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Abstract

We calculate the number of humps and peaks in Motzkin paths with a given height,
and calculate the number of standard Young tableaux (SYTs) in a (2, 1)-hook with the
difference of the first two parts fixed, which refine Regev’s results. We also give new
bijective proofs of Regev’s results, and reveal some new recurrence relations related to
humps, free Motzkin paths, and SYTs.

1 Introduction

A Motzkin path of order n is a lattice path from (0, 0) to (n, 0), using up steps U = (1, 1),
down steps D = (1,−1) and flat steps F = (1, 0), and never going below the x-axis. A free
Motzkin path is an unrestricted lattice path from (0, 0) to (n, 0) consisting of the steps U ,
D and F . We use Mn to denote the set of all Motzkin paths of order n. The cardinality
of Mn is the nth Motzkin number mn, listed as A001006 in the On-Line Encyclopedia of
Integer Sequences (OEIS) [11].

A hump in a Motzkin path is a subpath of the form UF kD for some k ∈ N. In particular,
a hump with no flat steps is called a peak. See Figure 1 for an example.

Let Hn (OEIS A097861) denote the total number of humps in all Motzkin paths of order
n. Let Sn (OEIS A002426) denote the number of free Motzkin paths of order n. By applying
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P1

P2

Figure 1: An example of hump and peak, where the hump P1 is colored red, and the peak
P2 is colored blue.

the Wilf-Zeilberger method [8, 14], Regev [9] proved that

Hn =
1

2
(Sn − 1) =

1

2

∑

j≥1

(

n

j

)(

n− j

j

)

. (1)

A bijective proof of (1) was given by Ding and Du [1], and generalizations of this study to
(k, a)-paths were given by Du, Nie and Sun [2], Mansour and Shattuck [5], and Yan [12].

Regev pointed out that (1) is also related to the number of standard Young tableaux
(SYT) in a (2, 1)-hook, where a (k, ℓ)-hook is a partition λ = (λ1, λ2, . . . ) with λk+1 ≤ ℓ.
Let SYT(k, ℓ;n) denote the number of all SYTs with order equal to n and shape being a
(k, ℓ)-hook. It is obvious that SYT(1, 1;n) = 2n−1. Regev [9, 10] proved that

SYT(2, 1;n)− 1 = Hn =
1

2

∑

j≥1

(

n

j

)(

n− j

j

)

. (2)

Du and Yu [3] gave a bijective proof of (2) by showing that

SYT(2, 1;n) =
1

2
(Sn + 1).

The goal of this paper is to reveal some further relations between humps of Motzkin paths
and Young tableaux, and obtain some refinements of identities (1) and (2). The statistic
height for a hump in a Motzkin path is defined to be the y-coordinate reached by the up step
of the hump. Note that the number of peaks in Dyck paths with a given height has been
studied in several papers [6, 7]. We set

Hn,k = {(M,P ) |M ∈ Mn, P is a hump of M with height k},

Pn,k = {(M,P ) |M ∈ Mn, P is a peak of M with height k}.

Let Hn,k and Pn,k denote the cardinality of Hn,k and Pn,k, respectively.
To count humps with a given height, we consider a relation between humps and Motzkin

prefixes. Here a Motzkin prefix is a lattice path that is a prefix of a Motzkin path. We let
Mn,k denote the set of Motzkin prefixes from (0, 0) to (n, k), and set

M∗U
n,k = {M |M ∈ Mn,k whose last non-flat step is U},

MD∗
n,k = {M |M ∈ Mn,k whose first non-up step is D}.
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See the work of Krattenthaler and Yaqubi [4] as well as Yaqubi, Farrokhi Derakhshandeh
Ghouchan and Ghasemian Zoeram [13] for some further results on Motzkin prefix numbers.

In Section 2, by constructing a bijection from Hn,k to M∗U
n,2k, we show that

Hn,k = Sn,k, (3)

Hn,k =
n−1
∑

i=2k−1

Mi,2k−1, (4)

Mn,2k = Hn,k +Hn,k+1, (5)

where Sn,k denotes the number of free Motzkin paths of order n whose smallest y-coordinate
is −k and last non-flat step is U , andMn,k denotes the cardinality of Mn,k (OEIS A064189).
Note that Eq. (3) can be viewed as a generalization of Eq. (1).

Our first main result gives the following formulas for Hn,k and Pn,k.

Theorem 1. Let Hn,k (resp., Pn,k) be the total number of humps (resp., peaks) with height k
in all Motzkin paths of order n. Then for n ≥ 2 and k ≥ 1, we have

Hn,k =
n−2k
∑

j=0

[j ≡ n (mod 2)]
4k

n− j + 2k

(

n

j

)(

n− j − 1

(n− j)/2 + k − 1

)

,

Pn,k =
n−2k
∑

j=0

[j ≡ n (mod 2)]
4k

n− j + 2k

(

n− 1

j

)(

n− j − 1

(n− j)/2 + k − 1

)

,

where [P ] is the Iverson bracket, equal to 1 if P holds and 0 otherwise. Moreover, the number
j in the sum tracks the number of flat steps of the Motzkin paths.

We also consider a relation between SYTs contained in a (2, 1)-hook and Motzkin prefixes.
Let SYTk(2, 1;n) denote the number of SYTs with shape λ, where λ = (λ1, λ2, . . . ) ranges
over all (2, 1)-hooks with λ1 − λ2 = k and order equal to n. We first show that

SYT2k−1(2, 1;n+ 1) + SYT2k−1(2, 1;n) = Hn+1,k −Hn,k. (6)

Then in Section 3, we give a new bijective proof of (2), and obtain the following formula for
SYTk(2, 1;n).

Theorem 2. For integers n, k with n− 2 ≥ k ≥ 0, we have

SYTk(2, 1;n)

= (−1)n+k +

⌊n−k−1

2
⌋

∑

i=0

n−k−1−2i
∑

j=0

[j ≡ n+ k − 1 (mod 2)] ·
2k + 2

n+ k + 1− 2i− j

(

n− 2i− 2

j

)(

n− 2i− j − 1

(n+ k − j − 1)/2− i

)

.
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2 The number of humps and peaks with height k

A Motzkin prefix M of order n can be represented as a word M = w1w2 · · ·wn with wi ∈
{U,D, F}. We use M to denote the path obtained from M by reading the steps in reverse
order and then swapping the U ’s and D’s.

Lemma 3. There is a bijection

ψ :
⋃

1≤k≤⌊n
2
⌋

Hn,k 7→
⋃

1≤k≤⌊n
2
⌋

M∗U
n,2k,

such that (M,P ) ∈ Hn,k if and only if ψ(M,P ) ∈ M∗U
n,2k. In particular, the subpath P is a

peak of M if and only if ψ(M,P ) ends with an up step.

Proof. Given (M,P ) ∈ Hn,k, we assume that P = UF rD, and decompose M as M =
M1PM2. Let

ψ(M,P ) =M1UM2UF
r.

It is not difficult to see that ψ(M,P ) ∈ M∗U
n,2k. In particular, if M =M1PM2 with P = UD

a peak, then ψ(M,P ) =M1UM2U ends with an up step. See Figure 2 for an example of ψ.

M1

P
M2 ψ M1

M2

Figure 2: An example of ψ with (M,P ) ∈ H9,2, where the hump P is colored red.

Conversely, given M ∈ M∗U
n,2k, let M = M1UM2UF

r be the decomposition of M , such
that the rightmost endpoint of M1 is the last endpoint of M with y-coordinate k − 1. Then
we have ψ−1(M) = (M1UF

rDM2, P ), where P is the hump connecting M1 and M2.

Similar to the proof of Lemma 3, we can give a bijective proof of Eq. (3).

Proof of Eq. (3). Given (M,P ) ∈ Hn,k, assume that P = UF rD. We decompose M as
M =M1PM2, and define

ψ1(M,P ) =M2DM1UF
r.

It is not difficult to check that ψ1 is a bijection from Hn,k to the set of free Motzkin paths
of order n whose smallest y-coordinate is −k and last non-flat step is U , which implies
Eq. (3).

Eqs. (4) and (5) can be deduced from Lemma 3.
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Proof of Eqs. (4) and (5). Given P ∈ M∗U
n,2k, we assume that P = M1UH

r, and define
ψ2(P ) =M1. It is not difficult to check that

ψ2 : M
∗U
n,2k −→

n−1
⋃

i=2k−1

Mi,2k−1

is a bijection. Thus, Eq. (4) can be deduced from Lemma 3.
On the other hand, given P ∈ Mn,2k, we define ψ3(P ) as follows.

• If P ∈ M∗U
n,2k, we define ψ3(P ) = P .

• If the last non-flat step of P is D, we define ψ3(P ) to be the path obtained from P by
replacing the last D step with U .

Then ψ3 is a bijection fromMn,2k to the union ofM∗U
n,2k andM∗U

n,2k+2, and Eq. (5) follows.

We are now ready to give the proof of Theorem 1. A Dyck prefix is a Motzkin prefix with
no flat steps. It is well known that the number of Dyck paths of semilength n ending with
UDm is counted by m

n

(

2n−m−1
n−1

)

, which is also equal to the number of Dyck prefixes from
(0, 0) to (2n−m,m) ending with U . See the OEIS A033184.

Proof of Theorem 1. A path M ∈ M∗U
n,2k with j flat steps can be obtained uniquely by

inserting j flat steps into n− j+1 positions of a Dyck prefix from (0, 0) to (n− j, 2k) ending
with U . In particular, the path M ends with an up step if and only if the above insertion is
not allowed at the end of the path. Combining the above fact and Lemma 3, we obtain the
identities in Theorem 1.

k = 1 2 3 4 5 6
n = 2 1
3 3
4 8 1
5 20 5
6 50 19 1
7 126 63 7
8 322 196 34 1
9 834 588 138 9
10 2187 1728 507 53 1
11 5797 5016 1749 253 11
12 15510 14454 5786 1067 76 1

Table 1: The first few entries of (Hn,k)n,k∈N.

Remark 4. The sequences (Hn,k)n≥2,k≥1 and (Hn,1)n≥1 are entries A379838 and A140662 in
the OEIS [11], respectively.
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We can also consider the generating function of (Hn,k)n≥2,k≥1. For fixed k, it is well
known that the generating function of (Mn,k)n≥k is

∑

n≥k

Mn,kx
n = xkMk+1(x), (7)

where M(x) is the generating function of the Motzkin numbers. See A064189 in the OEIS
[11] for instance. Combining Eqs. (5) and (7), we obtain the following result.

Corollary 5. The lower triangular array (Hn,k)n,k∈N is the Riordan array ( 1
1−x

, x2M2(x)).
Equivalently, for k ≥ 1, we have

∑

n≥2k

Hn,kx
n =

x2kM2k(x)

1− x
,

where M(x) is the generating function of the Motzkin numbers.

3 The number of SYTs in a (2, 1)-hook

In this section, our first goal is to give a new bijective proof of Eq. (2). Let Sk(2, 1;n) denote
the set of SYTs with shape λ, where λ = (λ1, λ2, . . . ) ranges over all (2, 1)-hooks with |λ| = n
and λ1 − λ2 = k. Given

T ∈
⋃

0≤k≤n−2

Sk(2, 1;n),

we define φ(T ) = w1w2 · · ·wn, where

wi =











U, if i appears in the first row of T ;

D, if i appears in the second row of T ;

F, otherwise.

It is obvious that
φ :

⋃

0≤k≤n−2

Sk(2, 1;n) 7→
⋃

0≤k≤n−2

MD∗
n,k

is a bijection. Therefore, to prove Eq. (2), it is sufficient to prove the following result.

Lemma 6. There is a bijection

ϕ :
⋃

0≤k≤n−2

MD∗
n,k 7→

⋃

1≤k≤⌊n
2
⌋

M∗U
n,2k.

Proof. Given 0 ≤ k ≤ n− 2 and M ∈ MD∗
n,k, we define ϕ(M) as follows.

• If k is odd, we assume that M = U rDM1, and define ϕ(M) = U r−1FM1U .

6

https://oeis.org/A064189


• If k is even, we define ϕ(M) as follows.

* If the last non-flat step of M is U , then ϕ(M) =M .

* If M = U r1DM1DF
r2 , then ϕ(M) = U r1−1FM1UF

r2+1.

* If M = U r1DF r2 , then ϕ(M) = U r1+1F r2 .

Conversely, given 1 ≤ k ≤ ⌊n
2
⌋ and M ∈ M∗U

n,2k, we can obtain ϕ−1(M) in the following
way.

• If the first non-up step of M is D, we have ϕ−1(M) =M .

• If the first non-up step of M is F or M = Un, we obtain ϕ−1(M) as follows.

* If M = U rFM1U , then ϕ
−1(M) = U r+1DM1.

* If M = U r1FM1UF
r2 with r2 ≥ 1, then

ϕ−1(M) = U r1+1DM1DF
r2−1.

* If M = U2kF n−2k, then ϕ−1(M) = U2k−1DF n−2k.

We define
Φ :

⋃

1≤k≤⌊n
2
⌋

Hn,k 7→
⋃

0≤k≤n−2

Sk(2, 1;n)

as Φ = φ−1 ◦ ϕ−1 ◦ ψ. Then Φ is a bijection, which implies a bijective proof of Eq. (2). See
Figure 3 for an example.

(M,P )

Φ

ψ

ϕ−1

φ−11 2 4 5 7
3 6 8
9

Figure 3: An example of Φ with (M,P ) ∈ H9,2, where the hump P is colored red.

Next we calculate SYTk(2, 1;n). Let

Tn,k = SYTk(2, 1;n) + (−1)n+k+1,

where we set T0,0 = 0. We have the following result for the generating function of (Tn,k)n≥k

for fixed k.
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Lemma 7. The lower triangular array (Tn,k)n,k∈N is the Riordan array (xM(x)
1+x

, xM(x)).
Equivalently, we have

Tk(x) =
∑

n≥k

Tn,kx
n =

1

1 + x
(xM(x))k+1,

where M(x) is the generating function of the Motzkin numbers.

Proof. For n ≥ k, we first show that

Tn+1,k + Tn,k =Mn,k. (8)

It is obvious that Tk,k = 0 and Tk+1,k = 1 for k ≥ 0, which implies (8) for n = k. For n > k
and M ∈ Mn,k, we define ϕ1(M) as follows.

• If M ∈ MD∗
n,k, we define ϕ1(M) =M .

• If M = U rFM1, we define ϕ1(M) = U r+1DM1.

It is not difficult to check that

ϕ1 : Mn,k 7→ MD∗
n+1,k

⋃

MD∗
n,k

is a bijection. Since the left-hand side of (8) counts the number of paths in MD∗
n+1,k

⋃

MD∗
n,k,

and the right-hand side counts the number of paths in Mn,k, we obtain the recurrence
relation (8).

Combining Eqs. (7) and (8), we obtain Lemma 7.

Remark 8. For k = 0 and k = 1, the sequences (Tn,k)n≥k are entries A187306 and A284778
in the OEIS [11], respectively.

As a direct consequence of Lemma 7, we have the following result.

Corollary 9. For integers k ≥ 0, we have

∑

n≥k

SYTk(2, 1;n)x
n =

xk

1 + x
(1 + xMk+1(x)), (9)

where M(x) is the generating function of the Motzkin numbers.

The proof of Eq. (8) also implies a bijective proof of the following recurrence relation.

Corollary 10. For 1 ≤ k ≤ ⌊n
2
⌋, we have

SYT2k−1(2, 1;n+ 1) + SYT2k−1(2, 1;n) = Hn+1,k −Hn,k.
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Proof. By the proof of (8), the left-hand side counts the number of paths in Mn,2k−1. By
Lemma 3, the right-hand side counts the number of paths in M∗U

n+1,2k ending with U , which
is also equal to the number of paths in Mn,2k−1.

We are now ready to give the proof of Theorem 2. The weight w of a Motzkin prefix
M ∈ M∗U

n,k is defined as w(M) = (−1)r, where r is the number of flat steps after the last up
step.

Proof of Theorem 2. By Lemma 7, we have

Tn,k =
∑

M∈M∗U
n,k+1

w(M).

Given M ∈ M∗U
n,k+1 with weight −1, we define ϕ2(M) to be the path obtained from M

by moving the last flat step to the beginning. Then ϕ2 is a bijection from the set of paths
in M∗U

n,k+1 with weight −1 to those with weight 1 beginning with a flat step.
As a consequence of the above bijection, we know that Tn,k equals the number of paths in

M∗U
n,k+1 beginning with U and ending with an even number of flat steps. Since those paths

can be obtained from the corresponding Dyck prefixes by inserting an even number of flat
steps to the end and inserting some flat steps between the first up step and the last up step,
we obtain the identity in Theorem 2.

k = 0 1 2 3 4 5 6 7 8
n = 0 1
1 0 1
2 1 0 1
3 1 2 0 1
4 3 3 3 0 1
5 6 9 6 4 0 1
6 15 21 19 10 5 0 1
7 36 55 50 34 15 6 0 1
8 91 141 139 99 55 21 7 0 1

Table 2: The first few entries of (SYTk(2, 1;n))n,k∈N.

Remark 11. The sequence (SYTk(2, 1;n))n≥k is entry A379893 in the OEIS [11]. The se-
quence (SYT0(2, 1;n))n≥0 gives a standard-Young-tableaux interpretation of Riordan num-
bers, which was first pointed out by Regev (OEIS A005043).
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