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The Stirling numbers of the first kind, denoted S, ;, count the permutations with k cycles
over n objects. These are classical numbers. Appell [1], Carlitz [5, 6], Comtet [7], Foata
8], Riordan [13], Tricomi [15] have defined the associated Stirling numbers of the first kind,
denoted d(n, k), which count the numbers of permutations over n objects having exactly k
cycles, where each cycle has a length 2 or greater. These numbers are defined as follows:
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Abstract

In this paper, we study the excedance distribution over permutations while consid-
ering the parameters of cycle length and the number of cycles. We refer to the number
of such permutations as the associated Stirling Fulerian number. Moreover, if we con-
sider the permutations in which the first s integers are in different cycles, we denote
their count as the associated s-Stirling Eulerian number. We provide a formula defining
these numbers, along with their generating functions. We establish g-analogues and
offer extensions of the results.

Introduction

d(n+1,k) =n(d(n, k) +d(n— 1,k — 1)),

with d(n,1) = (n —1)! and d(n,k) =0 for n < 2k — 1.

The generating function D(g,u) =Y, >, d(n, k)q*“; has the closed form

D(g,u) = (exp(—u)/(1 — u))".
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Belbachir and Bousbaa [2], as well as Broder [4] have conducted in-depth studies of these
numbers.

Definition 1. An r-cycle is a cycle in a permutation of length r. A circular permutation
over [n] is a permutation consisting of an n-cycle. An r-cycle permutation is a permutation
in which each cycle has length 7.

An r~-cycle (respectively, r-cycle) permutation is a permutation where each cycle length
is at most r (respectively, greater than 7). An involution is a 2~ -cycle permutation. Fol-
lowing Broder’s definitions [4], we define the number of r~-cycle (respectively, r*-cycle)
permutations as the r~-associated (respectively, rT-associated) Stirling number of the first
kind.

An (r—, k)-cycle (respectively, (r,k)-cycle) permutation is an r~-cycle (respectively,
rt-cycle) permutation consisting of k cycles. If each cycle has length r, we refer to it
as an ((r), k)-cycle permutation. Furthermore, if the first s integers lie in distinct cycles,
we define an (r—, k, s)-cycle (respectively, (r*,k, s)-cycle) permutation as an (r—, k)-cycle
(respectively, (r*,k)-cycle) permutation. The r~-associated s-Stirling number of the first
kind (respectively, rt-associated s-Stirling number of the first kind) counts the number of
such permutations. If the length of each cycle is equal to r, we call it an ((r), k, s)-cycle
permutation.

An (r~, %, s)-cycle permutation (respectively, (1T, x, s)-cycle permutation) is an r~-cycle
(respectively, r-cycle) permutation where the first s integers are in distinct cycles.

We can generalize this by considering an (ry) - - - (r¢)-cycle permutation consisting of cycles
of lengths 1 < ry < --- <1y, and ry - - - rg-cycle permutations, where the first s integers are
in distinct cycles of lengths r; > 1 fori=1,...,s.

An ((r1) -+ (re), k)-cycle permutation is an (r1) - - - (r¢)-cycle permutation with k cycles,
and an ((r1)---(re), k, s)-cycle permutation has the first s integers in distinct cycles. An
r1--1s(rsi1) -+ - (10)-cycle permutation is a permutation where the first s integers belong to
different cycles, each of length r; > 1 for i = 1,...,s, and the remaining cycles have lengths
1 <repr <--- <71

An rj---rj-cycle permutation is a permutation that does not contain any cycles of length
r; for 1 < </,

Definition 2. An integer i is a fized point of a permutation o if o(i) = 1.

A derangement is a permutation without fixed points. We can also define a derangement
as a 1*-cycle permutation.

Definition 3 (Rakotondrajao [12]). An s-fized-points-permutation is a permutation whose
set of fixed points is a subset of the set [s], and the first s integers lie in different cycles.

For example, the permutation (1 4)(2)(3)(5 7)(6) is a (0,5, 3)-cycle permutation and
not a 3-fixed-points-permutation.

Definition 4. An integer i is an ezcedance for a permutation o if o (i) > i.
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The number of permutations of n objects with exactly m excedances is the classical
Eulerian number A, ,,. They satisfy the following relation:

An,m - (TL - m)Anfl,mfl + (m + 1)An71,m> (3)
with Ago =1 and Ap; = 0. The egf of the Eulerian polynomial

A(x) =) 2@ =" A, 2™ (4)

oESy m

has the closed form

rx—1

Awu) =3 An(x)%? - (5)

r—exp ((z—1)u)

Many works on Eulerian numbers can be easily found in the literature, including those
by Foata and Schiitzenberger [8], Mantaci and Rakotondrajao [11], Riordan [13], Stanley
[14]. The function P(z,u) defined by

In(A —1
Py — A +ux 1) o

T

is the primitive of A(z,u) and is computed combinatorially in Sec. 3.

Note that a permutation is a 0T-cycle permutation, and a derangement a 1*-cycle per-
mutation. The length of an r-cycle permutation is a multiple of r and the length of an
((r), k)-cycle permutation is equal to kr. We are interested in the study of associated Stir-
ling Eulerian numbers. More precisely, we consider the parameter of the number of cycles
with the constraint on the length of cycles in the study of excedance distribution over permu-
tations. We also study the same distribution by adding the placement of the first s integers.
Recurrence relations, formulas, exponential generating functions, and their g-analogues are
provided. We extend Brenti’s results [3, Sec. 7] on his study of a g-analogue of the Eulerian
polynomials, as well as general identities. A general identity extends the result on derange-
ment numbers established by Ksavrelof and Zeng [9], along with new identities. We provide
generalizations of our results by specifying the lengths of cycles. Note that the associated
Stirling numbers of the first kind d(n, k) in Equation (1) enumerate the (17, k)-cycle permu-
tations, while D(q, z) in Equation (2) is a g-analogue of the exponential generating function
(egf) of the derangement numbers. We denote by e(o) the number of excedances of the
permutation ¢ and by ¢(o) the number of cycles of o. The parameter ¢ associated with the
number of cycles defines the ¢g-analogue in our study. We use the expression Stirling number
to refer to the Stirling number of the first kind and introduce the notation in each section
throughout this paper.



2 Circular permutations

Cn the set of circular permutations over [n]
Chom {o €C, :e(o) =m}| Th. 5 Eq. (7)
Co(x) 22, Comx™ = e, () Th. 5 Eq. (8)
u" u"
Clz,u) 2 Xoee, #7—7 = 22, Cul@)— Th. 6 Eq. (9)
C, - the set of r~-cycle circular permutations

Th. 7 Eq. (10)
Cor. 12 Eq. (15)

- , (o U , u”
cr (l’, u) Zn:O Eoecn z ( )ﬁ = Zn:O CTL(:U)m

Cr+ the set of rT-cycle circular permutations
u” u"
C")(x,u) > ec, xe(”)ﬁ = Cr(a:)ﬁ Th. 8 Eq. (11)
rt e(o u” u”
C" (z,u) Y o1 Dogee, @ ( )H = i1 Cn(ﬂf)y Th. 9 Eq. (12)
Cor. 33 Eq. (33)
Table 1: Notation.
Theorem 5. For all integers n > 2 and 1 < m < n, we have
Cn,m = Anfl’mfl with CI,O =1 (7)
and
Cu(z) = A1 (2). (8)

Proof. Let n > 2 and m > 1. Let m € C, be a permutation such that e(r) = m. It is
common to put the smallest letter at the beginning of the cycle. The integer 1 is always an
excedance for a circular permutation. The remaining permutation after this integer, which
is an ordinary permutation over the set {2,...,n}, has m — 1 excedances. Multiplying by
™ and summing over m in Equation (7), we get

Cu(z) = xA,_1(2).
[

Theorem 6. The exponential generating function of the excedance distribution over circular
permutations has the closed form

C(x,u) = Z Z xe(”):i—T =InA(z,u). (9)

n>0 7eCp



Proof. Since C,(z) = xA,_1(x), we get

S Gt = S rAu )

n>2 ’ n>2

= z(P(x,u)) — zu.

Then, we obtain

ut > cn(x)% _ oyt oA u))x+ ue-1)
n>2 :

Therefore, we have

C(z,u) = In(A(z,u)).
[

Theorem 7. For a fixed integer r > 1, the exponential generating function of the excedance
distribution over circular r~-cycle permutations has the closed form

un+1

C" (z,u) = ch(x)% —u+ :L‘ZAn(x)m. (10)

Proof. From Equation (8), we have

r
RS ST
n=2

+1

ZC’ —u-l—xZA )'

]

Theorem 8. For a fixed integer r > 2, the exponential generating function of the excedance
distribution over circular r-cycle permutations has the closed form
UT

C(x,u) = xA,_y(2)—

rl’

(11)

Theorem 9. For a fixed integer r > 2, the exponential generating function of the excedance
distribution over circular r*-cycle permutations has the closed form

C" (z,u) = Z C’n(x)Z—T =1In (A(x,u) exp(—u — xZAAx)%)) (12)

n>r+1



Proof. We have

C" (2, u) = C(z,u) — C" (z,u),

r-l uit!

:1n<A(xu exp( u—xZA Z+1

3 r -cycle permutations

T ]
B nyl--ng!
S;; the set of r~-cycle permutations
A {o €S :e(o) =m}

r~-associated Stirling Eulerian number

AL (x) 2 A" = ZUEST 2

_ u'"
AT @) T, ey 0 =5, AT (@)Y
P(x,u) the primitive of A(x u) with respect to u
S;;i’k the set of (r~, k)-cycle permutations

b {o €S e(a) = m}]

Asz(x) Z Agmk "= ocsh ~ .k ¢
Ap (@u) D000 ek ”)——Z ni(@)

A" (q,z,u) Z Zo_esr * xe(a)qc(g)— g-analogue of A" (x,u)

S; 0 the set of (r~, %, s)-cycle permutations

(AL mls {0 €8 **: e(o) = m}|
A (@) AL = o 7

RUNCADIFEED DR DTS ”)— = 2 lA4n (@)

(A m ] {oe Sy ™ :e(o) = m}l

n,m,kls

(AL (@) AL malsr™ =2 e 7
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Th. 10 Eq. (13)

Th. 11 Eq. (14)
Cor. 13 Eq. (16)

Th. 14 Eq. (17)

Th. 15 Eq. (18)

Cor. 16 Eq. (19)

Th. 17 Eq. (20)



n n

_ u - u
A @l D0 T g e o r = Tl

[AF (q,z, u)]

s

Th. 18 Eq. (21

u” -
>on 20632—7*,3 :L‘e(a)qc(a)m g-analogue of [A" (x,u)]s Th. 19 Eq. (22

Table 2: Notation.

Theorem 10. For a fized integer v > 2, for all integers n and m such that 0 < m < n, we

have

A:L;lvm:Z( >ZCJ+IZ n—j,m— 1+AT

>0

Proof. Consider the integer n + 1 in an 7~ -cycle permutation of S} _ ;.

(13)

1. If n 4+ 1 is a fixed point, the remaining elements form a permutation of [n] with m
excedances, where the lengths of the cycles are at most r. Therefore, there are Aj,

possibilities.

2. Otherwise, we have (?) Cj+1; ways to form a cycle of length j + 1 with ¢ excedances
that contains the integer n + 1, for 1 < j < n. The remaining elements of [n] form a
permutation with m — ¢ excedances, whose cycle lengths are at most r. Thus, we get

S (1) Yo CiriAl - possibilities.

]

Theorem 11. For a fixed integer r > 2, the exponential generating function of the r—-

associated Stirling Fulerian numbers has the closed form

uJ 1
47’ + 4
Proof. Since

A2+1m22(n ZCJ+IZ n—jm— AL

J >0

we have

(14)



We get

n>0 j=1 '] n!
1
(V- u"™’ -
_ch-i-l(x) 1 J(x)(n—j)' + A (ZE,U),
7j=1
r— Uj -
= Cin(@) A (z,u) + A7 (z,u)
i=1 J
Hence,
r! Wl
In(A" (x,u)) = ;Cj+1(x) ] +u
Finally, we have
B r—1 Uj+1 r—1 uj+1
A" (z,u) = exp (u + ;C’Hl(x)m) = exp <u + x;Aj (x)m)
O
Corollary 12. For all integers r > 2, we have
C" (x,u) =In A" (z,u). (15)

Corollary 13. The primitive of the exponential generating function of the Eulerian numbers

has the closed form
Plx,u) = In(A(e, u))w—i— u(w = 1). (16)

Proof. A permutation without restrictions on the cycle length can be considered an ordinary
permutation. From Equation (14), we deduce

exp(u + Z An<x>(7f+—1)!> — A(w,u),
u—{—xZAn(a:)m =InA(x,u),

u+ z(P(x,u) —u) =In Az, u).

Thus, we have
Pl u) = In A(z,u) + u(z — 1)‘

T




Theorem 14. For fixed integers v > 2 and k, the exponential generating function of the
excedance distribution over (r—, k)-cycle permutations has the closed form

(In A" (2, u)F ( — (n+1)!
k! B k!

Proof. A permutation of 8" ** is a product of k disjoint circular permutations of length
smaller or equal than r, hence

) 1 . .
Anmk ]{j' Z Z (’ll,...,lk)! Cil,jl'”Cik,jk‘

11,0l ST J1t g =m

Al (x,u) = (17)

i1t tig=n
We get
— 1 . .
A (@) = > iy in)! Gy (@) G (),
Q] yeeey e <T°
i1+~~~+l’§k:n
and
- 1 < u” C" (z,u))*
AL () = (30 Cafay e = (BT
" on=1 :
r- k
— (In A k('a:,U)) , from Equation (15),

r—1 n+1

1 U k .
K (“ T xZIAn(x)m) , from Equation (14).

]

Theorem 15. For a fixed integer r > 2, a g-analogue exponential generating function of the
r~-associated Stirling Eulerian numbers has the closed form

A" (q,r,u) = exp ( (u+xZA ;33:11 )) (18)

Proof. From equation (17), we get

k>0 k>0
r—1
=exp | qlu-+ xZAj (x) )
<< p= O+1V>



Corollary 16. For all integer r > 2, we have

A" (q,z,u) = (AF (m,u))q. (19)

Theorem 17. For a fixed integer r > 2, the partial differential exponential generating func-
tion of the r~-associated s-Stirling Eulerian numbers has the closed form

% <1+xZA ) A" (z,u). (20)

Proof. Considering the first s — 1 integers and their cycles, we have

[A:HS mls = Z (i1, ds-1)! Z Ciiv1g - Ci_iv10 A:L;I*ZZ;I iade’

11+ tis—1=n Jittjs=m
0<ig,eyig—1<r—1
We get
[A;;s( )] = (ila s 72.8—1)! Cil-l—l(m) e Cisfl‘i‘l( )A:H-l i (ZL‘),
Zz 1w
i1+ is_1=n
0<21,..yi5—1<r—1
and

@W— (Z% ’)S A" (z,u)

ou
:<1+Zci+1($)1;_:> <1+IZA >T( W,
_ (1 +x§Ai(m)?—:)sAr ().

i=1
[l

Theorem 18. For fixed integers v, k and s, the partial differential exponential generating
function of the excedance distribution over (r~, k, s)—cycle permutations has the closed form

DAL (x ui ’ In A" (z,u) b
[T <1+xZA ) ( (k_s)!) : (21)

Proof. Considering the first s integers and their cycles, we have

r . . . r—
[AnJrs m, k] - E (217 s 7Z8)! E : Cz'1+1,m1 e Cis+1,ms An—Zle ip,me,k—s”

i1+ tis=n my+-+ms+me=m
0<iy,...;is<r—1
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We get

A @l = D (i,

i1+ tis=n
0<iy,..,is<r—1

(G

and

o° [AT

is)! Ciy g1 () -+

(In A" (z,

(1+ Z Cip(z
W)

<1+xZA “)

Theorem 19. For fized integers r and s, a partial differential q-analogue exponential gener-
ating function of the excedance distribution over (r—,

form

A (g, x, u)]

r—1 i\’
e ) s _ qs (1 +£L’;Al<x>%> <AT_($,U))q.

Proof. We immediately have the result by multiplying by ¢* the right member of Equa-

tion (21) and summing over k.

4 r-cycle permutations

(k—s)!

Cis+1 (I)A:L:Z?:l i, k—s (CC),

S A" (2, u))ke

(k—s)!

n!
( )—' g-analogue of A" (x,u)
n:

S\ the set of r-cycle permutations
AL {o €S8 i e(o) =m}|
AD@) X, A =3 g a4
A (2, u) Y. A e )— the egf
S{* the set of ((r ), k) cycle permutations
Avwe o e8I e(o) =m}|
Ae) A = z s )
AP (@) T, T g a —, = z Ak ()
A (g zu) SN rest (ot T
S{s the set of ((r),*, s)-cycle permutations

11

Th. 20 Eq. (23)

Th. 21 Eq. (24)

Th. 22 Eq. (25)

Th. 23 Eq. (26)

Y

*, 8)-cycle permutations has the closed

(22)



[121%%3 {o e ‘(sz%”’*’s e(0) = m}]
l:AnT (ZL’ ]5 Zm[An',;m:ISmm — ZUES'ELT‘),*,S JZE(U)

AO (@, w)], 32, [AY (x)]s—u, its egf Th. 27 Eq. (27)
n:

r elo un

LRI R S T Th. 25 Ba. (25)

(A (g, 2, u)]s D0, 30 gt x‘f(“)qC(”)%q-analogue of [A®)(z,u)], Th. 29 Eq. (29)

Table 3: Notation.

Theorem 20. For a fized integer r > 2, for all integers n > m > 0, we have the following

formula
") n "
Apfam = (r - 1) Z Cr,kAfzz(r—l),m—k’ (23)

k>1

Proof. First, consider the integer n + 1 and construct the cycle that contains it in a permu-
tation of ), ;. To do this, we choose r — 1 integers from [n] and form a circular permutation
with n 4+ 1 that has k excedances, where 1 < k < m — 1. There are (”;1) C, i, possibilities
for this step. Next, to obtain a permutation of [n + 1] with m excedances, where each cycle
length is equal to 7, we consider the remaining n — (r — 1) integers and form a permutation
of [n — (r — 1)] with m — k excedances, ensuring that each cycle length is also equal to 7.
This construction gives us the desired result. O

Theorem 21. For a fized integer r > 2, the exponential generating function of the numbers
A${2n has the closed form

r

; u
AW (z, 1) = exp(xAr,l(x)F) (24)
Proof. From Equation (23), we get
A" _ n C () A"
n—&-l(m) - r— 1 T’(x) n—r—&-l(x)‘

Let us consider the following variable change r — 1 = r/, we have

T n T
AL = (1) G @Al (o)

We deduce
0 n u™ u” unr
A _ (r) e oA
(9uA (x,u) = ; ( /) Cri(2)A, () = nzg Criq() 1 o () IR
u’ o,
= r’+1<x)ﬁA( )(ZE,U)

12



Thus,

T / r’

% - Cr'+1($)%-

Integrating with respect to u, we have
o ur
AD (2 4) = exp <C7”/+1(x)m> = exp (:EAT/ (@m)
Thus, r
u
A(T) (l’, u) = exp (xAT_l(:E)ﬁ)
m

Theorem 22. For fixed integers v > 2 and k, the exponential generating function of the
excedance distribution over ((r), k)—cycle permutations has the closed form

ur\ F n A" (z,u r
A,(;)(x,u)zi(l‘z‘qu(x)—) — (1 A k(‘ ’ )) .

k! rl (25)

Proof. A permutation of SR s a product of k disjoints circular permutation of lenght 7,

hence
Aﬁ%,kZ%(g“'(H_(i_l)T) S Crm X X Crmy.
We get o
AV (z) = %<Z;k(0r(:v)>’“
We deduce ) (G 1 .
A = e = (A0

]

Theorem 23. For a fized integer r > 2, a g-analogue exponential generating function of the
number Affznk has the closed form

A (g, u) = exp (g A,y (2) ). (26)
r!
Proof. We immediately have the result by multiplying by ¢* the Equation (25) and summing
over k. O
Corollary 24. For fixed integers r > 2 and n, we have

(rk)!
Z 28 = L (rhk k!

resnk 0 otherwise.

ohgF A1 (2)k, difn=kr

13



Corollary 25. For fixed integers r > 2 and n, we have

n!
87 = 4 7 (nfr)L

0 otherwise.

if r|n;

Corollary 26. For a fixed integer r > 2, we have

un
D ISH— = exp (u /1),

n>0

Theorem 27. For fized integers r > 2 and s, we have

PIAD (z,u)), wt ,
— 5 ¢ <Ar—1($)m> A (2, u). (27)

Proof. Since

(r) ([ n n—(s—1)(r—1) (r)
[An+s,m]s - (7“ o 1) T ( r—1 Z Or,m1 T Cr,msAn—s(r—l),mt’

mi—+-+mst+mr=m

(A (@) = (r " 1) - (” e 1>> (Co(@) AL (@),

Theorem 28. For fized integers v > 2, k and s, the partial differential exponential gener-
ating function of the excedance distribution over ((r), k, s)-cycle permutations has the closed

form
AV (z,0)]s i W P L C)
T ow (A”(x)w—n!) o

Proof. Let us consider the first s integers and their cycles

-1
e - n\ (n (s
[ n+s,m,k] <T -1 r—1 X
(r)
Z CT,ml o Cr,ms Anfs(rfl),mt,kfs'

mi+-+ms+mi=m

(28)

14



(A0 (@, W), e w (A u)t
ke = (Cr(:r)m> AL (w0) = (f”AT—l(x) (r—1)! ) (k—s)t

O

Theorem 29. For fixed integers r > 2 and s, a partial differential q-analogue exponential
generating function of the excedance distribution over ((r),x,s)-cycle permutations has the
closed form

STA® (g, 2, u)], wl s q
PG 2l _ e <Arl<x>—(r_1)!> (A9 ,))" (29)

Proof. From Equation (28), we get

O*[AM (g, 2, u)] u ! S(lnA(r)(aL‘,u))k—S s s
dus Zm( . ks D
k>0

= ¢’z (AT1($)W> exp (qIn A™) (z, u)).

Hence, the result follows. m

5 r*-cycle permutations

8;+ the set of rT-cycle permutations
An {o € S :e(o) =m}| Th. 30 Eq. (30)
r-associated Stirling Eulerian number Th. 31 Eq. (31)

A () Do A @™ = Vet 7

Ar(z,u) 3, An(2)% the egf Th. 32 Eq. (32)
S::L’k the set of (rT, k)-cycle permutations
Ans Ho €8 e(o) =m}|

A;,k( ) Z Anmk'r Z GST+kx (<)

Ap(w,u) Yo, A )nn Th. 34 Eq. (34)

A™(q,z,uw) Yo >, Al ( )q _l g-analogue of A" (x,u) Th. 35 Eq. (35)
n.

+ .
S8 the set of (rT, %, s)-cycle permutations

15



Anle o€ 85 e(0) = m)]
Al DA = 2

n

r e(o)
(A w)]s 2o 2 gt €7 Th. 36 Eq. (36)
(A, w)ls 220D cgrt b :ce(")% Th. 37 Eq. (37)
(A (q, z,u)]s S0 [AL (2, u)]sq" g-analogue of [A" (x, u)], Th. 38 Eq. (38)

Table 4: Notation.

Theorem 30. For a fized integer r, for all integers n and m such that 0 < m < n and
n > r+ 1, the r-associated Stirling Eulerian numbers satisfy the following formula

T r r n—1 r
An,m - mAn—l,m + (TL - m)An—l,m—l + ( r ) Z C’I‘+1,SA7‘L—7’—Lm—S' (30)

Proof. Let n > r. Consider the integer n in an r*-cycle permutation of Sf.

1. If n belongs to a cycle of length r + 1 with s excedances (1 < s < m), there are

(”;1) ways to choose the remaining r elements and C)4; s ways to form the specified
cycle. We then create a permutation with m — s excedances, where the cycle lengths
are greater than r using the remaining n — r — 1 elements, which gives A}, |

possibilities. Thus, the total number of possibilities is (”;1) Do Crp1sAn s

. . . . +
2. Otherwise, we consider 7 as an r*-cycle permutation in S ,:
) n—1

T

T —1.m DOSSI-

(a) If 7 has m excedances, we insert n after an excedance. There are mA
bilities.

(b) If 7 has m — 1 excedances, we insert n after an anti-excedance. There are
(n—m)A} _,,,_; possibilities.

]

Theorem 31. For a fized integer r, for all integers n and m such that 0 < m < n and

n>r+1, we have
n

A;-{-l,m - Z <7;) Z Cj+17iA:L—j,m—i‘ (31)
j=r i=1

Proof. Let r be a fixed integer with n > r. Consider the integer n + 1, which belongs to a

cycle of length j +1 (r < j) with i (1 <7 < m) excedances. There are (’;) ways to choose

these j elements and Cj;1; ways to form that cycle. We then form a permutation with m —1

excedances, where the cycle lengths are greater than r, using the remaining n — j elements,

resulting in A7, possibilities. Hence, we obtain the result. O
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Theorem 32. For a fized integer r > 1, the exponential generating function of the r-
associated Stirling Fulerian numbers has the closed form

r—1 ;
) Wit
A" (x,u) = A(x,u) exp (—u —x Zl A; (x)m> : (32)
J:
Proof. From Equation (31), we get
n n n r—1
A = 3 (1) o)1) = 3 Craaa) ) = 3 Conli) A5 0),
j=r J Jj=0 3=0
n r—1
= Cin(@)Ap(x) = Au(z) = Y Crpa(@)Ap (2),
— =
We deduce
r / (A(H?, ))/u T r = !
(A (I,U))u = A(I,U) A (.T,U) —A (Q?,U,) - — C]Jrl(x)ﬁA (ZII,U)
‘]:
Thus,
(A ), _ (A, | SR, W
Ar(zou) Az, u) ! jZIC]H(x) g
Integrating by u, we have
r-1 !
InA"(x,u) =InA(z,u) —u — jzl Cjs(x) R

Hence

! Wt
A'(z,u) = Az, u exp( Z Cj(x >
j=1

AT
r—1
u]+1
= A(z,u) exp( xZAJ )
J=1 G+ 1)

]

Corollary 33. For a fixed integer r, the exponential generating function of the excedance
distribution over circular r*-cycle permutations has the closed form

C™ (z,u) = In(A(z, u)). (33)
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Proof. 1t follows directly from Equation (12). O

Theorem 34. For fized integers r and k, the exponential generating function of the excedance
distribution over (r*, k)-cycle permutations has the closed form

(ln(A’”(x, u)))k
k! ‘

Proof. A permutation of S{f’k is a product of k disjoint circular r*-cycle permutations.

Al (z,u) = (34)

Hence,
1 . .
A:L,m,k = ! Z Z (P15 s i) Ciymy -+ Gy,
T dleig > mitetmp=m
11+ Fip=n
The result follows directly. m

Theorem 35. For a fized integer r, a g-analogue exponential generating function of the
r-associated Stirling Fulerian numbers has the closed form
a

A(q,z,u) = (Ar(x,u)> . (35)

Proof. From Equation (34), we get

S gyt = 3 AN e o 47w,
k k ’

= (Ar(x,u)>q.
]

Theorem 36. For a fixed integer r > 1, the partial differential exponential generating func-
tion of the excedance distribution over (r*,,s)-cycle permutations has the closed form

FA@ws _ . (A(a:, w) — SAH(:E)“—”> A (2, ). (36)

ous
n=0

Proof. Let us consider the first s integers and their cycles

Aol = D > (i) Gy Civerna Al s e
‘il ..... 74'5'27" mi+--+mi=m
11+ Fils=n
We get
A @)= Y (e i) e A () - A () A gy, (2).
P
We deduce )
A (w,u) — unNs
G =% (A(:I;,u) — An(x)m> A" (x,u).

18



Theorem 37. For fized integers r > 1, k and s, the partial differential exponential gener-
ating function of the excedance distribution over (r*,k,s)-cycle permutations has the closed

form
k—s

O°[Af(z, u)ls _ . <A(x,u) B iAn(x)u”) (In A™(z, u)) ' (37)

ou? n! (k—s)!

Proof. A permutation of S,’;i’f’s is a product of k disjoint circular r*-cycle permutations.
Considering the first s integers and their cycles, we have

r o Z ) ) )
[ n+s,m,k]s B Z (Zl’ T 728)! Ci1+1,m1 e Cis+1,msAn—Zz:1 tg,myek—s*
11,005 2T M1+ +me=m
i1 is=n
The result follows directly. -

Theorem 38. For fixed integers v > 1 and s, a partial differential q-analogue exponential
generating function of the excedance distribution over (r*,x,s)-cycle permutations has the
closed form

aS[A’"(aql;sx?U)]s = ¢°r° <A(:p,u) - X_:An(x)z_:b) (AT(I,U)>q, (38)

n=>0
Proof. The result follows directly from Equation (37). O

The following section contains the corollaries of the previous sections, obtained by setting
different values for r» and s in the ¢g-analogues. Extensive results are provided for Brenti’s
work [3] and for the results of Ksavrelof and Zeng [9]. Various identities are formulated.

6 Excedance distribution by cycle over involutions, per-
mutations and derangements

Sng’k the set of (07, k)-cycle permutations
Apomk {o € SOk - e(0) = m}|
An,k(x) Zm An,m,kxn;: 20’652+’k xe(a)
u
Ap(z,u) >, Amk(x)—' Cor. 43 Eq. (40)
n:
un
Alq,z,u) >, Eaesn me(g)qc(g)w g-analogue of A(x,u) Cor. 44 Eq. (41)

e
[A(:E, U)]s Zn 20682+’*’s xe(a)m Cor. 45 Eq. (42)
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[Ar(z,u)ls 32,20 g0t s T 6(")— Cor. 46 Eq. (43)
[A(q, z,u)]s Zk[Ak(:L’ u)]sq q- analogue of [A(z,u)]s Cor. 47 Eq. (44)

Table 5: Notation.

Corollary 39. A g-analogue exponential generating function of the excedance distribution
over 2~ -cycle permutations (involutions) has the closed form

A% (q,z,u) = exp(q(u + 2u?/2)). (39)

Corollary 40. For a fized integer n, we have

e(m) e(m) - (2’[1,)' n+k_n—k
2 ) ;2“(2/{:)! -kt

w€lon
= 2n 4 1)!
e(m) e(m) ( n+k+1,.n—k
2w =2 o k2k+ 1 (n—kp LT
T€Lan+1 7=0

Corollary 41. A g-analogue exponential generating function of the excedance distribution
over 2-cycle permutations (involution derangements) has the closed form

AP (g, x,u) = exp(qru®/2).

Corollary 42. For a fized integer n, we have

—~ (2n)!
Z xe(ﬂ')qc(ﬂ) _ ( ’I’L) qnmn'
2nn!
TELanNDay, 7=0

Corollary 43. For a fixed integer k, the exponential generating function of the excedance
distribution over (07, k)-cycle permutations has the closed form

(In(A(z, u)))"

=5 ¥ xe@“ = (40)

+
n>0 GSO K

Proof. The proof follows from Theorem 34. ]

Corollary 44 (Brenti). A g-analogue exponential generating function of the excedance dis-
tribution by cycle over permutations has the closed form

A(q,z,u) = (A(a:,u))q. (41)
(See [3, Proposition 7.3))
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Proof. The proof follows from Theorem 35. [

Corollary 45. For a fized integer s, the partial differential exponential generating function
of the excedance distribution over (07, %, s)-cycle permutations has the closed form

PlA(z,u)]s s
o (A(a:,u) exp(u(r — 1))) Az, u). (42)
Proof. The proof follows from Theorem 36. ]

Corollary 46. For fixed integers k and s, the partial differential exponential generating
function of the excedance distribution over (0%, k, s)-cycle permutations has the closed form

Az, ws [Agfs’ wls = (A(:c, u) exp(u(x — 1)))8 (lné(i’ :))R . (43)
Proof. 1t comes from Theorem 37. m

Corollary 47. A partial differential g-analogue exponential generating function of the ex-
cedance distribution over (07, %, s)-cycle permutations has the closed form

W = ¢ (A, w) exp(u(z — 1) (Ar,)) (44)

Proof. We immediately have the result by multiplying the equation (43) by ¢* and summing
over k. 0

Corollary 48.
> (=) ) = (<) @ - 1)
gesotre

Proof. From Corollary 47, we have that

OlAlgz wls ’ “
e = g (Al w explu(e = 1)) (Aleu))
setting ¢ = —s, gives
OA(—s,z,u) s s =8
o~ (=) (Al wyexplu(z — 1) ) (Al u))
Hence,
0°[A s
oAl u)ls = (—s) exp(su(z — 1)). (45)
ou®
Identifying the coefficients of u_' in Equation (45) gives the desired proof. O
n!
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Corollary 49.

>0 a0 (s = 1)) = (<1) (s + 1) (" — (s 1)) (= 1)
UGSO+’*’S
n-+s

Proof. From Corollary 47, we have

PALE A _ o rsptto - 1) ().

Setting ¢ = —s — 1, we have

P[A(=s — 1, z,u)]s

= (=s = 1)"[A(z, u) exp(u(z — 1))]*(A(z,u)) ",

ou?
= (_S - 1)seXp<jiz£‘Tu; 1>)7
_(es— 1)sexp(su(x — 1))ix_—1exp(u(:p — 1)))7
= % (x exp(su(x — 1)) —exp((s + 1u(x — 1)))
Hence,
o [A(_Sa;j’ nuls _ (z;_—;))s (rexplsu(x — 1)) — exp((s + Du(z — 1)), (46)
Identifying the coefficients of Z—T in Equation (46) gives the desired proof. m

Remark 50. If we set s = 1 in Corollary 48 and Corollary 49, we get Brenti’s results [3,
Corollary 7.4].

Z xe(ﬁ)(_l)c(ﬂ) _ —(iL' o 1)n—1’

ﬂ'ESn

D 2t (=2)"m = 202" — z)(x — 1)"2.

7'('6371

Corollary 51. A partial differential q-analogue exponential generating function of the ex-
cedance distribution over (17, %, s)-cycle permutations (derangements) has the closed form

aS[A1<q,l'7U>]S __ .8,..8 s a
D =q’x <A(:U,u) - 1> <A(x,u) exp(—u)> : (47)
Proof. We immediately have the result by setting » = 1 in equation (38). O]
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Corollary 52. For fixed integers n and s, we have

S

e(o c(o s sz # : : ij
S 2O (=) ) = (~1) <g;—1> ST (i) [ -1 @)
0€$1+’*’S 112150521 7j=1
nts i1+ tis=n

Proof. From Corollary 51 Equation (47), setting ¢ = —s, we have

P[AY(—s, 2, u)]s
ous

(=) (A(z, u) — 1)*(Al(z, 1)),

= (s () (o)
(1 —=1/A(x,u))® exp(su),

_z—exp((z —1u)

I

|

V2
~—
w

S

P2 expsu).

—SxT S
= (=25) (— exp(w) + exp(aw))”,
r—1
—SxT S n un S
= (=) (B
n>1
Hence,
OP[AY (=5, 2, u)], o/ ST \s , , i u"
o = (1) (x—1) | Z (i1, .. is)! H(w —1)- (49)
i1>1,...,0s>1 7j=1
i1+ tis=n
Identifying the coefficients of u_' in Equation (49) gives the desired result. O
n!

Remark 53. If we set s = 1 in Equation (48), we get Ksavrelof and Zeng’s result [9]

Z IL‘e(U)(_DC(U) =—r—z*— .. — 2" <50)

€Dy,
Corollary 54. For fixed integers n and s, we have

3 xe<0>(—s—1)0<<’>:(—1)S(fx+_1>1;fsz<z__ﬁ 3 (@'1,...,15)!1_[(:1;%—1)).

1+ %, (=0 i12>1,...,is>1 j=1
UeSn+s i1+tis=n—L
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Proof. From Corollary 51 Equation (47), setting ¢ = —s — 1, we have
DAY (—s — 1,2, u)]s

ou®
A _ s
=(-s— 1)8x5< g(’g)u) 1) exp((s + 1)u)A(z,u) ™!,
= (—s—1)*25(1 — 1/A(x,u))® exp(su) A(z,u) " exp(u),
= (=5 - 1)8x8<1 - exi(fxl_ 1)u)>sexp(su)$ — exi(ixl_ D) e,
- (?ffl)lsffs (— exp(u) + exp(zu))* (= exp(u) — exp(zu))
(= (s+1)x)° Uty s (x — ™) un
CEE <;(_1+x )H> <nz>0 r—1 H)'
Hence,
O*[AY (=5 — 1,2,u s+1 )
[A( - )] =(-1) ((1;_))8( Z (i1, . H ]_]_n'
zz 11 i 1,_1_,Z z: >71 j=1
(1 +z>:1 ma:_—xl n'
s+ 1 " (z—=x
(1 g(;(x_l) 61)
( . Z (i1, 5s)! | (z'7 — 1)))% (52)
e =
Identifying the coefficients of %:L in Equation (52) gives the desired result. ]

Corollary 55. For all integer n > 1, we have

> e (=2 = i i v et Y (53)
(z —1)?
oc€D,
Proof. From Corollary 51 Equation (47), setting s = 1 and ¢ = —2, we get
3A1(—2,x,u) B

2w(A(w,u) = 1)(AY(w,u) ™,
— —20(A(w,u) — 1) (A(w, u) exp(—u)) 2,
= -2z (1 JA(z,u) — 1/A(x,u) )eXP(QU))

—exp((z — Du)  (z —exp((z — Du))?
_9oy ( o — CESE ) exp(2u).

ou
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That is,

DA (-2 -2
( 8u’ z,u) = @ _:117)2 (—x exp(2u) — exp (2zu) + (z + 1) exp((x + 1)u)> (54)
Identifying the coefficients of u_' in Equation (54) gives the desired proof. O
n!

—2z(=2" "y — 27l 4 (2 4+ 1))

Remark 56. Note that 1)

€ Z[z]. Below we find a few

values of Equation (53).
L 3 ep, 77 (=2)7)
2. Y e, ¥(—2)47) = —2z(z + 1).
3. X e, 2 O(—2)) = —2u(z — 1)2
)

4.3 ep, 29 (=2)4) = —2z(x + 1) (2* — 10z + 1).

7 s-fixed-points-permutations

Fi the set of s-fixed-points-permutations
fﬁ’s the set of s-fixed- pomts permutations with k& cycles
[Fz,uw)ls 22, 2 0er: xe(”)m Th. 57 Eq. (55)
(i@, u)ls D2, D e mhs @€ ")— Th. 58 Eq. (56)
[Fq,z,u)ls > . [Fu(z, u)]sq" q—analogue of [F(z,u)]s Th. 59 Eq. (57)

Table 6: Notation.

Theorem 57. A partial differential exponential generating function of the excedance distri-
bution over s-fixed-points-permutations has the closed form

S F s
% - (A(Iau) exp(u(z — 1))) A(x,u) exp (—u). (55)
Proof. Since
[Fn+8,m]8 = Z (ila ce 77;5)! Z Ci1+1,m1 e Cis+17msA71LfZ;:1 i
i1is >0 e
i1+ tis=n
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we get

[Fn+5($)]s = Z (ila s 7i5)! Ci1+1(x) Y Ci5+1 (IE)A;*Z;:l i (I)
i1yemris >0
i1+ Fis=n

We deduce

% (%C’(az,u)>s’41(%“)>

(A(x, u) exp (u(x — 1))) SA(yc, u) exp(—u).

]

Theorem 58. Let k > s be fized integers. The partial differential exponential generating
function of the excedance distribution over s-fized-points-permutations having k cycles has
the closed form

k—s
O Fy(z,u)]s s (In (A(z, u) exp (—u)))
—— T P (A —1 .
LR (A w) expulz — 1)) s (56)
Proof. Let us consider the first s integers, we have
[Fn+s,m,k]s = Z (le7 S 7is>! Z C'1'1-1-1,m1 T Cis-i-l,msA}z—ZlS:l iy me,k—s”
Ai1 ..... i&iZO mi+-+mgs+mi=m
1t tis=n
We get
[Frtsm(2)]s = Z (41,1 ds)! G (@) - Cin (I)A}%Zf:lil,k—s(x)'
Hence,
[ Fy(x,u)s IC (z,u)\*
= A
ous ou s (5 0),
s (In (A(z, u) exp (—u)))k_s
= <A(x,u) exp(u(x — 1))) =]
O

Theorem 59. A partial differential g-analogue exponential generating function of the ex-
cedance distribution over s-fived-points-permutations has the closed form

W =q (A(x, u) exp(u(z — 1)))S<A(l’, “))qexp(—qu)' (57)
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Proof. We immediately have the result by multiplying by ¢* and summing over k the right
member of Equation (56) . O

Corollary 60. For fixed integers n and s, we have

Z xe(ﬂ)(_s)c(ﬂ) _ (_1>ssnxnfs.

TEFS

Corollary 61. For fixed integers n and s, we have

z(sz+1)"° —(s+ 1)" " *

D a2t (—s — 1) = (=1)%(s + 1)°

r—1
TeFs
8 Generalizations
S,(fl)"'(rs) the set of (ry) -+ (rs)-cycle permutations
Sy the set of ry - - - rs-cycle permutations
S:Lr--rs(rsﬂ)-"(w) the set of 71 -+ -74(rsy1) - - - (r¢)-cycle permutations
Sgl...rs(rs+1)---(Tg),k {0_ c S;Vl’l""'"s(rerl)"'("'l) . C(U) = k}
S the set of r] ---rj-cycle permutations
(A s ks {o e S5 e(o) = mi
T Ts
(A ()]s 2 pesyyroks 77
es un
[A™ s (2, u)], Zn ZaeSILl-~-rs :Ee(a)g Th. 62 Eq. (58)
e Ts un
[Arl r (.Z' U)] Z 2065” s kx e(o )nl Th. 63 Eq. (59)
[A™7s (g, 2, 1), g-analogue of [A™1" (z,u)], Th. 64 Eq. (60)
n
A(Tl (re) ( ) Zn Zaes'grl)‘“(w) 're(o-)qda)ﬁ Th. 65 Eq (61>
! un
[Arl"'rs(rs+1)"'(r@) (q’ xZ, u)]s Zn Zaesrl"'?"s(?“s+1)"'(7"2)a*73 Ie(g)qC(U)m Th. 66 Eq (62)
* * un '
AT (q’ x, U) Z Z vt HT* )qc(o)_ Cor. 67 Eq. (63)
oES, n!

Table 7: Notation.

Theorem 62. For a fized integer s, the exponential generating function of the excedance
distribution over (ry---rg, %, s)-cycle permutations has the differential closed form

as[Arl---rs (ZE, u)]s o umfl rs—1
s = (An_l(x)m o -Ars_l(x)m> Az, u). (58)
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Proof. Consider the first s integers in a permutation in S, ;"™ and their cycles. We have

rieers ] n
[Anl—i-s m] - <T1 e — 1) Z Crl,ml N C’rs,mSAn—Zzzl(rg—l),mt

mi+-+ms+mi=m

The result follows directly. O

Theorem 63. The partial differential exponential generating function of the excedance dis-
tribution over (ry---rs, k, s)-cycle permutations has the differential closed form

LA (x,uw)]s u't ! ) (A )"
k o = (Am_l(ﬂ:)m ce Apa (@) (ry —1)! ) (k—s)!

Proof. Let us consider again the first s integers in permutations of S;ﬁr';”’k

n
T1Ts — §
[An+s)muk]s - Crlzml e CTSamSAn_ZZ:l(re—l)vmhk:_s'
7”1—1,...,7”5—1

mi+--+ms+mi=m

(59)

, we have

The result follows directly. m

Theorem 64. For a fized integer s, a partial differential q—analogue exponential generating
function of the excedance distribution over ry---rs-cycle permutations has the closed form

o [Ary--;ség’ x, u)]s — ¢°z° (Arl—l(x)(L - Ars—l(x)(rsur_s—l)!> (A(CL’, u))q' (60)

r — 1)'

Proof. We immediately get the result by multiplying by ¢* and summing over k the right
member of Equation (59). O

Theorem 65. Let ¢ be a fized integer. A g-analogue exponential generating function of the
excedance distribution over (rq) - - (ry)-cycle permutations has the closed form

1

u u

+oet Aw_l(x)i)) (61)

Tg!

7’1!

A(”“l)"'(”)(q, T,u) = exp (qx (Am—1(l’>

Proof. A permutation ¢ in Sy ek

1,--+ ) such that >, k; = k. Thus,

(r1)-(re) _ ; r (re)
An,in,k Y= Z Z Z (Zl’ T )| A111m17k1 o 'Ai/zfm/zakz'

i1+ Fig=n mi+-+my=m ki +---+ky=

is the product of (r;, k;j)-cycle permutations (j =

It follows that,
A(Tl)m(m) (q, x, U) = A(Tl)(% xz, u) o A(”)(% Z, u)’

= exp (qurl_l(m)?;—:> -+~ exp <qa:Aw_1(x)urz )

’l“g!

This gives the result. O]
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Theorem 66. Let { be a fized integer. Let (11, ...,1p) be the sequence such that r; > 1, i =
1,...,8 and 1 < reyq < -+ < 1rp. A partial differential q-analogue exponential generating
function of the excedance distribution over ry---rs(rsp1) -+ (re)-cycle permutations has the
closed form

PLAN T (g 3 W),
) bl S — AT _ o
ous qx ( 1 1<I)<T1—1)|
re—1
u® Fas1)e(r q
A ) (A ) (62)
Proof. Consider the first s integers.
r1Ts(reg1)-(r n
[Anl-ks,m(,k+1) ( Z)}s = (Tl 1y 1) Z Crl,m1 T Crs,ms X

mi+-+ms+mi=m
A(?“s+1)"'(7”e)
n—y ¢ ri—lmyk—s

Therefore, we obtain

o3 [Ar1~~-rs(rs+1)-~(rg)(q’ z, U)]s url—l urs—l
5 - ... -

0

Corollary 67. For a fized integer (, let (1, ...,7;) be a sequence such that 1 < r; < --- <ry.
A g-analogue exponential generating function of the excedance distribution overry ---rj-cycle
permutations has the closed form

¢ -
ATI"'TZ (q, x, u) = A(q, x, U) exXp <—q$ Z: Ari_lz_i!) ’ <63)
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