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Abstract

We study the enumeration of coronas. This counting problem concerns two specific
types of lozenge tilings. Exact closed-form formulas for these were conjectured in
sequences A380346 and A380416 of the OEIS. We prove these conjectures by employing
the weighted adjacency matrix. Furthermore, we extend these results to a general
setting.

1 Introduction

We begin by introducing basic definitions [4]. The triangular lattice is a tiling of the Eu-
clidean plane R2 by unit equilateral triangles. A lozenge (or diamond) consists of two adja-
cent unit triangles sharing an edge. A region in this lattice is a finite set of unit triangles.
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A lozenge tiling of a region R is a partition of R into lozenges; that is, a covering with no
gaps or overlaps.

Unit equilateral triangles have two possible orientations: upwards-pointing and downwards-
pointing. Consequently, lozenges admit three orientations: left-tilted, right-tilted, and ver-
tical (Figure 1).

Figure 1: Orientations of lozenges: left-tilted, right-tilted, and vertical.

The central problem is enumerating lozenge tilings of a given region R. This is a well-
studied topic in combinatorics, known for elegant formulas and ingenious arguments [2, 4,
8, 12]. Various enumeration methods exist, such as Kuo’s graphical condensation [5], and
determinant-based approaches via nonintersecting lattice paths [1]. Lai and collaborators
have made significant contributions through a series of works [6, 7, 10, 9, 11, 3].

This work is motivated by recent studies on corona enumerations [13, A380346,A380416].
The term “corona” originates from Knecht. For a regular hexagon H, a corona of H is a
lozenge tiling strictly along its boundary without extraneous tiles. Figures 2(a–b) illustrate
coronas of side lengths 1 and 2, while Figures 2(c–d) fail to be coronas. Figure2(c) contains
a redundant lozenge e. Figure2(d) has a gap at the bottom-left corner. Let H(n) denote the
number of coronas for a regular hexagon of side length n.

Figure 2: Coronas and non-coronas of a regular hexagon H.

Our first result establishes an exact formula forH(n), confirming the following conjecture.

Theorem 1. (Conjectured in [13, A380346]) Let n ∈ N and H(n) be the number of coronas
of a regular hexagon of side length n. Coronas utilize exactly one of four possible lozenge
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counts: 6n+ 3, 6n+ 4, 6n+ 5, or 6n+ 6. Define hi(n) as the number of corona tilings with
6n+ 2 + i lozenges for 1 ≤ i ≤ 4. Then we have

h1(n) = 2, h2(n) = 9(n+ 1)2, h3(n) = 6(n+ 1)4, h4(n) = (n+ 1)6,

and

H(n) =
4∑

i=1

hi(n) = n6 + 6n5 + 21n4 + 44n3 + 60n2 + 48n+ 18.

Similarly, given a diamond D with 60◦ and 120◦ angles, a corona of D is a lozenge tiling
along the boundary of D that uses no additional lozenges. For example, Figure3(p) shows
a corona of a diamond D of side length 1; Figure3(q) shows a corona of a diamond D of
side length 2. However, Figure3(u) is not a corona due to the redundant lozenge w; and
Figure3(v) is also not a corona because a lozenge is missing in the bottom right corner. We
denote by D(n) the number of coronas of a diamond of side length n.

Figure 3: Coronas and non-coronas of a diamond D.

Our second result provides an exact closed formula for D(n).

Theorem 2. (Conjectured in [13, A380416]) Let n ∈ N and D(n) denote the number of
coronas of a diamond of side length n. Then the number of lozenges in any corona for a
diamond of side length n is one of four values: 4n+ 3, 4n+ 4, 4n+ 5, or 4n+ 6. Let di(n)
be the number of corona tilings using 4n+ 2 + i lozenges for 1 ≤ i ≤ 4. Then

d1(n) = 2, d2(n) = (2n+ 3)2, d3(n) = 2(n+ 1)2(2n+ 3), d4(n) = (n+ 1)4,

and consequently,

D(n) =
4∑

i=1

di(n) = n4 + 8n3 + 24n2 + 32n+ 18.
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Inspired by Knecht’s work, we extend the study of coronas to shapes with modified side
lengths. We relax the requirement that all sides of the regular hexagon H and diamond D
are equal, requiring only that opposite sides have equal length. This preserves their interior
angles. The resulting shapes are called a centrally symmetric hexagon and a parallelogram,
denoted by H and D, respectively; see Figure 13. Our third result establishes exact closed
formulas for the number of coronas of H and D in Theorems 7 and 8, respectively. These
generalize Theorems 1 and 2.

The paper is organized as follows. Section 2 presents preliminary results on the enu-
meration of walks in graphs. We prove the main theorems in Section 3. Finally, Section 4
contains the extensions of Theorems 1 and 2.

2 Preliminary: walks in graphs

This section introduces fundamental concepts regarding walks in graphs [14, Chapter 1],
establishing results essential for proving our main theorems.

A graph G = (V,E) consists of a vertex set V = {v1, v2, . . . , vm} and an edge set E, where
each edge is an unordered pair of distinct vertices. We follow the notation of [14, Chapter
1]. The adjacency matrix of G is the m ×m symmetric matrix A(G) whose (i, j)-entry aij
equals the number of edges between vertices vi and vj.

A walk in G of length ℓ from vertex u to v is a sequence v1, e1, v2, e2, . . . , vℓ, eℓ, vℓ+1 such
that vi ∈ V , ej ∈ E, the vertices of ei are vi and vi+1, for 1 ≤ i ≤ ℓ, and v1 = u, vℓ+1 = v.

Lemma 3. [14, Theorem 1.1] For any positive integer ℓ, the (i, j)-entry of A(G)ℓ equals the
number of walks of length ℓ from vi to vj in G.

A closed walk is a walk that starts and ends at the same vertex. The number of closed
walks of length ℓ starting at vi is therefore (A(G)ℓ)ii.

Corollary 4. [14, Chapter 1] The total number fG(ℓ) of closed walks of length ℓ is given by

fG(ℓ) =
m∑
i=1

(A(G)ℓ)ii = tr(A(G)ℓ),

where tr denotes the matrix trace (that is, the sum of main diagonal entries).

3 Proofs of the main theorems

Consider a regular hexagon H with side length n, whose six corners are labeled 1, 2, 3, 4, 5, 6
as shown in Figure 4. Examination of the coronas reveals five possible lozenge configurations
at each corner of H. The five states at corner 1 are displayed in Figure 5, containing 3, 3, 4,
2, and 3 lozenges respectively. By rotational symmetry, the states at the remaining corners
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Figure 4: A regular hexagon H.

Figure 5: The five states at corner 1.

Figure 6: The five states at corner 2.
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are rotations of those at corner 1. For example, Figure 6 illustrates the corresponding states
at corner 2.

For the corona of H, there are n+1 possible lozenge states along the edge between corners
1 and 2, as depicted in Figure 7. The states along the other edges are obtained by rotation
of these n+1 configurations. In Figure 7, states Q and K each contain n− 2 lozenges, while
states Li (1 ≤ i ≤ n− 1) each contain n− 1 lozenges.

Figure 7: The n+ 1 states on the side.

We now prove Theorem 1.

Proof of Theorem 1. By the preceding discussion, corners 1 and 2 are connected via the n+1
states in Figure 7. We thus construct the bipartite graph shown in Figure 8, where an edge
between two vertices indicates that the corresponding corners can be concatenated through
these states. For example, state D1 connects to A2, C2, and E2 via state Q, and to B2 and
D2 via states Li (1 ≤ i ≤ n − 1). Specifically, there are n − 1 multi-edges between D1 and
B2, and similarly between D1 and D2.

The weighted adjacency matrix M of the graph in Figure 8 is given by:

M =

A2 B2 C2 D2 E2

A1

B1

C1

D1

E1


0
0
0

x3+n−2

x3+n−2

x3+n−2

x3+n−2

x3+n−2

(n− 1)x3+n−1

(n− 1)x3+n−1

0
0
0

x4+n−2

x4+n−2

x2+n−2

x2+n−2

x2+n−2

(n− 1)x2+n−1

(n− 1)x2+n−1

0
0
0

x3+n−2

x3+n−2

.
,

where the exponent r in the weight xr denotes the total number of lozenges in corner 2 and
the connecting edge from Figure 7. By Corollary 4, it suffices to compute the trace of M6.
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Figure 8: The bipartite graph in the proof of Theorem 1.

Direct matrix multiplication yields

5∑
i=1

(M6)ii = tr(M6) = 2x6n+3 + 9(n+ 1)2x6n+4 + 6(n+ 1)4x6n+5 + (n+ 1)6x6n+6.

This completes the proof.

We assume familiarity with generating functions (see [15, Chapter 1]).

Corollary 5. Let n be a nonnegative integer, and let H(n) denote the number of coronas of
a regular hexagon of side length n. The generating function for H(n) is

∞∑
n=0

H(n)xn =
2x6 + 4x5 + 114x4 + 220x3 + 290x2 + 72x+ 18

(1− x)7
.

Now we consider the coronas of a diamond D. Given a diamond D of side length n,
denote its four corners by 1, 2, 3, and 4 (see Figure 9). Examination of these coronas reveals
that there exist 8 possible states for lozenges at corner 1, as illustrated in Figure 10, and
5 states at corner 2, shown in Figure 11. The states at corners 3 and 4 are obtained by
rotating those at corners 1 and 2 by 180◦, respectively. Analogous to corner 1 (Figure 10),
the states for lozenges at corner 3 are denoted A3, B3, C3, D3, E3, F3, I3, J3. For a corona
of diamond D with side length n (identical to Figure 7), there are n + 1 possible states for
the lozenges between corner 1 and corner 2.

We now prove Theorem 2.

7



Figure 9: A diamond D.

Figure 10: The eight states at corner 1.

Figure 11: The five states at corner 2.
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Proof of Theorem 2. Similar to the proof of Theorem 1, we construct the graph depicted in
Figure 12. An edge between two vertices in this graph signifies that the corresponding states
at corner 1 and corner 2 (or corner 2 and corner 3) can be concatenated via the configurations
shown in Figure 7. For instance, state A1 connects to states V2, W2, and Y2 through state
Q, and to states U2 and X2 through the states Li (1 ≤ i ≤ n− 1). More precisely, there are
n− 1 multi-edges between A1 and U2, and similarly between A1 and X2.

Figure 12: The graph in the proof of Theorem 2.

We construct the following two weighted adjacency matrices R and T :

R =

U2 V2 W2 X2 Y2

A1

B1

C1

D1

E1

F1

I1
J1



(n− 1)x2+n−1

(n− 1)x2+n−1

(n− 1)x2+n−1

x2+n−2

x2+n−2

x2+n−2

x2+n−2

x2+n−2

x3+n−2

x3+n−2

x3+n−2

0
0
0
0
0

x3+n−2

x3+n−2

x3+n−2

0
0
0
0
0

(n− 1)x3+n−1

(n− 1)x3+n−1

(n− 1)x3+n−1

x3+n−2

x3+n−2

x3+n−2

x3+n−2

x3+n−2

x4+n−2

x4+n−2

x4+n−2

0
0
0
0
0


.

,
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and

T =

A3 B3 C3 D3 E3 F3 I3 J3
U2

V2

W2

X2

Y2


(n− 1)xn+2

(n− 1)xn+2

xn+1

xn+1

xn+1

xn+1

xn+1

0
0
0

xn+2

xn+2

0
0
0

(n− 1)xn+2

(n− 1)xn+2

xn+1

xn+1

xn+1

xn+2

xn+2

0
0
0

xn+2

xn+2

0
0
0

(n− 1)xn+3

(n− 1)xn+3

xn+2

xn+2

xn+2

xn+3

xn+3

0
0
0

.

By Corollary 4, we need only compute the trace of (R · T )2. After detailed matrix
multiplication, we obtain

8∑
i=1

((R · T )2)ii = tr((R · T )2)

= 2x4n+3 + (2n+ 3)2x4n+4 + 2(n+ 1)2(2n+ 3)x4n+5 + (n+ 1)4x4n+6.

This completes the proof.

Corollary 6. For n ∈ N, let D(n) denote the number of coronas of a diamond D with side
length n. The generating function for D(n) is given by∑

n≥0

D(n)xn =
3x4 − 13x3 + 23x2 − 7x+ 18

(1− x)5
.

4 An extension for the coronas

We now consider an extension pertaining to the coronas. Specifically, we modify the side
lengths of a regular hexagon H or a diamond D while preserving their interior angles. More
precisely, the centrally symmetric hexagon H is defined as shown on the left of Figure 13. It
has three pairs of opposite sides with lengths n1, n2, n3 ∈ N and all interior angles equal to
120◦. The parallelogram D is defined by the right of Figure 13. It has two pairs of opposite
sides with lengths n1, n2 ∈ N and interior angles of 60◦, 120◦, 60◦, and 120◦ (in cyclic order).

Note that when n3 = 0, the centrally symmetric hexagon H reduces to the parallelogram
D.

Given a centrally symmetric hexagon H, a corona of H is a lozenge tiling along the
edges of H without utilizing any additional lozenges. The number of distinct coronas of H
is denoted by H(n1, n2, n3).

Theorem 7. Let n1, n2, n3 ∈ N. Let H(n1, n2, n3) denote the number of coronas of a centrally
symmetric hexagon H. There are exactly four cases corresponding to the number of lozenges
in a corona of H, namely 2(n1 + n2 + n3) + 3, 2(n1 + n2 + n3) + 4, 2(n1 + n2 + n3) + 5, and
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Figure 13: A centrally symmetric hexagon H and a parallelogram D.

2(n1 + n2 + n3) + 6. For 1 ≤ i ≤ 4, let hi(n) be the number of corona tilings corresponding
to the number of lozenges 2(n1 + n2 + n3) + 2 + i. Then we have

h1(n) = 2, h3(n) = 2(n1 + 1)(n2 + 1)(n3 + 1)(n1 + n2 + n3 + 3),

h2(n) = (n1 + n2 + n3 + 3)2, h4(n) = (n1 + 1)2(n2 + 1)2(n3 + 1)2.

Moreover, we have

H(n1, n2, n3) =
4∑

i=1

hi(n) =
(
(n1 + 1)(n2 + 1)(n3 + 1) + (n1 + n2 + n3 + 3)

)2
+ 2.

Proof. Similar to the proof of Theorem 1, we define the weighted adjacency matrix M(ni)
as follows:

M(ni) =


0 x3+ni−2 0 x2+ni−2 0
0 x3+ni−2 0 x2+ni−2 0
0 x3+ni−2 0 x2+ni−2 0

x3+ni−2 (ni − 1)x3+ni−1 x4+ni−2 (ni − 1)x2+ni−1 x3+ni−2

x3+ni−2 (ni − 1)x3+ni−1 x4+ni−2 (ni − 1)x2+ni−1 x3+ni−2

 .

By Corollary 4, it suffices to compute the sum of the main diagonal entries of the matrix
(M(n1) ·M(n2) ·M(n3))

2. Through matrix multiplication, we obtain

tr((M(n1) ·M(n2) ·M(n3))
2) = 2x2(n1+n2+n3)+3 + (n1 + n2 + n3 + 3)2x2(n1+n2+n3)+4

+ 2(n1 + 1)(n2 + 1)(n3 + 1)(n1 + n2 + n3 + 3)x2(n1+n2+n3)+5

+ (n1 + 1)2(n2 + 1)2(n3 + 1)2x2(n1+n2+n3)+6.

This completes the proof.
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Given a parallelogram D, a corona of D is a lozenge tiling along the edges of D without
utilizing any additional lozenges. The number of coronas of a parallelogram D is denoted
by D(n1, n2).

Theorem 8. Let n1, n2 ∈ N, and let D(n1, n2) denote the number of coronas of a D. Then,
the number of lozenges in a corona of D can only take four values: 2(n1+n2)+3, 2(n1+n2)+4,
2(n1+n2)+ 5, and 2(n1+n2)+ 6. For 1 ≤ i ≤ 4, let di(n1, n2) denote the number of corona
tilings with 2(n1 + n2) + 2 + i lozenges. Then we have

d1(n) = 2, d3(n) = 2(n1 + 1)(n2 + 1)(n1 + n2 + 3),

d2(n) = (n1 + n2 + 3)2, d4(n) = (n1 + 1)2(n2 + 1)2.

Furthermore, we obtain

D(n1, n2) =
4∑

i=1

di(n) =
(
(n1 + 1)(n2 + 1) + (n1 + n2 + 3)

)2
+ 2.

Proof. Similar to the proof of Theorem 2, we define the following two weighted adjacency
matrices R and T :

R =



(n1 − 1)x2+n1−1 x3+n1−2 x3+n1−2 (n1 − 1)x3+n1−1 x4+n1−2

(n1 − 1)x2+n1−1 x3+n1−2 x3+n1−2 (n1 − 1)x3+n1−1 x4+n1−2

(n1 − 1)x2+n1−1 x3+n1−2 x3+n1−2 (n1 − 1)x3+n1−1 x4+n1−2

x2+n1−2 0 0 x3+n1−2 0
x2+n1−2 0 0 x3+n1−2 0
x2+n1−2 0 0 x3+n1−2 0
x2+n1−2 0 0 x3+n1−2 0
x2+n1−2 0 0 x3+n1−2 0


,

and

T =


(n2 − 1)xn2+2 xn2+1 xn2+2 (n2 − 1)xn2+2 xn2+2 xn2+2 (n2 − 1)xn2+3 xn2+3

(n2 − 1)xn2+2 xn2+1 xn2+2 (n2 − 1)xn2+2 xn2+2 xn2+2 (n2 − 1)xn2+3 xn2+3

xn2+1 0 0 xn2+1 0 0 xn2+2 0
xn2+1 0 0 xn2+1 0 0 xn2+2 0
xn2+1 0 0 xn2+1 0 0 xn2+2 0

 .

By Corollary 4, it follows that we only need to compute the trace of the matrix (R · T )2.
Performing the matrix multiplication, we obtain

tr((R · T )2) = 2x2n1+2n2+3 + (n1 + n2 + 3)2x2n1+2n2+4

+ 2(n1 + 1)(n2 + 1)(n1 + n2 + 3)x2n1+2n2+5 + (n1 + 1)2(n2 + 1)2x2n1+2n2+6.

This completes the proof.

Note that the parallelogram case is a special case of the centrally symmetric hexagon
case. Specifically, a parallelogram can be viewed as a centrally symmetric hexagon with its
n3-sides collapsed, i.e., when n3 = 0. Theorem 8 is thus a corollary of Theorem 7.
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