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Abstract

We expand the operator (XV )n, where X is multiplication by x and V is the
Volterra operator. The resulting coefficients are shown to be the Bessel numbers (OEIS
A001498). We also present two applications and a conjectural generalization.

1 Introduction

Let

(Xf)(x) = xf(x), D =
d

dx
.

A well-known result in combinatorics states that [3]

(XD)n =
n
∑

k=0

S(n, k)XkDk,

where S(n, k) denote the Stirling numbers of the second kind (OEIS A008277).
In this note, we investigate an alternative setting obtained by replacing the derivative

operator with the Volterra operator

V (f)(x) =

∫ x

0

f(t) dt.
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We show that the expansion of the operator (XV )n, defined by

(XV )n(f)(x) :=











f(x), if n = 0;

x

∫ x

0

(XV )n−1(f)(t) dt, if n ≥ 1,

leads naturally to an explicit formula whose coefficients are the Bessel numbers (OEIS
A001498), given by

a(n, k) = [xk] yn(x) =
(n+ k)!

2k k! (n− k)!
,

where yn(x) is the n-th Bessel polynomial [2]. Then we present two applications, and conclude
with a conjecture that generalizes the obtained formula.

2 Main result

Theorem 1. Let n ≥ 1. Then

(XV )n =
n−1
∑

k=0

(−1)k a(n− 1, k)X n−kV n+k. (1)

Proof. Applying (XV )n to a function f gives

(XV )n(f)(x) = x

∫ x

0

xn−1

∫ xn−1

0

· · · x1

∫ x1

0

f(t) dt dx1 · · · dxn−1

= x

∫ x

0

f(t)

(
∫∫∫

t≤x1≤···≤xn−1≤x

x1x2 · · · xn−1 dx1 · · · dxn−1

)

dt.

Now, by induction we have

∫∫∫

t≤x1≤···≤xn−1≤x

x1x2 · · · xn−1 dx1 · · · dxn−1 =
(x2 − t2)n−1

2n−1(n− 1)!
.

Thus

(XV )n(f)(x) =
x

2n−1(n− 1)!

∫ x

0

f(t)(x2 − t2)n−1 dt

=
x

2n−1(n− 1)!

∫ x

0

f(t)(x− t)n−1(x+ t)n−1 dt

=
x

2n−1(n− 1)!

∫ x

0

f(t)(x− t)n−1

n−1
∑

k=0

(

n− 1

k

)

(t− x)k(2x)n−1−k dt

2

https://oeis.org/A001498


=
x

2n−1(n− 1)!

n−1
∑

k=0

(−1)k
(

n− 1

k

)

(2x)n−1−k

∫ x

0

f(t)(x− t)n+k−1 dt

=
n−1
∑

k=0

(−1)k
1

2k(n− 1− k)!k!
xn−k

∫ x

0

f(t)(x− t)n+k−1 dt.

Applying Cauchy’s formula for repeated integration, we obtain

(XV )n(f)(x) =
n−1
∑

k=0

(−1)k
(n+ k − 1)!

2k(n− 1− k)!k!
xn−k V n+k(f)(x)

=
n−1
∑

k=0

(−1)ka(n− 1, k) xn−kV n+k(f)(x)

=

(

n−1
∑

k=0

(−1)ka(n− 1, k)X n−kV n+k

)

(f)(x).

3 Two applications

3.1 Power functions

Let α > 0. We first compute

(XV )n+1(tα−1)(x) = x

∫ x

0

(x2 − t2)n

2nn!
tα−1 dt

=
x

2nn!

∫ 1

0

(

x2(1− u)
)n(

xu1/2
)α−1x

2
u−1/2 du (t = x

√
u)

=
x

2nn!
· x
2
x2nxα−1

∫ 1

0

(1− u)nu(α/2)−1 du

=
xα+2n+1

2n+1n!
B(α/2, n+ 1)

=
xα+2n+1Γ(α/2)

2n+1 Γ(α/2 + n+ 1)

=
xα+2n+1

α(α + 2) · · · (α + 2n)
,

where B(x, y) is the Beta function [1].
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On the other hand,

(XV )n+1(tα−1)(x) =
n
∑

k=0

(−1)ka(n, k) xn+1−k V n+1+k(tα−1)(x)

=
n
∑

k=0

(−1)ka(n, k) xn+1−k

∫ x

0

(x− t)n+k

(n+ k)!
tα−1 dt

=
n
∑

k=0

(−1)ka(n, k)

(n+ k)!
xn+1−k

∫ 1

0

xn+k(1− u)n+kxα−1uα−1 x du (t = xu)

=
n
∑

k=0

(−1)ka(n, k)

(n+ k)!
x2n+α+1

∫ 1

0

(1− u)n+kuα−1 du

= x2n+α+1

n
∑

k=0

(−1)ka(n, k)

(n+ k)!
B(α, n+ k + 1)

= x2n+α+1

n
∑

k=0

(−1)ka(n, k)Γ(α)

Γ(α + n+ k + 1)

= xα+2n+1

n
∑

k=0

(−1)k a(n, k)

α(α + 1) · · · (α + n+ k)
.

By comparing the two expressions, we obtain the generating function

1

α(α + 2) · · · (α + 2n)
=

n
∑

k=0

(−1)k a(n, k)

α(α + 1) · · · (α + n+ k)
. (2)

3.2 Exponential function

Next, we consider the exponential function. Using Formula , we obtain

(XV )n+1(et)(x) =
n
∑

k=0

(−1)ka(n, k) xn+1−k V n+1+k(et)(x)

=
n
∑

k=0

(−1)ka(n, k) xn+1−k

∫ x

0

(x− t)n+k

(n+ k)!
et dt

= ex
n
∑

k=0

(−1)ka(n, k) xn+1−k γ(n+ k + 1, x)

(n+ k)!

= ex
n
∑

k=0

(−1)ka(n, k) xn+1−k

(

1− e−x

n+k
∑

j=0

xj

j!

)

= ex
n
∑

k=0

(−1)ka(n, k) xn+1−k −
n
∑

k=0

n+k
∑

j=0

(−1)ka(n, k)
xn+j+1−k

j!
,
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Here, γ(x, y) is the lower incomplete gamma function [1]. Rosengren proved [4] that

n
∑

k=0

n+k
∑

j=0

(−1)ka(n, k)
xn+j−k

j!
=

n
∑

k=0

(−1)n−k (2(n− k)− 1)!!

(2k)!!
x 2k.

Hence

(XV )n+1(et)(x) = xn+1ex yn

(

−1

x

)

−
n
∑

k=0

(−1)n−k (2(n− k)− 1)!!

(2k)!!
x 2k+1. (3)

Evaluating at x = 1 yields the following Dobinski-like identity for the sequence a(n) =
yn(−1) (OEIS A000806):

a(n) =
1

e

(

(XV )n+1(et)(1) +
n
∑

k=0

(−1)n−k (2(n− k)− 1)!!

(2k)!!

)

. (4)

4 Generalization

Using Cauchy’s formula for repeated integration, we obtain

XV − V X = V 2.

Motivated by this identity, consider the general commutation relation [3]

uv − vu = hvs, h ∈ C \ {0}, s ∈ R. (5)

We conclude with the following conjecture.

Conjecture 2. Let u and v be two variables satisfying (5). Then, for any integer n ≥ 1,

(uv)n =
n
∑

k=1

Ss;h(n, k) u
k v s(n−k)+k, (6)

where Ss;h(n, k) are the generalized Stirling numbers introduced by Mansour and Schork [3].
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