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Abstract

We revisit the topic of Motzkin excursions and meanders, which we consider in the
context of forbidden patterns. We continue previous work of Asinowski, Banderier,
Gittenberger, and Roitner, leading to matrix equations and also continued fractions.
The enumeration is done by properly setting up bivariate generating functions that
can be expanded using the kernel method.
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1 Introduction

Motzkin excursions (Motzkin paths) consist of the steps U = (1,1), D = (1,-1), H = (1,0),
start at the origin, never go below the x-axis, and return to the z-axis. Motzkin meanders
(partial Motzkin paths, prefixes of Motzkin paths) are similar, but do not necessarily return
to the z-axis. The letter H stands for ‘horizontal’; sometimes one finds the symbol F
(‘flat’). The example excursion (Figure 1) does not contain the (contiguous) pattern UD.
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The notations ‘excursion’ and ‘meander’ were Philippe Flajolet’s favorites; see, e.g., [3]. In
his honor, they are be used here.

This paper deals with forbidden subpatterns.
contiguous patterns that are forbidden.

Figure 1: A Motzkin excursion and a Motzkin meander (ending at level 2).

In our analysis, we typically have two
Our effort is a continuation of earlier work by

Asinowski, Banderier, Gittenberger, Roitner (and perhaps others) [1, 2, 7]. What we did:

We rederived appropriate generating functions.
We worked out (almost?) all interesting cases explicitly.

We considered versions of bounded height; the example excursion (Figure 1) has height
3, which is the largest ordinate value that occurred.

We obtained generating functions for (restricted) Motzkin meanders ending on a pre-
scribed level.

We provided continued fraction expansions for the generating functions of Motzkin
excursions. Note that, since the generating functions are always algebraic of order
2, there must be a periodic expansion. However, the expansions we obtained are
motivated by the bounded height model and thus have a combinatorial meaning.

Unlike other papers where one often reads ‘other cases may be done in a similar fashion’,
here these ‘other cases’ are actually investigated.

What we did not do, although it would be possible:

Derive generating functions of bounded restricted Motzkin meanders with prescribed
end level.

Consider questions of an asymptotic type, e.g., the average height of restricted Motzkin
excursions.

Allow the paths to go below the x-axis.

For the readers’ convenience, we prepared tables of the cases that were considered.

forbidden || UU, HH | UD, HH | DU, HH | DD, HH
excursion || A329666 | A329676 | A329666 | A329666
meander || A329667 | A329675 | A329668 | A329669
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forbidden || UH,HU | DH,HD | UH,HD | DH,HU
excursion | A329701 | A329701 | A329702 | A329701
meander — — — —
forbidden | UU,DD | UU,DU | UU,HD | UU,UD
excursion | A004149 | A023431 | A217282 | A023431
meander | A308435 — — —
forbidden | UD,DD | DD,DU | UD,DU | UD,DH
excursion || A023431 | A023431 | A004149 | A023431
meander — — A308435 —
forbidden || DU, HD | DU,UH | HU,DD | UD,HU
excursion | A004149 | A217282 | A217282 —
meander | A308435 — — —
forbidden | UU, HU DU, DH DU, HU UD,UH |UD,HD
excursion || degenerate | degenerate | degenerate | degenerate | degenerate
forbidden | HU,HD HU HH
excursion | degenerate | degenerate

Note that, even for sequences that were in OEIS, the description might not exactly match
our application.

The motivation to provide such a quasi-complete list originates from Drew Sills’ amazing
rendition of Lucy Slater’s account on Rogers-Ramanujan (type) identities [8].

2 Outline of the approach

e All of our examples consist of three states; since we take care of the current altitude
of the path as well, we talk instead about layers. One layer is responsible for U-steps,
leading into it; another one for H-steps; and another one for D-steps.

e We consistently use the letters f, g, h (and F, G, H) for the three layers; for each case,
a nice drawing is provided. There are recursions for f; = fi(2), g; = gi(2), hi = hi(z),
according the possible steps leading into a layer.

e Double (bivariate) generating functions F(u) = F(u,z) = Y5, fiu' etc. are intro-
duced. The recursions translate into three functional equations for F'(u), G (u), H(u).
They can be solved easily, but contain the quantities F'(0), G(0), and H(0). Substitu-
tion of u = 0 is not sufficient, but in each instance, there is a universal denominator
that factorizes as (u—71(2))(u—72(2)). One of these factors is always ‘bad’, in the sense
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that 1/(u — ri(z)) does not have a power series expansion around (0,0). However, for
combinatorial reasons, this cannot be, so the bad factor must have a bad counterpart
in the numerator, and cancellation must occur. Our notation is consistent, so that
u — r1(2) is the bad factor.

Once the bad factors disappear, setting u = 0 is possible, and thus F(0), G(0), H(0)
can be computed. This procedure is typical for the kernel method, and many attractive
examples have been collected in [5, 6]. The total is always denoted by S(u) = F(u) +
G(u) + H(u), and [u/]S(u) is the generating function of restricted Motzkin meanders
ending at level j. So we get S(0) (excursions), S(1) meanders, and, as a bonus [u/]S(u).

Since there is the denominator, which is quadratic in u, we obtain recursions of order
2 for fj,9;,hj,s;. In order to introduce the concept of bounded height, we replace
fj» 95, hj,s; by 0 for j > K. The resulting recursion can always be written as a linear
system, involving a (K + 1) x (K + 1) matrix. We solve for fy, go, ho, so and use the
notations ¢ 1, Vi1, Nit1, 0x+1 for the results. This is always done by Cramer’s rule,
and expresses the solutions as a quotient of two determinants.

After a warm-up example, we discuss the issue that the layer that describes a symbol D
leading into it (say it is the third layer), contains a state hx but it cannot be reached,
since fxi1,9Kx+1,hK+1,Sk+1, are taboo. So, strictly speaking, the bounded version
of s; is slightly incorrect, as it allows contributions that should not be allowed. So
st = K+ glK+1 4 pIK+1] (ad hoc notation) is computed, but fHE+1 4 gl&+1 4 plK]
would be correct . However, each of the 3 constituents are computed individually.

Since (r1/r9)" goes to 0 for large K, the bounded versions converge to the unbounded
versions. Convergence is in terms of power series, in that more and more coefficients
are correct.

The (K +1) x (K + 1) matrix has an irregular first row and column. Otherwise, it is a
band matrix, and the determinant satisfies a recursion of order 2 (and thus allows for
a Binet form). This recursion may be rewritten in terms of continued fractions—not
uncommon when dealing with objects of bounded height.

DH and HD are forbidden, A329701

The generating functions relative to Figure 2 satisfy the system

z
fi=zfi+zg;, fo= 1 ;
—z

Giv1 = 2fi + zg9; + zh;, go = 1,
hi = 2gi41 + zhiya,
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Figure 2: Graph (automaton) to recognize Motzkin paths with forbidden subwords DH and
HD.

which translates into bivariate generating functions as follows:

F(u) = zF(u) + 2G(u),
G(u) =14 zuF(u) + zuG(u) + zuH (u),

z
H(u) = E(G(u) -1+ E(H(u) — H(0)).
Solving the system leads to

2(2%u + 2*uH(0) — u + 2)

Flu) =
(u) —2Bu—u+zu+ zu? 4z — 22’
Gl (1 —2)(z%u+ 2>uH(0) — u + 2)
u) =
—2Bu—utzut+ut+z— 227
H(u) = —z(—H(0) + zH(0) —l—zu—i—zuH(O)).

—23u —u+2u+ zu? + 2 — 22
We factorize the denominator as z(u — rq)(u — rg) with
Cl—z+ B -W 11—z B+ W

r = ro =
2z ’ 2z ’

W=(1+2—222—23)(1 — 324222 — 23).

Dividing out the factor (u — r1) according to the kernel method' leads to the expressions

z 1—=2 Ty — 2
F = —_— = —_— H — —
() 1—z—ur’ G(u) 1—z—ur’ u) 2(1—2z—ury)’ S(u) z

1

(1—2z—wur)’

!Some authors prefer to multiply such an equation by the denominator, as in z(u — r1)(u — r2)F(u) =
2(22u+ 22uH (0) — u + 2); by substituting u = ry, one gets 0 = z(2?r; + 2%r; H(0) — r1 + z) and can compute
H(0) from this. However, we stay here with the version I learnt from Knuth [4], also because I trained myself
to use Maple and the operations rem and quo for remainder (resp., quotient). In our examples, there is not
really a substantial difference.



whence | -
™ . ™ J
S0 =~ ) = = ()
0= g WS =5 = (72
the latter is the generating function of restricted Motzkin paths ending on level j. The
generating function S(0) of restricted Motzkin excursions is in the OEIS (A329701), but

S(1) =142z + 522 + 112% + 262* 4+ 602° + 1422° + 33427 + 7942° + 18852 + - - - |

the generating function of meanders, is not.
Using the denominator —z3u — u + zu + zu® + z — 2%, we derive recursions

zsja+ (2= 2" = D)sj+2(1—2)s; =0, j > 2,
(z— 2% = 1)sg+ 2(1 — 2)s; = —1,

which, upon restricting ourselves to states not larger than K, can be written as a linear
system

“1+z-2 2z(1-2) 0 0 S0 -1
z —1+2-2 z2(1-2) 0 1 0

z —1+2z-2% 2(1—2) 0 so | = O

0 0 z —14+z-23 SK 0

Denoting the determinant of the matrix without first row and column (a K x K-matrix) by
Pk, we derive a recursion

.@i = (Z — 23 — 1)91;1 — 22(1 — Z).@ifg, .@0 == 1, .@1 =z — 2’3 —1
and, using tz = .@i,l/.@i and T — —2’2(1 — Z)ti, (T[) = O),

1 22(1—2)

ti: s T = .
z—23—=1—22(1—2)t; l—2z4+23 -7

There is a Binet formula for the determinant

P; = ﬂ(ﬁ“ _ j+1),

1 3

and the solution of the component s, may be achieved by Cramer’s rule as a quotient of
determinants:

Dy
-2 = 1D)Px — 22(1 — 2) DKk
-1 B 1
(z—23—1)—22(1 —2)tg 1—z+23 -7

S0 = O0OK+1 = (z
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So we have the continued fraction type expansion

1 2(1 -
L P2

OK+1 = , o = 0.

l—z+4+23—71K’ l—z+23— 71k

Now we compute the individual quantities, according to restricted Motzkin paths ending
in the first (resp., second, resp., third) layer f, = and gy = 1, regardless of K, so we
concentrate on the third layer.

_Z_
11—z

“1+z+22-2% 2(1-2) 0 0 ho —2?
2 —1+z-2 2(1-2) 0 hy 0

z —1+2-2% 2(1-2) 0 hoy | =1 0

0 0 z —142-23 hi 0

Again by Cramer’s rule,

—ZQQK
—1+2z+ 22 — 23).@[( — 22(1 — Z).@Kfl’

ho = ng41 = ( no = 0.

#21_22), which can be seen directly from the graph as a check.
Further, we can see that o, = m, which also checks. Finally we derive continued

fraction type formulas for the individual quantities ¢x, Vi .

This formula produces 1, = (

-z (1—2)? 0 0 fo —z
z —l+4+z-22  2z(1-2) 0 f 0
z —1+2-2% 2(1-2) 0 fal=1]20
0 0 z —1+4+z-28 fx 0
z+1)(z-12  2(z-1) 0 0 ho 22
z —1+2-2 2(1-2) - 0 ha 0
z —1+2z-2% 2(1-2) 0 hy | =10
0 0 z —142-23 hx 0
o= s = —2 9k B 1 _ 22 b= >
O Ok —2(1— 22Dk 1+ (1 =22 2—(1—2)1x © 1—2
9o =k = 1,
229 22
N m =10

ho = Nics1 = _
0T e +1D)(z—129x —22(2—1)Px 1 1—z—22+23 -7’

8



4 UD and DU are forbidden, A004149

E 1/?3/ | |
Figure 3: Graph (automaton) to recognize Motzkin paths with forbidden subwords UD and
DU.

According to Figure 3, we have

fix1=2fi+ 295, fo=0,
gi =t =0+ zfi + zg; + zh;,
hi = 2giv1 + zhipa

and as a consequence

F(u) = zuF(u) + zuG(u),
G(u) =14 zF(u) + 2G(u) + H(u),

H(u) = =(G(u) = G(0)) + —(H(u) — H(0)).

We have zu? + (=142 — 2% = 2%)u+ z = 2(u — r1)(u — ) with

| — 2422+ W l— 2224284 W
= Z+222+z ; To = z+222—1—z+ , W= /(1 —24)(1 — 22 — 22).

Dividing out the bad factor u — r; from the components of the solved system, we end up
with
1 1-—
Fl) = -1+ —1 guy = L= 20

1—unrn

ri(l—2z2)—=z
22(1 —ury) ’

rn — 2
22(1 —ury)

H(u) = S(u) =

2(1 —wury)’
From the denominator zu? + (—1 4 2z — 22 — 2%)u + 2 we derive the recursion

z8j 9+ (=14+z2—2>=2%s;_1+2s;, =0, j > 2,
(=142 —2%)sg+ 28, = —1 4+ 22

or, ignoring s; with ¢ > K, in matrix form
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—14z—2 z 0 0 50 —14 22

z —14z—22-2 z 0 51 0
z —14z—22—-2% 2 0 Sy | = 0
0 0 z —14+z—22-28 SK 0

As always, we consider the K x K determinant after erasing the first row (resp., column)
and derive a recursion (resp., solution) for it:

2 3 2 (_Z)K+1 K+1 K41
QK:(—l—I—z—z —Z )9}(_1—2 .@K_Q, ‘@K:T<r1 — Ty )
Further, introducing t; = %;_1/%; and 7; = —2%t; we derive the continued fraction type
recursion
1 22
tK = TK T0 — O

—14z2—22— 23— 2% 1’ l—z24+ 22428 -1

The sg-component of the system can be solved by Cramer’s rule:

(=14 2% Pk B (=14 2% B 1— 22
1 42—2)Dg — 22D (—14+2—23) =22 1—z+23—71x

S0 = OK+1 = (

Working with SE-K] (states larger than K ignored) alone might lead to small anormalities.

According to the Figures 4 (which shows the instance K = 3), f][K] + gJ[K] + hLK] is considered.
But it should really be f][»K] —l—gﬁm —i—hBK_l] as the K-state in the third layer cannot be reached.

To achieve this, we have to compute fj[K], g][»K], hE-K] separately.

L N g P Ve Vs Vs Ve Vv

VAV VA VAV VA VAR 6 i Vi Vi Vi Vil

Now fo = ¢ = 0, regardless of K. Further

—142z-2° z 0 0 9 -1
2 —1+2z—-22-23 2 0 a1 z
z —1+z—-22-2 2 0 g |=1]20
0 0 z —14+z—22-23 JK 0
and thus
—.@K—Z2.@K_1 1

g0:7K+1: (—1+Z—23>@K—Z2.@K71’ ,YO* 1_2'

10



Similarly,

142z — 22 4 2t 2(1-2) 0 0 " Il
z —1+z—22-23 z 0 . ’
z “1+z-22-2* =z 0 ha =10
0 0 2 —ltz—2-2) \hg 0
and thus
_ B —23@}{ =0
e R T (7 e

The generating function of Motzkin excursions
S(0) =1+ 2+ 22 +22° + 42* +82° + 162° + 332" + 692° + 1462” + 3122'0 + - ..
is A004149 in the OEIS, and Motzkin meanders
S(1) =1+ 2z + 42 + 92° 4+ 202" + 452° + 1022° + 23327 + 53528 + 123427 + 2857210 . ..

is A308435 in the OEIS.

5 DD and DU are forbidden, A023431

Figure 4: Graph (automaton) to recognize Motzkin paths with forbidden subwords DD and
DU.

According to Figure 4, we find

fiv1 = 2fi +29i, fo =0,
gi=[i=0]+zf; + 29, + zh;, 1 >0,
hi = zfix1 + 29i11

11
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and thus

F(u) = zuF (u) 4+ zuG(u),
G(u) =1+ 2F(u )—i—zG(u)—irzH( ),
H<u>:§F<> = (Glu) - G(0)).

According to the denominator 2%+ (—1+ 2)u+ zu® = 2(u —71)(u —72) we find the simplified
versions

2 2
2 r—z ry r1(1+1m)
Flu)= -1 Gu)=1+—— Hu)=—F——=, Su)=—F—275
(u) + o _ UT17 (U) + Z(Z — url)a (U) Z(Z _ UT1>7 (U) Z(Z . UTl)
with 1 W 1 W
P A L Vi ey

2z 2z ’

The denominator provides the recursion

28j 9+ (z—1)s;_1 +2%s; =0, j > 2,

—(1 —z—2%)sg + 225 = =1 — 22
and in matrix form
—1+z24+22 22 0o -+ 0 So —1— 22
z z—1 22 ... 0 S1 0
z z—1 22 0 S9 | = 0
0 0 z z—1 SK 0

With the usual determinant we find

3 (=) K+1 K+1
Dk =(z—1)DK 1 — 2D o= (71 —ry )
1 2 25
tr = ) 3t == ) = ’ =0
K (z—1) — 23tk oK —14+2z— 23t T’ l—2—7 v
—(1+ 229 1+ 22
So =0 = -
0 K (—1+2+4+23)%k — 22Dk 1—2z—234 2
B 1+ 22 oo 1 S —2* D4
l—z—B -1 01—z 'K %

12



Here it is again wise to compute the three components (with bound K') separately, since
state K in the third layer cannot be reached. Now fy = ¢k is always zero, but

—14+2z+2 22 0o - 0 90 -1
2 z2—1 22 0 g1 2
z z—1 22 0 g2 |l=10
0 0 z z—1 JK 0
Consequently,
. —.@K — 23.@](_1 . 1
7K+17<—1+Z+23>@K—Z39K,1’ 70*1_2
Similarly,
—1+2z—22+2% 22(1—-2) 0 - 0 ho —2?
z z—1 22 .. 0 hy z
z z—1 22 0 hy | = 0
0 0 z z-—1 hi 0
Consequently,

—22Dy
= (—14+2z— 224 29D — 23(1 — 2) D1’ n
The generating function S(0) of excursions is A023431 in OEIS, and
1+ =2 (z—1)r
T 122 22 z2(1 =2z — 22)
=1+ 2z +52% + 122° 4 282" 4 662" + 1572° 4 37427 + 8922° 4 21322° + - - - |

=0.

S(1)

the generating function of meanders, is not in OEIS.
Since .
nilrn) w)S() = 5

22(1—*1) oz

S(u) =

the last quantity is the generating function of (restricted) Motzkin paths ending on level j.

?

B 147r (7’1)J’+1.
z

6 UH and HU are forbidden, A329701

The following recursions can be read off the automaton (Figure 5), by considering the last
step separately:
fi=zfi+ 29
9i =i = 0] + zfis1 + 29i11 + 2higa,
hiv1 = 29; + zhs, i >0, hg =0,

13
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gy Qg Q0 Q0 J

Figure 5: Graph (automaton) to recognize Motzkin paths with forbidden subwords UH and
HU.

and using double generating functions

F(u) = 2F(u) + 2G(u) = jG_(‘g
Gu) = 1+ = (F(u) = 7= G(0)) + = (G(w) = G(0)) + ~H(u),

For S = FF+ G+ H we get

(—u + zu + 2G(0)) (z%u — 1)
(uzd — zu+ 220 — z + u — zu?) (=1 + 2)

S =

We have the factorization (uz® — zu + 2%u® — 2z + u — zu?) = 2(2 — 1)(u — r1)(u — r9) with

_— l—z2422-W . _1—z—i—z3—i—W
YT 21—z T 22(1—2)

W= /(142 —222 — 23)(1 — 32+ 222 — 23).

After dividing out the factor u — r; from numerator and denominator and simplification,

(1= zu)m (1= zu)(1 —2)r (1= 2)un
Flu) = 1—u(l—2)r’ (v) = 2(1—u(l —2)r)’ (w) = 1—u(l—2)r’
(1 — 2%u)r,
z(1—u(l—2)r)

S(u) =

From this we find
S(0)=1+z2+22+22% +42* +52° +112° + 172" + 3828 +672° 4 -,
which is A329701. The generating function for meanders is

S(1) =1+22+4 32" +52° + 92" + 172° + 342° + 6927 + 1442° + 3022”7 + - - -,

14
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which is not in OEIS.
For 5 > 1,
(1 — 2%u)ry (1—2)ird*™

[UJ]S<U) = [UJ]Z(l — U(l — Z)Tl) = . - Z(]' - Z>]_ T{

which is the generating function of restricted Motzkin paths ending at level j.
Now we move to paths of bounded height. We have

numerator

S:z(z—l)u2+u(z3—z+1)—z

and a similar shape for F, G, H. This leads to a recursion: Set s; = [u/]S, then

2(z—=1)8;+ (2 — 2+ 1)sj11 — 28542 =0, j>1,
2(z —1)sg + (2° — 24 1)s; — 289 = —22,

(z—1)sp+ 281 = —1,

which is in matrix form

z—1 z 0 0 So -1
2(z—1) 22—2z+1 —z 0 51 —2?
2(z—=1) 22—2z+41 —z 0 ss |l =1 0

0 0 2(z—1) 22—2z+1 SK 0

Let Pk be the determinant with K rows and columns, after deleting the first row and
column. Expanding, we derive the recursion (% =1, 2, =1 — z + 23)

ZK+1<1 . Z)K-H
|74

=22z — 1)ty 9=0

.@K = (,23 — 2z + 1)_@[(71 + 22(2 _ 1)@K72 — (T.K+1 K+1).

2 N

Di_1

D

1 22(z2—1)

— . TRk = .
=24 23+ 22(z — 1)tg_1) K l—z+ 23+ 7k 1)

Rewriting this, we get, with ¢; =

tx

Solving the system by Cramer’s rule, we get the solution for sy (return to the z-axis) as

— Dy + 3Dy —1+ 234

PTIR T T Ik - 26 - Dk (2-1) - 2z — Vi

A simple computation (using Maple’s convert-parfrac construction) shows

z N 1—2
o = ,
K=y 1—2—7g

15



which is of the continued fraction type.
The recursion for the functions fj is in matrix form

1—2z—22423 —z 0 0 fo 2
z(z—=1) 2 —z+1 —z 0 fi —2?
2(z—=1) 22—z+1 —z 0 fol=1]0
0 0 2(z—1) 22 —2z+1 fr 0
whence
Z@K—Z?@K,l
fo= x4 = 3 5
(1—2—224 23Dk + 22(2 — 1) DK
z 23 z
_1—z+(1—z)(1—z2—z2t;{)’ ¢0_1—z‘
Likewise
1—z—22+23 -2 0 0 9 1—z
z(z—=1) 2 —z+1 —z 0 g1 z(z—1)
2(2—1) 22—2z41 —z 0 G2 | = 0
0 0 2(z—1) 22 —z2+1 9K 0
and

(1=2)%k + 2*(z — 1)Dx 1

—2 =224+ 23) DK + 22(2 — 1) DKk
2
+1—z2—z2tK7 To

gdo = YK+1 = (1

This leads to ¢ = vk 7=, which is also combinatorially clear. hy = nx = 0 for any K, so
no more computations are required.

7 UU and HH are forbidden, A329666

From Figure 6 we derive

fi=1=00+z2fj1 + 29511 + zhjy,
gj+1 = 2f; + zhj, go =0,
hj = zf; + zg;

16
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Figure 6: Graph (automaton) to recognize Motzkin paths with forbidden subwords UU and
HH.

and
Fu) = 1+ ~[F(u) = F(O)] + —G(u) + ~[H(u) - H(O)],
G(u) = zuF(u) + zuH (u),
H(u) = zF(u) + 2G(u).

Then

14+ 2)(1 4 zu)(—u + z(1 + 2)F(0))
220+ (22 + 22— Du+2(1+ 2)

Set W =+/(1 —22— 22+ 23)(1 + 22 + 322 + 23) and

S(u) = Fu) + Glu) + H(u) =

1—22—23-W 1—22—22+W
T = T =
1 222 Y 1 222 Y

then 22u? + (2° + 22 — Du+ 2(1+ 2) = 2*(u — r1)(u — ry). Dividing out u — 71, we compute

14 2 T1
F(0) = = d th
(0) 1—2%r;  z(1+2) anc TS

S(0) = F(0) + H(0) = LFEAA+zm)

1— 22 z
Using this, we get
(421 = 2u)r (14 2)ur (14 zu)ry
 2(1 4z —uzry) 14z —uzr 14z —uzr
S(u) = (14221 +zu)ry (14 2)(1+ 2u)r
oz(l4z—uzn) 2(l—wfL)

. z j—1 . z Jj=2 .
Wisw = (15=) (i) iz

17



The denominator leads to the recursion

sjat (428 = 1)sjo+2(1+2)s; =0, j =3,

22504+ (2 + 22— 1)s; + 2(1 4 2)sg = —2(1 + 2),
—so+2(14+2)s; =—1— 2z,

which is in matrix form

-1 z2(1+2) 0 0 So —1—-=z

22 B+22-1 2(1+2) 0 $1 —z(1+ 2)
22 2+22-1 2(1+2) 0 sy | = 0

0 0 22 B4+22-1 SK 0

Let Yk be the determinant with K rows and columns, after deleting the first row and
column. Expanding, we derive the recursion

D= (P +22 1)1 — 220+ 2) Dk, Do=1,9, = 2"+ 2* — 1.

It follows that
(_22)K+1

D = >

o =)

Further

(14 2)Px + 22(1 + 2)°Dx 4
_-@K — 23(1 + Z).@K,1

.@K — 22(1 + Z).@K_l
.@K + Z3<1 + Z).@H,1

=(1+2)

Sp —

with the abbreviations t; = @51 and 7; = —(1 + 2)t;

1—22(1+ 2)t 1+ 2 1+ 2)? 1
SOIO'K+1:(1+Z) ( >K:— +< )

L+ 2314 2)tgk z z 1= 237k
as well as
1 1+ 2
K= s 1—23(14 2)tx and Tk 1—22—23 — 28754 70

Now we move to the restricted Motzkin paths according to the three layers, computing them
separately.

—1+2242234+2  2(1+2) 0 0 fo -1
22 PB4+22-1 z2(1+2) 0 fi 22

22 2422-1 z(1+2) 0 Ll=]0

0 0 22 B422-1 fx 0

18



Therefore
_@K — 23(1 + Z)@K_l
(=14 224223+ 2Pk — 23(1 + 2) DKy

22(1+ 2)? o= 1
1—22—23+23(1+2)tg  ©

fo= K41 =

=1+

Further, go = vx = 0 for all K, so we can move to the instance of the third layer.

-1 z(1+2) 0 0 ho —Zz
22 2B24+22-1 z2(1+42) 0 hy —2?
22 P22 -1 z2(1+2) 0 he | = | 0
0 0 . 22 B42-1 hy 0
Therefore

—29k + 22 (1 + 2) Dk
_@K — 23@[(_1
1422

= l-z4— =2
+1+Z3tK’ Mo

ho =NK+1 =

The generating function of Motzkin excursions
S(0) =14 2+ 22 +32° + 42 + 72° + 152° 4+ 262" + 502° + 10227 + 19621 + - -

is A329666 in OEIS; the generating function of Motzkin meanders

S(1) =142z + 322+ 62° 4+ 112* + 2125 +422° 4+ 8327 + 1672° 4 3412° + 697210 4 - -

is A329667 in OEIS.

8 DU and HH are forbidden, A329666

The recursions are

fix1 =z2fi +zhi,  fo=1,
9i = 2fiv1 + 2giv1 + 2hitq,
hi = zfi + zg;

Fu) =14 zuF(u) + zuH (u),
G(u) = =(F(u) = F(0)) + = (Glu) = G(0)) + = (H(u) = H(0),

H(u) = 2F(u) + 2G(2)

19
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0 1 2 3 4 5 6 7 8

Figure 7: Graph (automaton) to recognize Motzkin paths with forbidden subwords DU and
HH.

Decomposing the common denominator as

2+ D)+ (=22 =1 =2Du+2(z+ Du? = 2(z 4+ D(u—r1)(u —19)

with
W =/(1+22+322 +23)(1 — 22 — 22 4 23)
and
1+224+22-W 1+ 224224+ W
7”‘ = 7’ =
! 2:(1+z2) = ° 2z2(1+2)

we obtain by dividing out v — r; and simplifying

T — 2 (1+z)(r1—z)‘

22(1 — ury)

1 r1—z(1+4 2)
F(u) = , =
1 —ur; 22(1 — ury)

H(u) = S(u) =

This leads to (excursions)

S(0) =142+ 22 +32% +42* +72° + 152° + 262" + 502% + 10227 + 1962'° + 3922 + - -+ |
which is sequence A329666. Further

S(1) =142z +42% +92° + 182" + 382" + 812° + 17127 + 3662° + 7872° + 16932 + - -+ |

and this generating function of meanders is sequence A329668 in OEIS. And we get the
generating function of Motzkin excursions ending at level j:
(14 2)(r1 — 2) (1+z)(r1—z)rj

(4 =
53 =[] 22(1 — ury) 22 r

Now we move to paths of bounded height (indices > K cannot occur)

2(142)s1 —so = —1— z,
214 2)s; — (1427 + 2850 +2(1+2)s52 =0, j > 2,

20
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or in matrix form

-1 z2(1+ 2) 0 0 50 —1—-=z
2(1+2) —28=22—-1  2z(1+2) 0 51 0
z(1+ 2) —23—22—1 z(1+2) 0 sy | = 0
0 0 2(142) —23—22-1 SK 0

As always, let 2 denote the determinant, after removing the first row (resp., column).
Then

Ik = (2" =22 = D) D1 = (14 2) D2, D=1, = 2" ="~ L.
From this, with tx = Px_1/Px and T = —2%(1 + 2)?*tx
1 B 22(1 + 2)?

t = ) - ) = 0
K —23 =22 —1—22(1+ 2)%tKk 4 K 14+ 22+ 23 — 1y 70
Of course, Yk has also a Binet form:
—2(z + 1))K+
D = (== W ) (T{<+1 7’5“)
D 22(1 + 2)?
2 2Zi
G o= 1+ , P = s =0
T, 2°(1+4 z2) 7 T, [ s g o
Let us also consider the second and third layer in matrix form ( f0 = 1) for any K:
—1+23+20 z2(1+42) 0 90 —22(z+1)?
2(14+2) =22-22-1  2z2(1+2) a1 0

2(1+2)  —22—-22-1 2(1+2)

0 0 2(1+2) =23 —z—l IK 0

-1 z2(1+2) 0 ] ho -z

o

2(14+2) =28=22—-1  2(1+2)
z2(14 2) 23 —22—1 z(1+2) 0 ha | =1 0

0 0 2(1+2) =23 —z—l hi 0

By Cramer’s method:
S0 = OK+1 = _<1+z)@K
D —22(1+ 2)2° D1’
—22(1+ 2)° Pk
go = TK+1 = (—1+ 284+ 29D — 22(1+ 22Dy o
ho =MNK+1 = _2@K "o
— Dy — 221+ 2)° Dy 4

oco=1+z

=0

=z

21



Let us rewrite it in continued fraction style:

B 1+z 1+
oK = T4+ 22(1+2)%x 1 —7g’
—22(1+ 2)? 214 2)?
Th = (14234 2%) —22(1 4+ 2)2%tg_y 1 — 23— 24 —7g’
—z 2
NKk+1 =

—-1- 22(1 + Z)QtK_l - 1-— TK—l‘

9 DD and HH are forbidden, A329666

Figure 8: Graph (automaton) to recognize Motzkin paths with forbidden subwords DD and
HH.

From Figure 8 we derive the recursions
Jiri = 2fi+ 29+ zhi, fo=1,

9i = Zfix1 + zhiya,
h; = 2 fi + zg;,
and
F(u) =1+ zuF (u) + zuG(u) + zuH (u),
Gu) = ~[F(u) = F(0)] + ~ [H(u) = H(O)],

H(u) = zF(u) + 2G(2).

With W = /(1 + 2z + 322 + 23)(1 — 22 — 22 + 23) and

1—22—22—-W 1-22 =224+ W
ry = :
2:(1+2) = ° 22(1+ 2)

r =

the denominator (after solving the system) factors:

A (2 -1+ u+ 21+ 2)u* = 2(14 2)(u—71)(u —73)

22
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After diving out u — r; and simplifying,
z r — 22

Flu)=-—— u(l+ z)r’ Glu) = 2(z —u(l+2)ry)’
(14 2)r

2(z —u(l+2)r)

1
z—u(l+z)r’

H(u) =

S(u) =

We can read off to get the generating function of Motzkin excursions ending at level j:

]S () = ] Atz (A+2)n ((1 + 2)7”1>j (1+ 2];; ] .

2(1-Fne 2 :
The generating function

S(0) =14 2+ 22 +32° + 42 + 72° + 152° 4+ 262" + 502° + 10227 + 19621 + - -
is A329666 in OEIS;
S(1) =1+ 22+ 42 + 102> + 232" + 542° + 1292° + 30727 + 7332° + 175727 + 42132 + - ..

is A329669 in OEIS.
Now we move to restricted paths (indices > K are not allowed):

Z(1 + Z)Sj_g + (—1 + 22 + 23)5j—1 + 223]‘ = 07 j > 27
(=14 22+ 2850+ 2251 = —(1 + 2),

or in matrix form

B 421 22 0 0 S0 —1—z
2(142) 22+422-1 22 0 51 0
2(142) 2+22-1 22 0 sy | = 0
0 0 2(142) 22+22—-1) \sg 0

Now fo = ¢ =1 for all K, so we can move to the next layer:

214 2)gj2 + (1422 +2%)gj + 2%g; =0, j > 2,
(=14 22 +22° + 2% g0 + 221 = —(1 + 2)22°

—1+22+228+ 24 22 0 0 9 —2%(1 + 2)?
z2(1+ 2) 2 4+22-1 22 0 g 0
2(1+2) 2+22-1 22 0 g | = 0
0 0 2(1+2z2) 22+22-1) \gk 0
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Finally

Z(l + Z)hjfg + (—1 + 22 + Zg)hjfl + Zth = Oa j > 27
(=1 + 22+ 2ho + 2°hy = —2.

4221 22 0 0 ho —2z
2(142) 2+22-1 22 0 hy 0
2(1+2z2) 2+22-1 22 0 hy | =1 0

0 0 2(1+2) 2+22-1 hi 0

Finally we move to continued fractions, with the usual determinant, after deleting the
first row (resp., column).

-@K = (23 + 22 - 1).@](,1 — Z3(1 + Z).@K,Q
and, with tK = -@K—l/-@K and TK = —2’3(1 + Z)tK

1 23(1+ 2)
= s T =
—1+224+ 23— 231+ 2)tgy Koo 23—

tK s 7'0:0.

Using this, we finally get

. B —(1—0—2).@1(
0 K+1 (—14 22+ 23)Dx — 23(1 + 2) D1
142
— , oo=1+z2,

1—22—-23—71g
—2%(1+4 2)* Pk

9o = VKk+1 = (=14 22+ 2234+ 29D — 23(1 + 2) D1
22(1 2
1—22—-223 — 24 — 7
h B B —Z@K
0 — nK+1 - (_1 _|_ 22 + 23)91( — 2’3(1 + Z)@K—l
z
N = %=.

1—22—2% —7g’

10 UH and HD are forbidden, A329702

The Figure 9 leads to the recursions

fi=zfi + zgi,
gi = i = 0] + 2giy1 + 2hiy1,
hivi = 2fi +2g9; + 2hi, hg =0

24
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Figure 9: Graph (automaton) to recognize Motzkin paths with forbidden subwords UH and
HD.

and functional equations

F(u) = 2F(u) 4+ 2G(u) = F(u) = ZIG_(@;)
G(u) =1+~ (G(u) = G(0)) + ~ H(u),

The denominator of the solution(s) is z(z — 1)+ (=2 + 1 —2*)u+2(z — Du? = 2(z — 1) (u —
r1)(u — ry) with

1l—z—23—W 1l—z—24W

- W= /(1+2—222— 23)(1 — 3z + 222 — 23
20— 7) , T2 =2 V(1 + 2 —222 — 23)( z+ 222 — 23)

r =

Dividing out u — r; and simplifying,

(1= zu)ny w) = (1—zu)ry 0 — ury
F) =g 5a—wy 9= 2wy 1™ = g oa —wy
) = Ty
The series

S(0) = 14 2 422 + 32% + 62" 4 102° + 2028 + 3627 + 732° + 1392° + 2862'0 + 56721 + - --
is A329702 in OEIS
S(1) =142z +42% +82% + 172" +362° + 782° + 16927 4 3712% + 8162 + 18092 + - - -

is not in OEIS. Also,
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which is the generating function of restricted Motzkin paths ending at level j.
From the denominator, we derive recursions

2(z—1)sj+(1—z2—2")s; 1 +2(2—1)sj2=0, j >2,
(1—2—2%s0+2(z—1)s; = 1,

which is in matrix form

1—2—2% 2(z-1) 0 0 S0 1
2(z—=1) 1—2-2% 2(z-1) 0 $1 0
2(z—=1) 1—2z-2% 2(2-1) 0 ss | =10

0 0 2(z—=1) 1—2z-23 SK 0

The recursions for the first (resp., second) layer in matrix form are

1—2—2% 2(z-1) 0 0 fo

z
2(z—1) 1—2-2% 2(z-1) 0 fi —22

2(z—=1) 1—2-2% z2(z-1) 0 fal=120

0 0 2z—=1) 1—2z-23) \fx 0
1—2—2% 2(2-1) 0 0 90 1—2

2(z—1) 1—2-2% 2(z-1) 0 g1 z(z—1)
2(z—1) 1—2z-2% 2(z2—1) 0 g | = 0
0 0 2(z—=1) 1—2-2%) \gx 0

For the third layer we get h([)K] = 0 for all K without computations. Let Zk be the usual
determinant. Then

D =(1—2-2)Dx 1 — 22— 1D o9, D=1, Dy =1—2—2°
SKFL(] - )KL

w

(=)

Further, with tx = 9k 1/ Pk, Tk = 2%(2 — 1)?tx

; 1 22(z—1)2
p— T =
K 1—2—2%—22(2 — 1)%tx 4’ S T

26



Then we can express the solutions in continued fraction form:

(1—2—2%9k 122

1—2—2)P — 22(2 — 12D 1—2—23—71K’

2Dk + Z3<Z — 1).@[(,1
(1—2—2)Pk — 22(2 — 1)°DKx 4

2423z — Ditg __Z 23
l—2—22=-22(z—1%x 1—2 (Q1—2)(1-2z—-22—71§)

(1—2)Px — 2*(2 — 1) D,
o = Kt = (1—2—=22)Pk — 22(2 — 1)°DKx
1—2—2%z—1)%g 22

1—2—22—22(z—1)%xk +1—Z—22—TK

S0 = OK+1 — (

fo= K41 =

11 DH and HU are forbidden, A329701

0

Figure 10: Graph (automaton) to recognize Motzkin paths with forbidden subwords DH and
HU.

The corresponding recursions are

Ii=zf; + zg;,
gj+1 = 295 + zhj, go =1,
hj = zfjt1 + 2941 + 2hjq,

and further

F(u) = zF(u) + 2G(u),
G(u) =1+ zuG(u) + zuH (u),

H(u) = =(F(u) = F(0)) + = (G(u) = 1) + = (H(u) = H(0)),

u

27
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Solving the system there is a denominator which factors:
22—+ (=2 —z+Du+z2(z—Du? =2(z — 1)(u—1r)(u—r2)
with

l—z2+4+22-W l—z2+23+W
T = s To — s
! 22(1—2) ? 22(1—z)
W= +/(1—-32+222—23)(1 4+ 2 — 222 — 23).

Dividing out the factor u — r; and simplifying, we find

z 1 rl —z
F= G= e
(1 —2)(1 —ury)’ 1—ur’ 2(1 —urp)’
(1—2)r; + 22

2(1—2)(1 —ury)

S:

The generating function of excursions
S(0) =1+ 2+22%4+22° + 42" + 525 + 1125 + 1727 4 382° + 6727 + 14820 + - ..
the generating function of meanders is
S(1) =142z + 422 +72° + 142" +282° + 602° + 12827 + 2812° + 61527 + 13652'° + - - -

is not in OEIS. We can also compute the generating function of Motzkin paths ending at
level j: . A
(1—z2)yr+22  (1—z)r+2° it

2(1—2)(1 —ur))  2(1—2) ne 1—2z

Now we move to height restricted paths:

(]S (u) = [v/]

—2(1=2)sj 0+ (1—2z—2%s; 1 —2(1—2)s; =0, j > 2,
(1—2)so+2(z—1)s1 =1,

and in matrix form

l—2z  z(z—1) 0 0 S0 1
2(z—=1) 1—2z—-2% z(z-1) 0 s1

2(2—1) 1—2z-2% 2(z2-1) 0 so | =10

0 0 2(z—1) 1—2-23 SK 0

28



The next two quantities need no computation, since f([)K] = = and g([)K} = 1 for all K.

1-z
Finally
1—2z-2%2 2(2-1) 0 0 ho 22
2(z—=1) 1—2-2% 2(z-1) 0 hy 0
2(z—=1) 1—2-2% 2(z-1) 0 he | =10
0 0 2(z—1) 1—2z-23 hi 0

Let Pk the usual determinant, then P = (1 — 2 — 23)Zx 1 — 2%(2 — 1)*Pxk_5 and

Zj-i-l(l — Z)j—H

9D = i (7"?r1 — 7"{“), D=1, D =1—2—2%
Furthermore, with tx = Pk _1/ %k and 7 = 2%(z — 1)t
1 22 (z —1)2
K 1—2—2%—22(2 — 1)%tx 4 TK 1l—2z—23 — 7151’ 70
Finally
S[KJrl} — o — @K _ 1 S[O] _ L
0 T (1=2)Zk —2(z—12Px_, 1—z—7 % 1-2
2@ 2
hy T =y = — - by =0,

T (1—2— 229k — 22(2 — 1)29k T 1-z-2—1g

12 UU and DD are forbidden, A004149

Figure 11: Graph (automaton) to recognize Motzkin paths with forbidden subwords UU and
DD.

The recursions are

fiz1 = 2g; + zhi, fo=0,
gi =1t =04 zfi + zg; + zh;, i >0,
hi = zfix1 + 29i41,

29
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leading to the functional equations

F(u) = 2uG(u) + zuH (u),
Gu)=1 ()+zG(u)+zH()
H<u>=§F<> = (G(u) = G(0)).

Solving the system, a denominator pops up which can be factored:

242U —ud zu+ a2 = 22— ) (u— 1)
with
l—z2—22-22-W l—z2—22-22+W
r = 52 , To = 52 ;W= (1 —24(1 -2z — 22).

Dividing out the factor u — r; and simplifying, we find

r+z
2(1 —wury)’

Flu) = S Gl =

2
The sequence of excursions
S(0) =14 2z +22% 4+ 42% + 82* +162° + 332° 4 6927 + 1462° 4 3122° + 67320 - - -
is A308435 in OEIS; the sequence of meanders
S(1) =142z +42% +92° + 202" +452° + 10225 + 23327 + 5352% + 123427 + 28572 + - ..

is A308435 in OEIS. We can also compute the generating function of Motzkin paths ending
at level 5 > 1:

, (14 zu)r rt
Sﬂ':[“]]S(“):[“J}z(2(1—zjrll>: e

Now we move to the restricted versions, where indices > K cannot occur.
From the denominator we derive the recursion

Psi o+ (P H 22— 1)s;0+ 2%, =0, j >3,
22504+ (B + 22+ 2—1)s; + 225y = —2,
(2% + 2 —1)sg + 2%s; = —1,

or in matrix form

24+z-1 22 0 0 50 -1
22 B2+ z2-1 22 0 S1 —z

22 B2y —1 —2 0 ss |l =1 0

0 0 22 B4+ 242-1 Sk 0
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The sequence for the first layer does not need computations, since we always have f(EK},
any K.

22+2-1 22 0 0 Jo -1+ 22
22 B+2+2-1 22 0 g1 0
22 B2 +2-1 —2 0 g | = 0
0 0 22 B+224+2-1) \gk 0
and

2z —1 22(1—2) 0 0 ho —2?

22 B4+ z2-1 22 0 hy 0

22 B2+ 2—-1 —2z 0 ha | =1 O

0 0 22 B4+ z2-1 hx 0

Now we express the solutions in terms of continued fractions. With the usual determinant,

22)]'-1-1

D= +2+2-1)9,— "D o= =2 R (r{tt =i

7’1 - TZ

Further, with tx = Zx_1/ Pk and 7 = —2%,

1 24

TK
P42+ 21— 2%’

g = = .
l—2z—22—23 -7,

Now we can express the various solutions in continued fraction form:

50 = OKi1 = — YD + 23.@}(,1
(224 2—-1)Px — 2* DK
R T 1
24— 11— 2 7_22(1—z—z2—77()’ =T
(—1‘{'22)9](
g0 = VK41 = (224 2—-1)PDx — 2* DKk
B —1+ 22 B 1— 22 1
24— 1 =My 1—z—22—7f o=
ho = N1 = =7k
(22 = 1)DK — 241 — 2) Pk 1
2 2
= - : , Mo = 0.

(22 —1) — 241 — 2)tg 122 (1 —2)1K
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Figure 12: Graph (automaton) to recognize Motzkin paths with forbidden subwords UU and
DU.

13 UU and DU are forbidden, A023431

The recursions are

fz‘+1 = 23i, f() =0,
gi=[i = 0]+ 2f; + 2gi + zhs, i >0,
h’i = Zfi+1 + Z2Gi+1 + ZhiJrl’

and the according functional equations

F(u) = zuG(u),
G(u) =14 zF(u) + 2G(u) + zH (u),

H(u) = =(F(u) = F(0)) + —(G(u) = G(0)) + = (H(u) — H(0));
the denominator factors
2ut 4+ (z—Du+z=22(u—1)(u—1y),

with

1—z2—-W _1—2+W
222 2= 222

Then, dividing out the factor v — r; and simplifying, we find

r o= , W =V1-2z+422—4z3

ury 1 r(l—2z)—=z (1+uz?)ry — 2
1 —wuzr 2(1 —uzry) 22(1 — uzry) 22(1 — uzry)

The series of excursions (A023431 in OEIS) is
S(0) =1+ 2z +222 +42° + 72* +132° +262° 4+ 5227 + 1042° 4 2122° 4 438210 4 - ..
and meanders (not in the OEIS)

S(1) =142z +42% +82° + 162" +332° + 692° + 14527 + 3072° + 65527 + 14052 + - - - .
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Now we move to Motzkin paths of bounded height, provided by the denominator:

280+ (2 —1)sj_1 +2s; =0, j >3,
2250+ (2 — 1)s1 + 289 = —2,
(z—1)so+ zs1 = —1,

or in matrix form

z—1 z 0 0 So -1
22 z—1 z 0 S1 —Z
22 z—-1 =z 0 So |l =1 0

0 0 22 z—1 Sk 0

Since f(gK] = 0 for any K, we move to the next one:

225];2 + (Z — 1)8]',1 + z85 = O, j > 3
22504 (2 — 1)s) + 289 = —2,
(z—1)sp+ 281 = —1,

or in matrix form

z—1 z 0 0 90 —1

22 z—-1 z 0 g1 0

22 z—1 =z 0 @2|l=10

0 0 22 z—1 K 0
1—22+4+22—2% 2(z—-1) 0 -+ 0 hg 22
22 z—1 Z e 0 hy 0
22 z2—1 =z 0 ha | =10
0 0 22 z—-1 hi 0

With the usual determinant, we derive the recursion

K41
(—27%) (PEHT

9}( = (Z - 1)9}(_1 - 23.@[{_2 = T L8]
and also, with tx = Pk _1/Px and 17 = — 23,
1 23
tg = TK = ———————
1—2z-— TK—1

N —1—|'Z—Z’3t[(_17

33



Now we can express the solutions:

s — Dy + 22 D4 _ —1+ 2%tx

(z=1D)%x — 23Dk 1 2—1- 23

1 1 1
Ty T
— Dy 1 1
go = VK+1 = (2 — 1)Dx — 2D - 1—2z—Tk 4 o = 11—z
o B 2’2.@1(
0= NK+1 = (1 =224 22 — 23)P — 23(2 — 1) D,
22 2

- = = 0.
1—22422—-23—23(z—1)tx  1—22422—2%—(1—2)1%’ "o

14 UU and HD are forbidden, A217282

Figure 13: Graph (automaton) to recognize Motzkin paths with forbidden subwords UU and
HD.

The recursions that can be read off from Figure 13 are

fix1 = zg; + zh;, fo =0,
gi=[i=0]+zfis1+ 29111, i >0,
h; = zf; + zg; + zh;,

and the corresponding functional equations

F(u) = 2uG(u) + zuH (u),
Glu) = 1+ ZF(u) + = (G(u) - G(0),
H(u) = 2F(u) + 2G(u) + zH (u).

34


https://oeis.org/A217282

The factorization of the ubiquitous denominator:
2u? — (2 4+ 1)(=14 2)%u — 2(—=142) = 2%(u —71) (u — 73),
with

1l—z—22422—-W 1—z2—224+224+W
7’:
222 » 2 222 ’

After dividing out v — r; and simplifying, we find

(14 zu)r
H(u) = 2N
(u) 1—2z—wuzry’

W =+v1—2z— 22+ 324 — 225 4 26

r =

(14 zu)r
1—2z—wuzr)’

ury (1—2—2%u)r,

Flu) = s Gu) =

1—2z—wuzr’

S(w) =

2(1 =2z —wuzry)’
The sequence of excursions
S(0) =1+ 2+ 22" +32° +52* +92° + 162° + 3027 + 5728 + 11027 + 21620 + - - - |
is A217282 in OEIS, and
S(1) =1+ 22 + 422 + 82° + 162" + 332° + 682° + 14227 + 2982% + 6292” + 13342 + - - - |

the series of Motzkin meanders is not in OEIS. The enumeration of Motzkin paths ending
at level j > 1 is

[W]S(u) = [u’] (1L+ zun _ ! ( “ >j+ L ( i )jlm

Z(1-2)(1—2)  z(1-2)\1—2/ 1-2z\1-2

_1(zr1 >J’+1+1(zr1 >J’
22\l —2 2\1—2z/ "

Now we move to the restricted paths.

22550 — (=14 2)%(z 4+ 1)sj_1 +2(1 — 2)s; =0, j >3
2250 = (=14 2)*(z + D)s1 + 2(1 — 2)s0 = —2,
(2= Dsop+2(1 = 2) = ~1

or in matrix form

z—1 z2(1—2) 0 0 50 -1
22 —(=1+2)72%z+1) z(1—z) 0 1 -z
22 —(=1+2)%(z+1) 2(1-2) 0 ss =1 0
0 0 22 —(=1+2)%*z+1)) \sx 0
142422 z2(1—=2) 0 0 9o —1+z
22 —(—1+2)*(z+1) 2(1—2) 0 91 22
22 —(—1+2)%2+1) 2(1-2) 0 g | = 0
0 0 22 —(=1+2)*z+1) 9K 0
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—1+=z z(1—2) 0 0 ho —z

22 —(=1+42)2(z+1) 2(1—=2) 0 hy —2?
22 —(=142)%(z+1) 2z(1-2) 0 he | =1 O
0 0 22 —(=14+2)%(z+1) hk 0

For the usual determinant we derive a recursion and an explicit Binet form:
(—z2)K+

Dk =—(1= 22+ 1)Pg1 — (1 — 2)Dc—» = W

]

Alternatively, with t = Pk 1/ Pk and 17 = — 23tk

1 23

B a4 22— 1—23(1— 2)tk " 1—2—22—1—z3—(1—z)TK,1’TO
Finally, ¢y = 0 for all K, and
D+ 22(1 — 2) D4 —1+22(1 — 2)tg
(z—=1)%x —23(1 —2)Px—1  (2—1)—23(1 —2)tk
_ 1 1 1
oz (=21 —1x)’ T
B (142 -2 (1 - 2)Pk (14 2)—2°(1—2)tk
P I = O T 9 — (1 — )Ty (—1+2+22) — 25(1 — 2tk
2
z
=1 =1
+1—z—22—(1—z)TK’ =
—29 + 23(1 — 2) DK —z+ 231 = 2)tg
(z—=1)%x —23(1—2)Pk-1  (2—1)—23(1 —2)tx
_ 14 1 .z
- 1-2)1—m) ™71

15 UU and UD are forbidden, A023431

The recursions that can be read off from Figure 14 are
fiv1 = 2g; + zhiy fo =0,
gi =[i = 0]+ zfi + z9; + zhi, 1 >0,
hi = 2git1 + zhiy 1,
and the corresponding functional equations
F(u) = zuG(u) + zuH (u),
G(u) =1+ zF(u) + 2G(u) + zH (u),
z z
H(u) = ~(G(v) = G(0)) + —(H(u) — H(0)).
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A

Figure 14: Graph (automaton) to recognize Motzkin paths with forbidden subwords UU and
UD.

Solving this, there is a denominator z + (—1 + 2)u + 2%u? = 2%(u — r1)(u — r2) with

1—2-—-W 1—2z4+W

oz 2T 52 W =V1—2z+ 22 — 423,

r =
Dividing the factor u — r; out of the solutions and simplifying, we get

_un Glu) = 1+ | (1—2)T1—27Su:(1+zu)7’1.
1 —uzr 1 —uzr z2(1 — uzry) z2(1 — uzry)

F(u)

The sequence of excursions
S(0) =142+ 2> +22° + 42" +72° + 132° 4+ 2627 + 522° + 1042° + 212" + -
is A023431 in OEIS, the sequence of meanders
S(1) = 1422 4 32" 4+ 62° + 122" + 242° + 492° + 10227 + 2142° 4 4522° 4 9622"0 + - -

is not in OEIS.
From the denominator we derive the recursion

223]-_2 +(z—1)sj_1+2s; =0, j >3
2250+ (2 — 1)1 + 289 = —2,
(=14 2z — 2%)sg + 281 = —1,

or in matrix form

142z — 22 z 0 0 So —1
22 z—1 z 0 S1 —Zz

22 z—-1 z 0 S9 | = 0

0 0 22 z—1 Sk 0


https://oeis.org/A023431

ox = 0 for any K, so we further get

~14+z—22 =z 0o - 0 90 —1-2z
22 z—1 z ‘e 0 g1 0
22 z—1 =z 0 g | = 0
0 0 .. 22 1 JK 0
—1+22—224+2% z(1—-2) 0 0 ho —23
22 z—1 z 0 hq
22 z—1 =z 0 hey | =
0 0 R - | hx
The traditional determinant satisfies
3 (_ZZ>K+1 K+1 K+1
Ik =(z—1D)Dx 1 —2°DKk_o= T(T2 -7 )

Further, with tK = -@Kfl/-@K and TK — —Z3tK

1 23

b = — Tk = ————— =0.
" (Z—l)—Z?’thf e l—2z—7g_1 "
Now we can express the solutions in continued fraction form:
Sog=0 — — D+ 2* Dy _ —1+ 2%k
O T T (42— 22Dk — 3Dy (—1+ 2 — 22) — 2Pty
1 . 1+ 22 1
= — U =
z z2(l—z+22—71K) ST 1-2
_ B —(1—!—22).@]{ B 1+ 22 —
gO—'VK—&-l—(_1+Z_22)@K_ZS_@K_1_1_Z+22_TK7 Yo =
b B —23.@1(

3

:1—22+22—Z3—(1—z)TK

) TIO:O

16 UD and DD are forbidden, A023431

The recursion related to Figure 15 are

fix1 =z2fi +29; + zhi, fo=0,
9i =i =0+ 2f; + zgi + zhs, i >0

hi = 2gi+1
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Figure 15: Graph (automaton) to recognize Motzkin paths with forbidden subwords UD and
DD.

and the system of functional equations is

F(u) = zuF (u) + 2uG(u) + zuH (u),
G(u) =14 zF(u) + 2G(u) + zH (u),
H(u) = = (G(u) = G(0)).

The ubiquitous denominator is zu? + (z — 1)u + 22 = z(u — r1)(u — 72) with

. =2+ W
“:;—z’”:;—j’ W= V1—2z+ 22— 425,

Dividing out the factor v — r; and simplifying, we end up with

o urn - (=2 =22
F(u) = z—ury Glu) =1+ z—ury H(u) = 2(z — ury)

(&

We find

S(0) =1+ 2+ 22 +22° +42* +72° + 1325 + 262" + 522° 4 10427 + 212210 4 - -
which is A023431 in OEIS and
S(1) =142z + 422 +92% 4+ 212" + 4925 + 11525 + 27227 + 6462° 4+ 153827 + 36702 - - -

which is not in OEIS. Furthermore

[W]S (u) = [uj]ﬁ = [“j]ﬁ B %(%)jﬂ

Since, before diving out the factor, we have

Su) = —u —z —uz*G(0) + ZG(O)7

—u 4 zu? 4+ 224+ zu
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we get a recursion from it:

28j_9+ (2 —1)s;_1 + 223j =0, j>2,
(z —1)sg + 2%s1 = —1,

which is in matrix form

z—1 22 o - 0 S0 -1
z z—1 22 ... 0 s1 0

z z2—1 22 0 so | =1 0O
0 0 z z-—1 SK 0

The usual determinant is

(Y .3 _ (_Z)KH K+1 _  K+1
-@K = (Z 1).@[(,1 z .@K,Q = —W (7”1 Ty )
With tK = 9}(_1/-@[( and TK = —ZstK
t L — —23 0
= T = T0 =
K z—1— 234 K l—2—7x_1’ ’
z—1 22 0 0 90 —1
z z—1 22 .- 0 g1 z
z z—1 22 0 g |l =10
0 0 z z—1 JK 0
—1+22—2242% 22(1—-2) 0 0 ho —2°
z z—1 22 0 hq 0
z z—1 22 0 ho | = | O
0 0 e z z—1 hi 0

From this, we can express the solutions (return to the z-axis) in continued fraction form

— 9k 1 1 1
50 = OK+1 = (z = 1)K — 22D 4 - 1— 2+ 23ty B 1l—z—18 R
_-@K —23.@[(_1 -1 —ZStK z 1
o = VK1 = (2 = 1)DKx — 2Dk 1 - z—1—2tg =1 1—2z—78’ =TT
— 23D 23

hy = = -
0 = NK+1 (1422 — 224+ 23) D —23(1 — 2) D1 1 —224+ 22— 28 — (1 — 2)1

7’]0:0.
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Figure 16: Graph (automaton) to recognize Motzkin paths with forbidden subwords UD and
HU.

17 UD and HU are forbidden, not in OEIS

The recursion related to Figure 16 are

fiv1 = z2fi + zhi, fo =0,
gi = zfi +2g; +zh;, i >0
hi = [i = 0] + 2gi41 + zhin

and the system of functional equations is

F(u) = zuF (u) + zuH (u),
G(u) = zF(u) + 2G(u) + zH (u),

z z

H(u)=1+ Z(G(u) —G(0)) + E<H(U) — H(0)).
The ubiquitous denominator is
22—+ (1 —2)1+ 2 u—2=2(z—1)(u—171)(u—15)
with
(1—2)(1+2%)-W (1—2)1+2)+W

= y Te = ;

22(1—z) 22(1—z)
W=+(1—-2)(1—2z—222—2234 24— 29).

Dividing out the factor u — r; and simplifying, we end up with
1 1 (1—2)r —2z
pr— G P =
1—u(l—2)r () 1—u(l—2)r’ (v) 2(1—u(l —2)rp)’

Slu) = z(1— u(l1 —2)r1)

F(u)
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We find
S(0) =142+ 22422+ 321 +52° + 920 + 1627 4+ 302° + 572" + 11020 + - - -
which is not in OEIS and
S(1) =142z 4322 +52° + 92 +172° + 332° + 652" + 1302° + 2632° + 5372 + - -

which is also not in OEIS. Furthermore

w1St) = 1) o=y = (=) = g (@ =2m) ™

Since, before diving out the factor, we have

u+ 2z +uz’G(0) — 2G(0)
2Zz—Du2+ (1 —2)1+2)u—2’

S(u) =

we get a recursion from it:

2(z—=1)sj 0+ (1—2)(1+2%)s;, — 28, =0, j >2,
(z— 1)1+ 2%)sg + 281 = —1

or in matrix form

(z = 1)(1+2?) z 0 0 50 -1
2(z—1) (1—2)(1+2?) —z 0 51 0
2(z — 1) 1-2)(1+2%) -z 0 sl =10

0 0 .. dr—1) (1—2)(1+22)) \sg 0

The quantity ¢x = 0 for all K, so let us concentrate on the remaining two.

(z = 1D(1+2%) z 0 0 90 -z

z(z—1) (1—-2)(1+2%) —z 0 9 0

2(z —1) (1-2)1+2%) -z 0 g|l=1|0

b 0. z(z—. 1) (l—z).(l-i-zZ) g.K O

and
2+z-1 z 0 e 0 ho —23

2(z—=1) (1-2)(1+2%) —z 0 hy 0
2(z—1) 1-2)1+2%) -z 0 he | = | O
0 0 . de—1) (1—2)1+22)) \he 0

42



The usual determinant is

(s _ - _ (—2)" ! K+1 K+l
-@K = (Z 1)@[(_1 zZ .@K_Q = —W (7“2 1 )
With tK = 9}(71/-@1{ and TK = —ZBtK
/ ! — I 0
= T = T0 = .
K Z—l—thK_l K 1—2—7'[(_1’ 0
z—1 22 0 0 9 —1
z z—1 22 -0 0 z
z z—1 22 0 gl =120
0 0 z z-—1 JK 0
—1+22—224+2% 22(1—-2) O 0 ho —23
z z—1 22 0 hq 0
z z—1 22 0 hy | = 0
0 0 z z-—1 hx 0

From this, we can express the solutions (return to the z-axis) in continued fraction form

— Dy —1
S0 = OK+41 = (z—=1)(1+ 20Dk — 22(2 — DDx_1 (2 — 1)1+ 22) — 22(z — Dtk
= & , 00 = 1 )

(1=2)(z422—71K) l—=z
9o = Vi+1 = —2 7k = Z0K+1,

(2 — 1)(1 + zz).@[( — 22(2’ — 1).@[(71
h B B —Z3@K
0 = NK+1 = (_1 12— 224 33)@[( — z3(1 — Z)@K—l

3 23

= == ; :O
(—=14+22—22+423) =231 -2ty  1—-22422—-23—(1—2)7g¢ o

18 DU and HD are forbidden, A004149

The recursion related to Figure 17 are

fiv1 = 2fi +zh;i, fo=1,
Gi = 2fix1 + 29iv1, 1 >0,
hi = zfi + 2g9; + zhi,
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Figure 17: Graph (automaton) to recognize Motzkin paths with forbidden subwords DU and
HD.

and the system of functional equations is

F(u) =14 zuF(u) + zuH (u),
G(u) = Z(G(u) = G(0) + =(H(u) - H(0).
H(u) = 2F(u) + 2G(u) + zH (u).

The ubiquitous denominator is zu® 4+ (=1 + z — 22 — 2*)u + z = z(u — r1)(u — ry) with

l—z4+22423-W l—z4+22422-W
= 22 , To = 22 )

W =/(1—-24)(1 -2z — 22).

Dividing out the factor u — r; and simplifying, we end up with

F(u) = 1 Glu) = w7 H(u) =

1’ 22(1 — ury)

rmn —z ™ — X2

- 22(1 —ury)’

S(u)

We find

S(0) =1+ 2+ 2% +22° + 42* +82° +162° + 332" + 692° + 1462° + 312210 + ..
which is A004149 in OEIS and
S(1) =1+ 2z +42% + 92 + 202" + 452° + 1022° + 23327 + 5352% + 12342% 4 285720 4 - ..

1,2,4,9,20,45,102,233 which is A308435 in OEIS. Furthermore

j+1 J
i T Sk A ] o
IS0 = o = = T -

Since, before diving out the factor, we have

S( ) numerator
u =
2u? 4 (—14+2z—22—2u+2’
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we get a recursion from it:

28j 9+ (=14+2—22—2%s;_ 1 +2s;, =0, j > 2,
(=142 —2%)sp + 28; = 2° — 1,

which is in matrix form

—14z-23 z 0 0 50 22 -1
z —14+z—22-28 z . 0 S1 0
z —14z—22=-23 =z 0 s9 | = 0
0 0 z —l4+z2—22-2 Sk 0

The usual determinant is

K41

(—2) K+1 K+1
- T2 ).

D =(-142-2" =)D 1 — 2Dy = (r

With tK = 9}(71/.@[( and TK — —ZQtK,

1 22 0
—1+Z—Z2—23—2’2t}{_1 1—Z—|—22‘|'Z3—7'K_17

1374

Since ¢ = 1 for all K, we concentrate on the remaining two:

—142z—22+24 2(1—=2) 0 0 90 -z
z —14+z-22-2 z 0 g1 0
2 “14+z—-22-22 =z 0 g |l=10
0 0 2 —l+z-22—22) \yxk 0
—14z-23 z 0 0 ho 2(22—1)
z —14z—-22-2 z 0 hy 0
z —14z—22-22 =z 0 hy | = 0
0 0 2 —14+z—22-23 hi 0

From this, we can express the solutions (return to the z-axis) in continued fraction form

(22— 1)k (22 1)
S0 = OK+1 = 3 2 - 3 2
(—14+2—-2)9k — 22Dx1  (—1+2—23) — 22tk
B 1—22 1
1z 23—
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B B %
go = VK+1 = (_1 4+ 92y — 22 + 24)91( — 22(1 — Z)-@Kfl
3

z
B 1—-2z+422—24—(1—2)1¢’ =0,
ho = N1 = A — 1P
(=14 2— 23Dk — 22Dk
2(22—1) o 2(1—27) z

(—1+z—23)— 2% 1—z2+28—7g

19 DU and UH are forbidden, A217282

/]
RS

Figure 18: Graph (automaton) to recognize Motzkin paths with forbidden subwords DU and
UH.

The recursion related to Figure 18 are
fiv1 = z2fi +zhi, fo =0,

Gi = Zfix1 + 29iv1 + 2hip1, 1 >0

and the system of functional equations is
F(u) = zuF(u) + zuH (u),
G(u) = —(F(u) — F(0)) + Z(G(U) - G(0) +
H(u) =1+ 2G(u) + zH (u).

0

“(H(u) — H(0)),

u

=3 IRN

The ubiquitous denominator is zu?+ (=142 — 22 = 23)u+ 2 = z(2 — 1)(u — r1) (u — r2) with
l—z+22—22-W l—z+22—23-W
T = To =
! 22(1 — 2) n2 22(1 — 2) ’
W =+/(1—2)(1 —2z—222—223 4 24 — 25),
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Dividing out the factor u — r; and simplifying, we end up with

B ury 0) = (1—=2)r1 — 2 0) = (1 — zu)r
Flu) = 1—u(l—2)r’ G(u) 22(1 —u(l — 2)rp)’ H 2(1—u(l = 2)r)’
S =2az ;<1 — )
We find

S(0) =14 2z +22% + 32 + 52* +92° +162° + 302" + 572% + 1102" + 21620 - - -

which is A217282 in OEIS and
S(1) =1+ 2z +42% +72% + 132* + 252° + 492° + 9827 + 1982° + 40427 + 8312 + - -

which is not in OEIS. Furthermore

; : r—z (1—2)rl™ (1=2)ir]

ars — [o)J — > 1.
18 (w) = [u ]22(1 —u(l—2)r) 22 z I =

Since, before diving out the factor, we have
numerator
S(u) = :
() —z—(z—=1D(1 4+ 22)u+ z(z — Du?

we get a recursion from it:

2(z=1)8j 04+ (1 — 242> —2%)s;1 — 28, =0, j >2,

(z—1)sg + zs1 = —1,

which is in matrix form

z—1 z 0 0 So -1
2(z—1) 1—z+422-23 -z 0 $1 0
z2(z—1) l—z+422-2% —z 0 ss | =10
0 0 2(z=1) 1—z+422-2%] \sk 0
Likewise,
B 4+z2-1 z 0 0 9 — 2
2(2—=1) 1—z2+2%2-23 —z 0 g1 0
2(z—1) l—z+22-2 —z 0 gal=10
0 0 2(z—1) 1—2z+2%2-23 9K 0

and
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P rz—1 z 0 0 ho -1

2(z—1) 1—z+22-23 -z 0 hy -z
z2(z—1) 1—z4+22-2° —z 0 ho | =1 0
0 0 2(z—1) 1—z2+2>=23] \hg 0

The usual determinant is

1— K+1
D=1 —2+22—2Dg 1+ 22(2 = 1)Dg_o = %(rfﬂ — i),
With tK = -@K—I/QK and TK = 22(1 — Z)tK,

1 . 22(1 - 2)
= ’7’ =
l—2422—23+22(z— Ditgy K

,7'0:0.

379
l—2422—23 -1

From this, we can express the solutions (return to the z-axis) in continued fraction form

— DK 1 1
SOZUKH:(z—l).@K—ZQ(z—l).@K_l:1—z—TK’ SR
% 22
o = Tk = (2342 —1)Px — 22(2 — 1) Dk T l-z- B =0,
ho = Tices = Dy + ? Dy, _ —14 22tk
(B34 2—-—1)Pk —22(2— 1P (B+2—1)—22(z — 1)tk
1 23 2

1—z+(1—z)(1—z—z3—TK)’ eIy

20 UD and HH are forbidden, A329676

0 1 2 3 4 5

6 7 8
Figure 19: Graph (automaton) to recognize Motzkin paths with forbidden subwords UD and
HH.
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We derive from Figure 19 the recursions

fi=1[1=0]+ z2fiy1 + zhit,
Giv1 = 2fi + zg; + zh;,
hi = zfi + 2g;,

and
Flu) = 1+ =(F(u) = F(0) + —(H(u) - H(0)),

G(u) = zuF(u) + zuG(u) + zuH (u),
H(u) = zF(u) + 2G(u).

and set S =F + G+ H and W := /(1 + 2z + 322 + 22)(1 — 2z — 22 + 23). With

1+22+23-W 1+ 224+ 234+ W
’[" = ’[“ g
! 2:(1+2) = 7 22(1+ 2)

we have the factorization of the common numerator:
2(14+2)+ (=1 =2° = 22)u+ 20*(1 + 2) = 2(1 + 2)(u — 1) (u — 79).

Then
S(u) = (1+2)(=80)—u) _ 250)—u
214+ 2)(u—ri)(u—1s)  z(u—r1)(u—ry)

Set u = 0, divide out u — 71, then S(0) = % and further

(1 =21+ 2)u)r o un B T
Flu) = 2(142)(1 —wury)’ Glu) = 1—wur’ Hu) = (14 2)(1 — ury)
n NS(u) = s;5 = "
S(U):m:[u]s( ) =s; = P

Using the denominator, we find recursions

2(1+2)sj 90— (1+22+2%)s; 1 +2(1+2)s; =0, j >2,
—so(1+ 22+ 23+ 2(1 4+ 2)sy = -1 — 2.

In matrix form:

23 —22—-1  z(1+2) 0 0 50 —1—=z
2(1+2) —22-22-1  z(1+2) 0 81
2(142) =22—22—-1 z(1+42) 0 sy | =
0 0 2(1+2) =22 —22—-1] \sk
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Perhaps a comment that we made before should be repeated here. While it is convenient
to compute S([)KJFH = f(EK*” + g([)KH] + h([)KH] directly, it is slightly incorrect (and irrelevant
for large K'): One arrives in states from the first layer only with a D-step, in states from the
second layer with a U-step, and in states from the third layer with an H-step. Consequently,

the state K + 1 in the first layer cannot be reached, and the correct version would be

(EK] + g([)KH] + hBKH]. Therefore we compute the respective quantities also independently.
We have in matrix form:
A+22—-1 2(1+42) 0 0 fo —1
2(1+2) =22=22-1  z(1+2) 0 f 2(1+z)
2(1+2) —22=22-1 2(1+2) 0 L | = 0
0 0 2(1+2) —22—-22-1) \[fx 0
The quantity g([]K] = 0 for all K, so we can move to the third layer. Again, we have in

matrix form

-2 —22-1  z2(1+42) 0 0 ho —z
2(1+2) =22-22-1  2z2(1+2) 0 hy 0
z2(14 2) —23—22—1 z(1+2) 0 ha | =1 O

0 0 2(1+2) —28—22-1 hi 0

Let Zk be the determinant with K rows and columns, after deleting the first row and
column. Expanding, we derive the recursion (Zy =1, ) = —2% — 22 — 1)

(=2(1 +2))"*

D= (=2 -2 10)Dx_1— 221+ 2)° Dk 9= D =

T (r{(H _ 7,£<+1)'
Using Cramer’s rule as always,
Jo=0¢r41 = Ik~ 2 (14 2) T s ¢ =1,
(14234 2Dk — 22(1 + 2)’° Dk
—29
ho = Nk+41 = =219 _Kz2(1 G, T
—(1+2)Zx S

Sop = OK4+1 = (—23 — 2 _ 1)9[{ — 32(1 + 2)291{—1’

Finally we move to expansions of the continuous fraction type. From the recursion for
the determinants, we have, with tx = Zx 1/ Pk and 7 = —2(1 + 2)?tx,

—1 2 1 2
= s —22(1 +Z)2tK = Zf ( +Z) )
T+ 22423+ 22(1 4 2)%tk L+ 22423+ 22(1+ 2)%tg

1979
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and

22(1 + 2)?
= 5 - 0
KEIY 2+ 1, O
Furthermore,
—(14 2)%k 1+z

Tkt = (=23 =22 = 1)Pk — 22(1 + 2)* D1 T 12+ P81
brar = — D — 22(1+ 2)* D
BT (1 + 84+ 2N — 2(1 + 22Dy

B —22(1 + 2)%tg _q 1—2%-24
(1423 = 22(1 4 )%tk 1—23— 24— 7’
—(1+2) 1+z2

K1 = (=23 — 22 —1) — 22(1 + 2)%tk T 14224 28—

The generating function

S(0) =1+ 2+ 2% +22* + 225 + 528 + 102" +162° + 342° +- 6820 + - -
is in OEIS as sequence A329676; the sequence

S(1) =1+ 2+ 2% +22* + 225 + 528 + 102" +162° + 342° +- 6820 + - -

is sequence A329675 in OEIS.

21 HU and DD are forbidden, A217282

Figure 20: Graph (automaton) to recognize Motzkin paths with forbidden subwords HU and
DD.
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The following recursions can be read off the automaton (Figure 20), by considering the
last step separately:

fiv1 = 2fi + 295, fo=0,
gi = i = 0] + zfiy1 + zhiy1,
hi = zfi + zg; + zh;,

and using double generating functions

We have the factorization —2%+ (2 +1)(1 —2)?u+ 2(z — 1)u? = 2(z — 1)(u— ) (u —r3) with
l—z—-22+22-W l—2—224224+W
= y T2 = )
22(1 - 2) 22(1 = 2)
W=1/(1-2)(1 —2—222—223 4 24 — 25),

Solving the system of functional equations and dividing out the factor u —r; we get after
simplification

(1—=2)(1 = zu)r,

2(z —u(l—2)r)’

Flu) = u(l— z)r Glu) =

z—u(l—2)ry’

r

H(u) =

z—u(l—2)ry’

2(z —u(l—2)r)
From this we find
S(0)=1+z+222+32° +52* +92° +162° + 302" +572° +1102" + 2162 + - - - |
which is A217282. The generating function for meanders is
S(1) =142z + 422 +82° + 162" +332° + 692° 4+ 14627 + 3122 +6712° 4+ 145120 4 - - |
which is not in OEIS. Furthermore, for 7 > 1,

‘ o ) (- z)irdt
[UJ]S(U) - [UJ]ZQ(l B u(l—zz)'r’l) - 2J+2 ’

which is the generating function of restricted Motzkin paths ending at level j.
For S = F + G + H we get

numerator
224+ (z+ 11— 2)2u+2(z — 1)u?’
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and from this a recursion

2(z—1)sj 0+ (2 4+ 1)(1 — 2)%s;_, — 2%s;, =0, j>2,
—(2 4+ 1)(1 — 2)*s[0] + 2%s[1] = —1,

which is in matrix form

—(z4+1)(1 — 2)? 22 0 0 S0 -1
z2(z—1) (z+1)(1 - 2)? —2? 0 $1 0
z(z—1) (z+1)(1—2)2 =22 0 ss | =1 0

6 0‘ . z2(z—1) (z+1)(1—z)2 s}( 0

We have fy = ¢ = 0 for all K. Furthermore,

24+2-1 2* 0 0 9o z2—1
2(z—1) (z+1)(1—2)? —2? 0 o z(z—1)
2(z—1) (z+1)(1—2)2? =22 0 g | = 0
6 0. - z(z—1) (z+1)tlfz)2 g;( 0
and
—(z+1)(~1+2) 22 0 0 ho —z
2(z—1) (z+1)(1—2)2 —22 0 hy 0
2(z—1) z+1)(1—2)% =22 0 ha | = 0
0 0 . D em1) Gan-22) e 0

Let Pk be the determinant with K rows and columns, after deleting the first row and
column. Expanding, we derive the recursion (Zp =1, 2 = (z + 1)(1 — 2)?)

ZK+1(1 _ Z)K+1

w

@K = (Z + 1)(1 - 2)2.@](_1 + 23(2 - 1).@[(_2 =

Rewriting this, we get, with {5 = @g;, T =231 = 2)tg, 7o =0

1 23(1 — 2)
T =
l—z—22+ 234+ 23(2 — D)tg 4’ K

tk = .
K 1—Z+Z3—TK,1

Solving the system by Cramer’s rule, we get the solution for sy (return to the z-axis) as

— Dy
(=14 2422 —2)Pk —23(2 — 1) DKk
—1 1 1

:(—1—|—z—|—22—z3)—z3(2—1)tK:1—z—22+z3—TK’ 70 =

S0 =0K+1 =
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_ -k -1k (2—1) =2z -1k
P IR = g — 32— )P (1424 22) — 23(z — Diw

2,2

_1+1_2_22_TK7 70_17
B — . —Z@K
0= K1 = (22 =23 =14 2)Pk — 23(2 — 1) DK
—z z z

y o =

(22—23—1+z)—z3(z—1)tK:1—z—z2+z3—TK 1—2
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