@mH»

Since 0 < gi(u) < 27F, it follows that

Here s > 3/2, so summing the last error over 1 < n < z gives

) ngu(h(n)) + Ou(n*™). (18)

My(x) = (%) Z n’gr(h(n)) + Og(z?%). (19)

The mean value of g, is

1 1/2 . 1
= du = 2 du = ———. 20
i [ty du=2 [ = g (20)
4.2 Fourier coefficients and the unweighted sum

Lemma 10. For m € 7Z, let

eutm) = [ et s

Then cx(0) = i and cp(m) < |m|™2 for m # 0. The Fourier series of gx converges
absolutely and uniformly. Moreover, for every integer H > 1, uniformly in u € R, we have

() = p+ Y en(m)e(mu) + Op(H™). (21)

0<|m|<H
Proof. The value of ¢;(0) is (20). By symmetry and the integrality of m, for m # 0 we have

1/2 oL [1/2
ck(m) =2 u cos(2mmu) du = ——— uF ! sin(2mmau) du.
0 2mm J,

The boundary terms in the first integration by parts vanish because sin(0) = sin(rm) = 0.
If £ =1, a direct integration gives

(—1)m -1

22
2m2m? (22)

c1(m) =



For k > 2, integration by parts gives

(2mm)

1/2
cu(m) = (21k(—1>m C(h—1) /0 o2 cos(2mmu) du) ,

where the integral is bounded by 2'7%/(k — 1). Therefore, we obtain c;(m) = O (|m|?).
The function g is continuous and piecewise smooth, so Dirichlet’s Fourier convergence

theorem gives pointwise convergence of its Fourier series. Since

> len(m)] < oo,

meZ

the convergence is absolute and uniform. Moreover,

Z lek(m)]| <x Z m=? <Lk H_l,

m|>H m>H
which proves (21).

Lemma 11. For every fixed positive integer k and real t > 1,

Gil(t) = Y ge(h(n)) = it + Ox(t**).

1<n<t
Proof. Let N > 1 be an integer and take H = |N'/2]. By (11) and (21), we obtain

H H
N
|Gr(N) — e N| <p Vi 4+ N3/4 2771—3/2 + N1/2 Zm_l

m=1 m=1

H H
+ N4 Z m5/2 + Z m2
m=1 m=1
< NYV2 4 N34 4 NV2og(2N) + N4 1
< N3/4,

where the last inequality uses log(2N) < N4 for N > 1. For real t > 1, take N =

Then Gi(t) = Gx(N) and pg(t — N) = Og(1), which proves (23).

4.3 Proof of the main theorems

Proof of Theorem 3. Let s = 3k/2. For real x > 1, partial summation gives

Z n’gr(h(n)) = 2°Gi(z) — s/x 571G (1) dt.

1<n<z 1

(24)

1]
O

(25)



Applying Lemma 11, we have

Z n°gr(h(n)) = upa®t — suk/ t°dt + Oy (:Cs+3/4 - s/ g3/ dt) . (26)
1<n<x 1 1

The main term in (26) equals

He st1 SHK Mk s+1 O
s—{—lzp +3+1 s—|—1 +Ox(1).

The error from the integral in (26) is bounded by Oy (**3/4). Thus,
Z nsgk(h(n)) _ /fl 5t 4 Oy ( s+3/4)' (27)
1<n<x

Combining (19), (20), and (27) gives

:C3k/2+1

My(z) = 38/2(3k/2 + 1)(k + 1)

+ Ok ($3k/2+3/4).

This finishes the proof of Theorem 3. ]

Proof of Theorem 1. Taking k = 1 in Theorem 3 gives

M T
===+ .
1<x> 5\/— ( )
Dividing M, (x) by x as in (3), we obtain that A(x) = 2%2/(5v/3) + O(2/1). O

Remark 12. For k = 1, the cumulative deviation from the main term is O(2%*) against a
main term of order 22, so the relative error is O(x~'/*). This is a deterministic estimate for
the total of the nearest-square differences, not an assertion of independence of the individual
differences.

4.4 Comparison with the discrepancy method

Definition 13. For points uy,...,uy € [0,1), define the unnormalized star discrepancy of
the sequence (u,,) as

D(N)= sup |[#{n:1<n<N, 0<u, <a}— Na|. (28)

0<a<1

The Erdés—Turédn inequality [9, Cor. 1.1, p. 8] gives, for every integer K > 1,




For w,, = {h(n)}, equation (11) therefore yields
N
D(N) < 2=+ N3ARKY2 4 NV2R 4 NYA 4 log(2K). (30)

Taking K = | N'/¢] gives
D(N) < N6, (31)
The one-dimensional Koksma inequality [6, Ch. 2, Thm. 5.1] states that for a continuous
function g of bounded variation on [0, 1],

S glun) - N / 9(u) du

where Varjy 1)(g) is the total variation of g on [0,1]. For our function, we have Vary j(gr) =
217F Tt follows from (31) and (32) that G (N) = uxN + Ox(N*/%). Applying (25) then gives
us a moment error Oy (23%/2+%/6) which is weaker than the exponent 3/4 in Theorem 3.

< Vary 1j(g) D(N), (32)
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