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Abstract
A positive integer n is a b-adic palindrome if the representation of n in base b reads
the same backward as forward. In this article, we obtain exact formulas for the number
of b-adic palindromes that are less than or equal to m and are congruent to 7 modulo
g when b is congruent to 0 or 1 mod ¢. This extends Pongsriiam and Subwattanachai’s
result (done only for ¢ < 2), and supplements Col’s theorem, which is restricted to the

case that b(b* — 1) is coprime to q.
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1 Introduction

Let b >2,m,n,q>1,and 0 < r < g be integers. We call n a palindrome in base b (or b-adic
palindrome) if the b-adic expansion of n = (agar_1---ag)p with ax # 0 has the symmetric
property ay_; = a; for 0 < i < k. We let P, be the set of all b-adic palindromes and P,(m)
the set of all b-adic palindromes not exceeding m. The 2-adic and 10-adic palindromes are,
respectively, A006995 and A002113 in OEIS [21]. As usual, if we write a number without
specifying the base, then it is always in base 10, and if we write n = (agag_1 - - - ag)p, then
it means that n = Zf:o ab’, ar, #0,and 0 < a; < bforalli=0,1,...,%k So, for example,
9 = (1001)2 = (100)3 is a palindrome in bases 2 and 10 but not in base 3. In addition, let
Py(m, q,r) be the set of all b-adic palindromes that are at most m and are congruent to r
modulo ¢g. Finally, let A,(m) = |B,(m)| and Ay(m, q,r) = |Py,(m,q,r)|, that is,

Ap(m,q,r) = Z 1.

nePy(m)
n =r (mod q)

In recent years, there has been an increasing interest in the study of palindromes. For
instance, in 2017, Vepir [23] asked on Mathematics Stack Exchange which number base
contains the most palindromic numbers. Pongsrilam and Subwattanachai [18] started the
investigation by determining an exact formula for A,(m), but the formula is not easy to
analyze, and so it is not enough to answer Vepir’s question. After that, Phunphayap and
Pongsriiam [15] showed that if b; > by > 2 and s, denotes the reciprocal sum of all b-adic
palindromes, then s;, and s, converge and s;, > sp,. Later, they also applied Pongsriiam and
Subwattanachai’s exact formula [18] to answer Vepir’s question that in fact, Ay(n) — A, (n)
has infinitely many sign changes when n ranges over all positive integers and b, b, are distinct
integers larger than 1.

Moreover, Harminc and Soték [11] studied palindromes in arithmetic progressions and
proved that for a,b > 2,d € N, there are infinitely many b-adic palindromes that are con-
gruent to a mod d if and only if b 1 @ or b 1 d. Col [8] extended Harminc and Sotdk’s
result and obtained some distributional theorems concerning A,(m, ¢, r) and A,(m)/q for all
b > 2 satisfying ged(q, b(b* — 1)) = 1. In 2015, Palvolgyi (aka “Domotorp”) asked on Math-
Overflow [14] whether or not there exists an arbitrarily long arithmetic progression whose
members are palindromes. Tao [22] gave a negative answer to Péalvolgyi’s question, and from
his comments, it seems that arithmetic progressions of palindromes should have length no
more than 10%. Pongsriiam [17] then proved that the length of an arithmetic progression of
palindromes (in base 10) is at most 10.

In this article, we consider palindromes in arithmetic progressions and obtain exact formu-
las for Ay(m, q,r) where b = 0,1 (mod ¢). This improves Pongsriiam and Subwattanachai’s
result, which focuses only on the case ¢ < 2. It also supplements Col’s theorem, which is
restricted to the case ged(q, b(b? — 1)) = 1.

For more information on the palindromes, we refer the reader to Banks [1], Cilleruelo,
Luca, and Baxter [6], and Rajasekaran, Shallit, and Smith [19] for additive properties of
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palindromes, Banks, Hart, and Sakata [2] and Banks and Shparlinski [3] for some multiplica-
tive properties of palindromes, Basié¢ [4, 5], Di Scala and Sombra [20], Goins [10], Luca and
Togbé [13] for the study of palindromes in different bases, Cilleruelo, Luca, and Tesoro [7]
for palindromes in linear recurrence sequences, and Korec [12] for nonpalindromic numbers
having palindromic squares.

2 Preliminaries and lemmas

In this section, we provide some definitions and lemmas that are needed in the proof of the
main theorems. Recall that for a real number z, |x] is the largest integer less than or equal
to z and [z] is the smallest integer greater than or equal to z. In addition, we write @ mod m
to denote the least nonnegative residue of @ modulo m. We also use the Iverson notation: if
P is a mathematical statement, then

P = 1, if P holds;
B 0, otherwise.

Throughout this article, the empty sum is defined to be zero. It is also convenient to define
Cp(m) for each m € N as follows:

Definition 1. Let b > 2 and m = (ayax_1 - - - a1a9), be positive integers. We define Cy(m) =
(cxCr—1- -~ cico), to be the b-adic palindrome satisfying ¢; = a; for k — |k/2] < i < k. In
other words, Cy(m) is the b-adic palindrome having &+ 1 digits whose first half digits are the
same as those of m in its b-adic expansion, that is, Cy(m) = (arar—1 - Ap—|k/2] - - - Gk—10k)p-

For example, if m = (134240). = (12702),, then Cs(m) = (134431)5 and Cs(m) =
(12721)s. In the next lemma and throughout this article, we let s,(n) be the sum of digits
of n in base b, that is, if n = (arag_1 - - ag)p, then sp(n) = Zogigk a;.

Lemma 2. Let b,n,q,r be integers, b > 2, n,q > 1, and n = (agag_1---a1ao),. Then the
following statements hold.

(i) Assume that b =0 (mod ¢q). Then n =r (mod q) if and only if ag = r (mod q).
(ii) Assume that b =1 (mod q). Then n =r (mod q) if and only if s,(n) = r (mod q).

Proof. For (i), we have n = 7., a;l/ = ag (mod ¢), which implies that n =r (mod ¢) if
and only if ag = r (mod ¢). For (ii), we have

n= Z a;t) = Z a; (mod q),

0<j<k 0<j<k

which implies the desired result. [



It is convenient to have a lemma that gives the number of positive integers n < x lying
in a residue class @ mod q. It is also useful to define the following function.

Definition 3. Let b,q,k € N and r,z,y € Z. We define Ny(k, q,r, z,y) to be the number of
integer solutions to the congruence

T+ 22+ - + 2, =7 (mod q),
where x < 1 <y and 0 < z; < b for each 7 = 2,3,..., k. In addition, we let
Nb(k>Q77n) = Nb<k7Q77a707b)'

Lemma 4. Let a,q € N and r € Z. Then

Z 1 =la/q] + [r mod ¢ < a mod q].

0<n<a
n=r (mod q)

Proof. We can assume that 0 < r < ¢. Let s = a mod ¢ and write a = f¢q + s for some
¢ € Ny. If r < s, then there are £+ 1 = |a/q| + 1 choices for n € {r,q+r,2¢+7r,... , lg+71}.
Similarly, If » > s, there are ¢ = |a/q| choices for n € {r,q+r,2¢+7r,...,({ —1)g+r}. In
any case, there are |a/q| + [r < s] possible values for n. This completes the proof. ]

The next lemma is an important tool in obtaining the main results. Recall that, through-
out this article, we write a mod m to denote the least nonnegative residue of a modulo m.

Lemma 5. Let a,b,k,q,r € Z and a,b,k,q > 1. Assume that b = 1 (mod ¢q). Then the
following statements hold.

(i) No(k,q,7) = ka_l + [r =0 (mod q)].

(11) Nb<k7Q>T7 17b) = w

q

(iii) Ny(k,q,7,0,a) = @ + |la/q| + [r mod ¢ < a mod ¢].

(iv) Ny(k,q,r, 1,a) = w + |a/q| + [r mod g < a mod ¢] — [r =0 (mod q)].

Proof. We can assume that 0 < r < ¢ and let s = a mod ¢q. We prove (i) by induction on k.
Since b = 1 (mod ¢), we obtain by Lemma 4 that

Ny(1,q,7) = Z 1:Lb/qj+[r<1]:b?T1+[r:0].

0<z<b
z =7 (mod q)

Next, we let k > 1 be integers and assume that Ny(k,q,7) = (b* —1)/q + [r = 0]. Since

x1 4+ Tk + Tk =7 (mod q) if and only if x;+ -+ 2 =7 — 2441 (mod q),
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we see that

Nb(k+17Q7T) = Z Nb (k7Q7 (T_xk-l—l) mod Q)

Ogﬁtk+1 <b

= (bk_l + [r — 2341 = 0 (mod Q)])

0<zp41<b q

b(bF—1
D LS s = v (mod )
q 0<zp1<b
b(bF—1
_ b(h—1) + Ny(1,4,7)

— p + [r=0].

This proves (i). For (ii), if £ = 1, then we obtain by Lemma 4 that

Ny(k,q,7r,1,b) = Z 1—[7“:0]:Lb/qJ+[7“<1]—[r:0]:b_—1.

0<z<b
z =7 (mod q)

If £ > 2, then we obtain by (i) that

bk _ bkfl
Ny(k,q,7r,1,b) = Ny(k,q,7) — Np(k — 1,q,7) = ——.
q
For (iii), we obtain by Lemma 4 that
Ny(Lig,r,0,a)= Y 1=la/q|+[r<s].

0<z<a
z =7 (mod q)

Now, suppose k > 2. We first fix 0 < 21 < a and then count the remaining x;. From (i) and
Lemma 4, we obtain that

Nb(ka%ra Oaa) = Z Nb(k - 17q7 (7“ - 1’1) mod q)

<ri<a bk—l - 1 )
— Ogmzl@ ( ; + [x1 =7 (mod q)])
~ =D o)+ <



as desired. For (iv), if k£ = 1, then
Ny(L, g7, 1,0) = No(1,¢,7,0,a) = [r =0 (mod ¢)] = |a/q] + [r < s] = [r = 0].

If £ > 2, then we obtain by (i) and (iii) that

o — k-1
Ny(k,q,r,1,a) = Ny(k,q,7,0,a)—Ny(k—1,q,7) = ( 1)(2 1)—|—La/qj~|—[7“ < s]=[r=0].

This completes the proof. O

We will deal with some calculations involving the floor function. So it is useful to recall the
following results, which will be applied throughout this article sometimes without reference.

Lemma 6. For k € Z and z € R, the following statements hold.
() [k+z] =k+|z],
(i) {k+ ) = {a),

-1, ifx&Z;

Omtﬂ+¢ﬂd={Q e
(iv) 0 <A{z} <1 and {z} =0 if and only if x € Z.

2] + yl, if {z} +{y} < 1;
2]+ ly] +1, if {o} +{y} > 1,
(i) [lx|/k] = [=/k] for k> 1.

Proof. These are well-known and can be proved easily. For more details, see in the books
by Graham, Knuth, and Patashnik [9, Chapter 3] and Pongsriiam [16, Chapter 3]. ]

(v) lz+y] :{

3 Main results

In this section, we determine the formula for A,(m,q,r) where b = 0 or 1 (mod ¢). Since
the case b = 0 (mod q) is easier than the other case, we begin with b = 0 (mod ¢) as follows.

3.1 The case b =0 (mod q)
Theorem 7. Let b > 2 and m,q > 1 be integers, and b =0 (mod q). Let

pIk/21 4 plk/2l _ o
b—1

m = (arag_1---arag)y and o = oy, =



Then Ay(m,q,0) is equal to

b —1 ,
(‘ ) 1) at {—J B2 o, = 0 (mod )] |37 a2 4 fm > Gym)] | L (1)
q q 1<i<|k/2]

and if r mod q > 0, then Ay(m,q,r) is equal to

b — d
b { (r mod g)

. . —‘ b2 4 (4, = r (mod q)] Z ar_ D™ [m > Cy(m)]

1<i<|k/2]

(2)

Proof. Throughout this proof, we apply Lemma 2(i) repeatedly without reference. We can
assume that 0 < r < ¢ and let

m* = Z Clk_ibk_i = (akak_l A CLk,Lk/QJ 00--- O)b
0<i<|k/2]

Since b = 0 (mod q), there exists an integer ¢ > 1 such that b = ¢q. We have

Afmugr) = Y, 1= Y 14+ Y 14+ > 14+ > 1 (3

nePy(m) nep, nep, nep, nep,
n =7 (mod q) n =r (mod q) n =r (mod q) n =r (mod q) n =r (mod q)
n < bk bk < n < apbk apb® <n < m* m* <n<m

In the first and second rightmost sum in (3), we see that if apb® < n < m, then the leftmost
digit of n in its b-adic expansion is a; = ag. Therefore (3) implies that

Ap(m,q,r) = Z 1+ Z 1+ [ax =7 (mod q)] Z 1+ Z 1

nep, nep, nep, nep,
n =7 (mod q) n =7 (mod q) apbf <n < m* m* <n<m
n < bk bk < n < agb

(4)
We divide the calculation into 4 parts according to the sums appearing on the right-hand
side of (4).
Part 1 We calculate the first sum on the right-hand side of (4) and divide the consider-
ation into two cases depending on r.
Case 1.1 r = 0. We first show that

b
E 1= (— — 1) blt/21 for all integers t > 0. (5)
nEPb q
n =0 (mod q)
bt < n < bl



Let ¢t > 0 be an integer. The left-hand side of (5) counts the number of b-adic palindromes
that have t+41 digits in their b-adic expansion and are congruent to 0 modulo ¢. Since b = /q,
such the numbers are of the form n = (¢ci—1 - - c1¢9)p Where ¢, € {q,2q,...,({ — 1)q}, ¢; €
{0,1,2,...,0—1},and ¢; = ¢;; for all i € {0,1,2,...,|t/2]}. So there are {—1 = (b/q — 1)
choices for ¢; and, after ¢; is chosen, there is only one choice for ¢y = ¢;. There are b possible
values for ¢;,_; € {0,1,...,b— 1} and there is one possible value for ¢; = ¢;_;. In general,
there are b choices for ¢;_; for 1 <7 < |t/2] and exactly one choice for the corresponding c;.

Therefore b b
Z 1:(——1>-b-b--~b:<——1>bW2J_
q — q

nep, [t/2] terms
n =0 (mod q)
bt <n < bpiF!

This proves (5). Then (5) implies that

k—1 k—1 b b
Z 1= Z 1= <_ _ 1) plir2l — (_ — 1) Z pla=b/21 ()
nep, i=0  nEP, i—o \4 q 1<i<k
n =0 (mod q) n =0 (mod q)
1<n<bk bt < n < bitt

If k is even, then (6) is

q

b ) be2 1 (b 1) bIk/21 1 plk/2) 2

b
——1) (24264 2%D2) =92 (= -1
(q )( T =27 T =1

Similarly, if & is odd, then (6) becomes

2 (b*+=D/2 — 1) 4 (b — 1)p—1/2
(9—1) (24 2b+ -+ 20F79/2 4 p=/2) = (9—1) ( ( )+ (1) )

q q b—1
b . plk/21 4 ple/2l _ 9
()

From the above observation and (6), we obtain

b pIk/21 1 plk/2) _ 9 b
> -GGy "

nep,
n =0 (mod q)
1<n<bk

Case 1.2 r # 0. Similar to Case 1, we first show that
bl-‘rLt/Qj

Z 1 for all integers ¢t > 0. (8)
nep, q

n =r (mod q)

bt <n < bl



Let ¢t > 0 be an integer and n = (¢;¢i_1 - - ¢1¢)p a b-adic palindrome that is counted in the
left-hand side of (8). Then ¢; € {r,q+r,2¢+7r,...,({ —1)g+r}, ¢; € {0,1,2,...,b— 1},
and ¢; = ¢;_; for all © € {0,1,2,...,|t/2]}. So there are ¢ = b/q possible values for ¢; and
there is only one possible value for ¢y. For each 1 < i < [¢/2], there are b choices for ¢,_;
and exactly one choice for the corresponding ¢;. This leads to

b bl+[t/2j
o l=-pb b= .
— g —— q
nery [t/2] terms
n =r (mod q)
bt < n < bttl
Therefore
k—1 k—1 ;
pl+li/2] b )
DENED SD SRETS S T
nep, =0 nekpy, 1=0 q q 1<i<k
n =r (mod q) n=r (mod q)
1<n<bk bt < n < bitl

The right-hand side of (9) can be evaluated in a similar way as (6), which leads to

oo1= ba (10)

nep,
n =r (mod q)
1<n<bk

Part 2 We calculate the second sum on the right-hand side of (4), and divide the
calculation into two cases.
Case 2.1 r = 0. We show that

Yoo1= V’“—_lJ bk, (11)

nep,
n =0 (mod q)
bk < n < aib”.

The left-hand side of (11) counts the integers of the form n = (cxci_1 - - - c1¢0)p Where
1<e¢r<ag, ¢ =0(modgq), ¢ €{0,1,2,...,b—1}, and ¢ = ¢y,

foralli € [0, |[k/2]]NZ. We write ar, = xq+y where z,y € Z and 0 < y < ¢q. Since 1 < a; < b
and b = lq, we have 0 < x < ¢ —1. If y =0, then x > 1 and ¢; € {¢,2q,...,(x — 1)q}, and
so there are

—1 -1
r—1= qu J = Lak J possible values for ¢.
q

If 1 <y < gq,then ¢ € {q,2q,...,xq}, so there are z = |[(xzq+y—1)/q| = [(ar —1)/q]
possible values for ¢;. In any case, there are |(ay — 1)/q| possible values for ¢, and after



¢ is chosen, there is only one possible value for ¢y = ¢;. There are b choices for ¢;_; for
1 <1 < |k/2] and exactly one choice for the corresponding ¢;. Therefore

Z 1:{ak_lJ-b-b---b:{—ak_lJbLk/QJ.
q — q

nep, |k/2] terms
n =0 (mod q)
bk <n < apbFtt

Case 2.2 r # 0. This case is similar to Case 1. We show that

Y= [a%ﬂ plk/2. (12)

nEPb
n =r (mod q)
bk <n< ak,bk.

Let n = (crep—1---c1c0)p be a b-adic palindrome that is counted in the left-hand side of
(12). Then 1 < ¢ < ag, ¢x = r (mod q), ¢; € {0,1,2,...,b— 1}, and ¢; = ¢,_; for all
i=0,1,2,...,|k/2|. We write a, = zq+y where 0 <z </(—1land 0 <y <gq. Ify <r,
then ¢, € {r,q+r,2q+r,...,(x—1)g+7r}, so there are z = [(xq +y —r)/q] = [(ax — 7)/q]
possible values for ¢. If y > r, then ¢, € {r,q+r,2¢+r,...,zq+ 1}, so there are z + 1 =
[((zq+y —1)/q] = [(ar, — r)/q] possible values for ¢,. In any case, there are [(ar —r)/q]
possible values for ¢, and after ¢ is chosen, there is only one possible value for ¢y. For each
1 <1 < |k/2], there are b choices for ¢;_; and exactly one choice for the corresponding c;.

Therefore
R [ak—ﬂ bbb — [—“’“_ﬂ i)
en q q
nely |k/2]| terms
n =r (mod q)
bF < m < apbht!
as desired.

Part 3 We compute the third sum in (4). For each j € {0,1,...,[k/2]}, let

m; = Z ap_ib" " = (apag_1 - -~ ap_;00---0),.

0<i<y
Then
> 1= > >t (13)
nep, 1<j<[k/2]  neP,
apbf <n < m* mj_1<n<m;

We first show that for 1 < j < [k/2],

> L= (14)
nep,
mj_1§n<mj
Let n = (cxCr—1...c1¢0)p be an integer that is counted in the left-hand side of (14). We see
that m;_1 = (apap—1 -~ ap_(j—1)00---0), and m; = (arag—1 ---ap—;00---0),. Then there is
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only one possible value for each ¢, cx—_1, . .., cp—j11, namely, ¢, = ag, cr—1 = ap—1, ..., Ch—js1 =
ag—j+1. In addition, there is only one choice for each cy,ci,...,¢j—1 since ¢,—; = ¢; for
i=0,1,...,7 — 1. Since ¢;,—; € {0,1,2,...a,_; — 1}, there are aj_; choices for ¢,_;. The
remaining digits c;_;, where j+1 < i < |k/2], can be chosen arbitrarily from 0,1,...,b—1.
So the left-hand side of (14) is equal to

ap_j- b-b---b :ak_jb““/QJ‘j,
|k/2|—7 terms
This proves (14). From (13) and (14), we obtain

Yo=Y (15)

nep, 1<5<|k/2]
apb® <n < m*

Part 4 We calculate the last sum in (4). Recall that m = (agax_1 - --a1ap), and m* =
(apag_1 - QA |ky2/00 - -0)p. The only possible palindrome n such that m* < n < m is
n = Cy(m). So the number of such palindromes is 1 if m > Cy(m) and is 0 otherwise. That

> 1=[m=Cy(m)). (16)

nep,
m*<n<m
Therefore we obtain the formula (1) from (7), (11), (15), and (16), and the formula (2) from
(10), (12), (15), and (16). This completes the proof. O

Applying Theorem 7 with ¢ = 1,2, we obtain Pongsriiam and Subwattanachai’s result
[18, Theorems 2.2 and 2.3] as a corollary.

Corollary 8. Let b > 2 and m > 1 be integers and m = (agag_1---aiag)y. Then

Ay(m, 1,0) = Ay(m) =214 N ap )BT > Cy(m)] - 2.

0<i<|k/2)
In addition, if o = (bI*/21 4 plk/21 —2) /(b — 1), ¢ = 2, and b = 0 (mod 2), then Ay(m,2,0)
18 equal to
b -1 .
<§ — 1> a+ {%TJ b2 4 [ay, = 0 (mod 2)] Z arp_ 0¥ m > Cy(m)] |
1<i<[k/2]

and Ay(m,2,1) is equal to

b -1 ,

70‘ + [“’“TW B2l 4 [ =1 (mod 2)] | D @b/ 4+ [m > Cy(m)]

1<i<|k/2]
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3.2 The case b=1 (mod q)
Theorem 9. Let b > 2, m,q > 1, and 0 < r < q be integers, b = 1 (mod ¢q), and
m = (arax_1 - - ajag)p. For each nonnegative integer j < |k/2], let

— D o<i<j1 ak_i> mod ¢q/2, if q is even and j # k/2; and

T’j = g
(‘ZT) — Zogigjqakfi) mod ¢, if q is odd and j # k/2,
ap—;j mod q/2, if q is even and j # k/2;

s; =

! ay—; mod g, otherwise.
Let

. Qa5 :b{E=1)/2)=i _ 9¢. i ar_ (b — 1)bk/2)—i-1
mi= Y ( = j+[rj<sj])v my = Z Sl :
0<j<(k—1)/2 q 0<j<(k/2 q
b+ DK==t _9g.
my = Z (ak (b1 p i +[r; < Sj]) , and

0<j<(k/2)-1
d(m) = [m > Cy(m)] [rr/2) = s(r/2)] -
Then the following statements hold.
(i) If q is odd, then
pLi+1/2] _

Ap(m,qor) = ——-t Y QMJ +ry < sj]) — [r = 0] + &(m).

0<j<|k/2] q

(ii) If q is even, then Ay(m,q,r) is equal to

’W, if k and r are odd;
M mi — [r = 0] +d(m), if k is odd and r is even;
V’%J +mb + [reje < sk2] +0(m), if k is even and r s odd;

2(bk/2-1)
\ q

L VWJ +mj—[r=0]4 [rr2 < sk +(m), ifk and r are even.

Remark 10. In the proof of this theorem, we also show that [rtk/QJ = SWZJ} can be replaced
by [sp(Cy(m)) = r (mod q)], that is,

6(m) = [m = Cy(m)] [sy (Cyp(m)) = r (mod q)] .

12



Proof. If ¢ =1, then r = 0 and the result follows from Corollary 8. So assume that g > 2.
If £ =0, then m = ap where 1 < ag < b, m = Cy(m), and we obtain by Lemma 4 that

Ay(m,q,r) = Z 1= Z 1—[r=0]4+[ap =r (mod q)]

1<n<ag 0<n<ag
n =r (mod q) n =r (mod q)

= |aog/q] + [r mod ¢ < ag mod ¢] — [r = 0] + [r mod ¢ = ag mod ¢
= lao/q] + [ro < so] = [r = 0] + &(m).

This proves the case k = 0. For the clarity of the proof, we will also first consider the case
k =1, that is, we have m = (ajap),. Since b = 1 (mod ¢), we obtain by Lemma 4 that

Ap(m,q,r) = Z 1+ Z 1

1<n<b nep,

n =r (mod q) n=r (mod q)
b<n<m
b—1
= Y 1+ Y L (17)
q nepb, nepP,
b<n<a1b a1b<n<m
n =r (mod q) n =r (mod q)

The only possible b-adic palindrome that can be counted in the second sum in (17) is
(a1ay)p = Cy(m), and it is actually counted if and only if m > Cy(m) and Cy(m) = r (mod q).
Therefore (17) implies that

Ay(m,q,r) = b?Tl + Z 1+ 61(m), (18)

nep,
b<n<aib
n =r (mod q)

where 6;(m) = [m > Cp(m)][Cy(m) = r (mod ¢)]. The palindromes counted in the sum on
the right-hand side of (18) is of the form n = (aa), where 1 < a < a; and

2a =ab+a=n=r (mod q). (19)

We divide the consideration into two cases.
Case 1 ¢ is even. If 7 is odd, then (19) is not possible and the sum on the right-hand
side of (18) is equal to 0. Suppose that r is even. Then (19) is equivalent to

a=r/2 (mod ¢q/2).
By Lemma 5, the sum on the right-hand side of (18) is equal to

Ny (1,9/2,7/2,1,a1) = [2a1/q] + [r/2 mod ¢/2 < a; mod ¢/2] — [r/2 =0 (mod ¢/2)]
_ 2m 2% ; 250 4 o < so] — [ = 0],

13



Therefore (18) becomes

b1 4 51 (m), if r is odd;
Ab(m7 q, T.) - bgl 2a1—2s 1 i
bl o220 4 [pg < so] — [r = 0] + §1(m), if ris even.
Since Cy(m) = a1b + a1 = 2a; (mod ¢q), we see that Cy(m) = r (mod ¢) if and only if
2a; = r (mod q).

So, if r is odd, then 0;(m) = 0. If r is even, then the above congruence is equivalent to
a; =1/2 (mod ¢/2), that is, 19 = s¢, and so d;(m) = §(m). Therefore the result follows.
Case 2 ¢ is odd. This case is similar to Case 1, so we skip some details. We see that

(19) is equivalent to
1
a= (%) r (mod q).

In addition, Cy(m) = r (mod q) if and only if a; = (¢ + 1)r/2 (mod q), that is, ro = so.
Therefore 6;(m) = §(m) and we obtain from (18) that A,(m,¢,r) is equal to

b—1 +1
T + Nb (17(]7 <qT) T, 1,@1) + 6l<m)

::2§1+Lmﬂu+{(iii>rnmdq<a1mmu4—{r=0L+Mm)

2
B bTTl + Laa/g) + [ro < so] — [r = 0] + 8(m),

which proves the result.
Hence from this point on, we assume that ¢,k > 2. We will also apply Lemma 2(ii)
repeatedly without reference. Let

m' = Z ak_ibk_i = (akak_l s ak_Lk/QJ 00--- O)b (20)
0<i<|k/2]
We write
Aylmgr)y= Y 14+ > 1+ > 1+ YL (21)
nep, nepP, nepP, nep,
n =r (mod q) n =r (mod q) n =r (mod q) n=r (mod q)
n < bk bk <n < apbF apb® <n < m* m*<n<m

and divide the calculation into 6 parts.
Part 1 We will show that for integers ¢t > 1,

(0, if ¢ is even, t is odd, and r is odd;

2(b—1)p(t—1)/2 . . . .
g, if ¢ is even, t is odd, and r is even;

q
b—1)2p(t/2)—1 . . . .
E 1= %, if ¢ is even, t is even, and r is odd; (22)
b—1)(b+1)pt/2)—1 . . . .
Y ?e(ﬂéd " ()%, if ¢ is even, t is even, and 7 is even;
bt <n<bttl b—1)blt/2] . .
=" \%, if ¢ is odd.

14



Let ¢t > 1 be an integer and n = (¢;¢i_1 - - ¢1¢)p a b-adic palindrome that is counted in the
left-hand side of (22). Then we have sy(n) = n = r (mod ¢q). We divide the consideration
into four cases according to the parity of ¢ and .

Case 1.1 ¢ is even and t is odd. We have

2 Z C_j = Z ¢; = sp(n) =r (mod q). (23)

0<j<(t—1)/2 0<j<t

Since ¢ and the leftmost term in (23) are even, we see that r is even. So if 7 is odd, then the
left-hand side of (22) is equal to 0, which proves the first case of (22). Since r is even, the
congruence in (23) is equivalent to

Z ci—; =r/2 (mod ¢/2).

0<j<(t—-1)/2

Since 1 < ¢, <band 0 < ¢,_; < bforall integers j =1,2,...,(t—1)/2, we obtain by Lemma
5 that

t+1 pt+1)/2 _ p(t=1)/2 2(p — 1)pt—1)/2
S 1= N (220 = _ 2=y ,
2 q/2

nep, q
n =r (mod q)
bt<n<bit!

which proves the second case of (22).
Case 1.2 ¢ and t are odd. This case is similar to Case 1.1, so we skip some details. We
also obtain (23), and (23) is equivalent to

q+1
Z C_j = (T) r (mod q).
0<j<(t—1)/2

Therefore the left-hand side of (22) is
t+1 1 b—1)pl=1/2
Nb( ha 7Q7(q+ >T,1,b):¥.

2 2 q

Case 1.3 g and ¢ are even. In this case, we first fix the value of ¢;/; and then count the
number of choices for the remaining c¢;. We have

Crjo +2 Z Crj = Z ¢j = sp(n) =1 (mod q). (24)

0<5<(t/2)—1 0<j<t

Then ¢;/o = r (mod 2) and (24) is equivalent to

r—c
Z G- = — 42 (mod ¢/2).

0<5<(t/2)—1

15



Since ¢ is even and b = 1 (mod ¢q), we see that b = 1 (mod 2).

obtain

2.

By Lemmas 4 and 5, we

>N (t/z,q/2, - 1,b>

nep, 0<c<b
n =r (mod q) c¢=r (mod 2)
bt <n<bttl

B < q/2 ) ( 9 +[r =0 (mod 2)]>
{ (b—1)(b+1)b(/2 -1

, if r is even;

q
_1)2p(t/2)—1 -
G177 if r is odd,

q Y
which proves the third and fourth cases of (22).

Case 1.4 ¢ is odd and t is even. Using a similar method as in Case 1.3, we obtain (24),
and (24) is equivalent to

+1
Z cimj = (r—cy) (qT> (mod q).
0<j<(t/2)—1
Therefore the left-hand side of (22) is

5 3 (12000 (1Y) 10 -

0<c<b

(b—1)b/?
P

Combining this and the result in Case 1.2, we obtain the last case of (22).
Part 2 We let S; be the first sum on the right-hand side of (21), and apply (22) to
calculate S;. It is straightforward to see that

plk=1)/2) _ 1 plk/2) _ q

(t/2)-1 _ (t-1)/2 _
doob S and dob =

1<t<k—1 1<t<k—1
t =0 (mod 2) t =1 (mod 2)

In addition, we have 1,2,...,b— 1 are b-adic palindromes, b = 1 (mod ¢), and S; is equal to

2. 2 1

0<t<k-1 nekb,
n =r (mod q)
bt<n<btt!

:21+Z oo+ > Yoo

1<n<b 1<t<k— nep, 1<t g nep,
t=0 (mo )n—'r‘(modq) t=1(m 2)n—r(m0dq)
bt<n<btt! bt <n<bttl

)OS P ID Dl

1<t<k—1 nekp, 1<t<k—1 nep,
t =0 (mod 2) n =7 (mod q) t =1 (mod 2) n = r (mod q)
bt <n<ptt! bt <n<bttl

16



where the first sum is obtained by Lemma 4. If ¢ is even and r is odd, then (22) implies

(b— 1)

s+ O 5 e
q 1<t<k—1
t =0 (mod 2)
k—1)/2
4q q 4q
Similarly, if ¢ and r are even, then
S, = b—1 n -1 +1) pe/D-1 4 20b-1) p(t=1)/2
q q 1<t<k—1 q 1<t<k—1
t =0 (mod 2) t =1 (mod 2)
_ [k/2] _
q q q
(b+ 1)plk=D/21 4 oplk/2] — 4
= . .

If ¢ is odd, then

s, — b—1, (b—1)b Syt b—-1) S e

q q 1<t<k-1 q 1<t<k-1
t =0 (mod 2) t =1 (mod 2)
b—1 plE+D/2] _p  plk/2] _q
= + +
q q q
pL+1)/2] 4 plk/2] _ 9
= ; .

From (25), (26), and (27), we obtain

(b_l)bt(kfl)/%

Y

if ¢ is even and r is odd;

q
br1)blE—1/2] foplh/al _y
E 1= q+ , if ¢ and r are even;
nep, pL(E+1)/2] 4 plk/2] o o
n =r (mod q) ;_ s if q 18 odd.
1<n<bk

Part 3 We show that the second sum on the right-hand side of (21) is equal to

(O, if ¢ is even, k is odd, and r is odd;
2(a’“_1)b(k;>/2_250+2 + [ro < so] — [r = 0], if ¢ is even, k is odd, and r is even;
4 (a’“_l)(b_ql)b(m)_l, if ¢ is even, k is even, and r is odd;
(a’“fl)(bﬂ)b;km_l7250” +[ro < so] — [r =0], if ¢is even, k is even, and r is even;
\ Lakb;’“/ﬁj _ b““/:Jfl + [ro < so] — [r = 0], if ¢ is odd.

(25)

(26)

(27)

(28)

(29)



Let n = (cpep_1 -+ - c1c0)p be a b-adic palindrome satisfying b* < n < azb* and n = r (mod q).
We divide the calculation into four cases.
Case 3.1 ¢ is even and k is odd. We have

2 Z Chej = Z c; = sp(n) =r (mod q). (30)

0<j<(k—1)/2 0<j<k

Since ¢ is even, the second sum on the right-hand side of (21) is zero when r is odd, which
proves the first case in (29). Suppose r is even. Then (30) is equivalent to

Z cr—; =1/2 (mod ¢/2).

0<j<(k—1)/2

Recall that ro = /2 mod ¢/2 and sy = a; mod ¢/2. In addition, ry = 0 if and only if »r =0
By Lemma 5 (iv), the second sum on the right-hand side of (21) is equal to

E+1 2(ap — 1) (b*-1/2 1
N, <T,Q/2,7’/2,1,ak> = (ax )<q ) + |2ax/q] + [ro < so] — [0 = 0]
2(ap — 1)pk—1/2 _ 9 2
_ 2w —1) p st + [ro < so| = [r =10,

which proves the second case in (29).
Case 3.2 ¢ and k are odd. Similar to Case 1.2, we have

3 = (%) r (mod g).

0<j<(k—1)/

k—1)/2 k—1)/2

Since b = 1 (mod ¢), we obtain ab = 50 (mod ¢) and so (abt — S0)/q =

|axb¥/? /q|. Therefore the second sum on the right-hand side of (21) is equal to

k+1 1
Nb( —g 4, (q; )7"7170116)
ez 1 1
 ( )(bq )+Lak/qJ+ K%)rmodq<ak modq} — K%)rmodqz()}

abF=1D/2 _ g pk—=1)/2 _ 1
= =k p 0 _ ; +[ro < so] — [ro = 0]

kawm J plk/2) _q
q q

+[ro < so] — [r = 0].

Case 3.3 ¢ and k are even. Similar to Case 1.3, we have ¢;/» = r (mod 2) and

r—c
Z Ch—j = — ik (mod ¢/2).

0<5<(k/2)—1
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For 0 < ¢ < b such that ¢ = r (mod 2), define r*(¢) = (r — ¢)/2 mod ¢/2. Recall that

so = ax mod ¢/2. Then by Lemma 5(iv), the second sum on the right-hand side of (21) is
equal to

Z Ny(k/2,q/2,7%(c), 1, ax)

0<c<b
c¢=r (mod 2)
0 — 1) (B2 _
-y (R0 e+ 0 < s - 9 =)
0<c<b q
c=r (mod 2)
C(2(ap = D)OFDTE— 1) 2(ap — o)\ (b—1 B
—( . + . )( 5 +[7“:O(mod2)])
+ D ([r(e) < so] = [r*(e) = 0])
cz(:*g((;lfobd 2)
_ ((ax — )DL — 55 +1) (b— 14 2[r =0 (mod 2)])
q
+ 0 ([r(e) < so] = [r(e) = 0]). (31)
czré(f:obd 2)

Since b = 1 (mod q), there exists an integer £ > 1 such that b = g+ 1. In addition, we have
b—1=0 (mod 2), and so if r is even, then *(b—1) = (r — (b—1))/2 = r/2 (mod ¢/2) and
thus 7*(b — 1) = rg and [rp = 0] = [r = 0]. Then the last sum in (31) is

[r=0(mod 2)] ([ro < so] = [r=0])+ > > ([r"(c) <so] = [r"(c) =0]). (32)
1<j<tl (j—1)g<c<jq
c¢=r (mod 2)

We see that {(r —¢)/2 | c=r (mod 2) and (j — 1)g < ¢ < jq} is a complete residue system
modulo ¢/2 for any j =1,2,...,¢. So

Yo Y @ <sl-[r=0)= ) (s0-1)= - 1(So - 1. (33)

1<j<t (j—1)g<c<jq 1<j<t ?
c=r (mod 2)

From (31), (32), and (33), we obtain that the second sum on the right-hand side of (21) is
(ar, —1)(b—1+2[r =0 (mod 2)])b*¥/2=1 —2(s5 — 1)[r = 0 (mod 2)]

q
+ [r =0 (mod 2)] ([ro < so] — [r =10])
(ap—1)(b—1)bk/2—1 if r is odd;
p— q — ' ’
(ak—l)(b+1)b(’;/2) 1-2(sp—1) + [ro < so] — [r=0], ifriseven,
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which proves the third and fourth cases in (29).
Case 3.4 ¢ is odd and k is even. This case is similar to Case 3.3. We have

Yoo ai=(r—cp) (%1) (mod q).

0<j<(k/2)-1
For 0 <c < b, let r*(c) = ((r — ¢)(¢ + 1)/2) mod g. Since ged((¢ +1)/2,q) =1 and
{c|(j —1)g <c<jq} is a complete residue system modulo g,

the set {r*(c) | (j —1)q < ¢ < jq} is also a complete residue system modulo ¢ for any j =
1,2,...,(b—1)/q. In addition,

o= OO

[ro = 0] = [r = 0], and (axb*/? — s50)/q = |arb®/?! /q|. Therefore

Y11= Ny(k/2.q.77(c), 1, ax)

nep, 0<c<b
n =r (mod q)
bk < n < apb®

a — D21 5
-y (et “+[r*<c><so1—[r*<c>=o1)

0<c<b q
ap — 1)b*/% — (s — 1)b
S DV 2o D0 S () < sul = () = 0)
q 0<c<b
— 12— (sp— 100 (b—1
:(ak ) p <SO ) +( P )(50—1>+[T0<50]—[T:O]
agb®? — sy V2 -1  (b—1 b—1
= b o _ —( )(80—1>+( )(50—1)+[T0<80] [TZO}
q q q q
ple/2) | plk/2) _
:Lakq J— . + [ro < so] — [r=10].

Combining Case 3.2 and Case 3.4, we obtain the last case in (29). Therefore the proof of
(29) is complete.
Part 4 For each j € {0,1,...,|k/2]}, let

Z ag— Zbk akak 1° ak,j()O cee O)b (34)

0<i<y
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For 1 < j < |k/2], we will show that

(O, if ¢ is even, k is odd, and r is odd;

2ay,_ ;b= 1)/2) =5 9, +

Z r; < 8] if ¢ is even, k is odd, and r is even;
ak,]'(b—l)b(k/m_j_l

q _
E 1 =< ar_;j(b+1)pk/2)=i-1

nep,
n=r (mod q) LMJ + [rk/Q < Sk/g] , if ¢ is even, k is even, and j = k/2;

mj_1§n<mj q

Lakﬂ,btkm—j
k q

, if ¢ is even, k is even, j < k/2, and r is odd;

2% 4 [r; <sj], if qiseven, kiseven, j < k/2, and r is even;

J + [rj < sjl, if ¢ is odd.

(35
Let 1 < j < |k/2], A the sum on the left-hand side of (35), and n = (cxcr—1---c1¢o)p
b-adic palindrome which is counted in the left-hand side of (35). Since m;_y <n < m;,

mj—1 = (arap—1- - ap—(;—1y00---0)p, and m; = (apag—1 - - ar—;00---0)s,
the following properties hold:
1. ¢i=c,_;foralli=0,1,2,... k.
2. ¢cp_i=ap_;foralle=0,1,2,...,7 — 1.
3. 0 <y < gy
4. 0<c¢i<bforalli=j5+4+1,7+2,...,|k/2].

We see that there are only one choice for each ¢y, ci,...,¢—1,Ck—jt1, Chjt2,...,Cr and A
depends on the choices of ¢; for j < i < |k/2]. We divide the calculation into two cases.
Case 4.1 ¢ is even and k is odd. We have

2 Z Ch—i = Z ¢; = sp(n) =r (mod q). (36)

0<i<(k—1)/2 0<i<k

Then (36) is impossible when r is odd, so A = 0, which proves the first case in (35). Suppose
ris even. From the above properties and the definition of r;, we obtain that (36) is equivalent

to
Z Chi =71/2 — Z Chi =1/2 — Z ap—; =r; (mod ¢/2),

j<i<(k—1)/2 0<i<j—1 0<i<j—1
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and A is equal to

k—1 i
Ny (T_]+1aQ/2arj,07ak—j>

2, (B((F=1)/2)=5 _q T
o k ]( ) \‘ ag ]J +[r] modq/2<ak,j mOdQ/Q]
q q
Sy (BEDD=5 1) g — s,
k]( )_|_ (ak] 8J)+[7“j<8j]
q q
2. b(E=1)/2)=j _ 9.
20— p S]+[rj<8j],

which proves the second case in (35).

Case 4.2 ¢ and k are odd. Similar to Case 4.1, we have

Y = (ﬂ) ,

. 2
J<i<(k—1)/2

— Z aj—; = rj (mod q).

0<i<j—1

In addition, aj_;b%*~Y/277 = 5; (mod ¢). Therefore

k—1
A= Nb <T _]+ 17quj707ak—j>
a2 _ .

q

+ [7"]' < Sj]

ar_plE/2)=i
{MTJ + [rj < sj].

Case 4.3 ¢ and k are even. Using the same method of calculation, we have c; /o
r (mod 2) and

Z Chi = L _Qck/2 (mod ¢/2).

0<i<(k/2)—1
Case 4.3.1 j < k/2. We have

_T—Ck/g _T—Ck/g
E Ch—i = — (7 — E Ck—i =

5 5 Z ap—; (mod ¢/2).
§<i<(k/2)—1 0<i<j—1

0<i<j—1

For 0 < ¢ < bandc =

r (mod 2), define r3(c) ((r —)/2 = ocicia ak_i> mod ¢q/2.
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Then A is equal to

> No((k/2) = da/2.75(e),0,01)
0<c<b
c¢=r (mod 2)

B 261]6,]' (b(k/2)_j_1 — 1) 2ak,j "
- > ( q ﬂ J+[rj<c><sj1>

q
¢ =r (mod 2)

_ (zak_jbw/?)q—a— - 2sj> <b; L b =0 (mod 2)]) Y <)

(37)
0<c<b
c¢=r (mod 2)

Similar to Case 3.3, we write b = fq + 1 for some ¢ € Z, and obtain that

{r;(c) le=r

(mod 2) and (i —1)g < c < iQ}

is a complete residue system modulo ¢/2 for any i = 1,2

b— 1)
ri(b—1)= Z ap—i =1/2 — Z ay—; = rj (mod ¢/2).
0<i<j—1

0<i<j—1

., 0, and if r is even, then

Therefore the last sum in (37) is

[r =0 (mod 2)][r; < s;] + Z Z [rj(c) < sj]

1<i<t (z 1)g<c<iq
c¢=r (mod 2)

= [r =0 (mod 2)|[r; < s;] + Z S;

[r =0 (mod 2)][r; < s,] + b-1

Sj.

From (37) and (38), we have

A ap_j(b— 1)blk/2=i—1

Qa1 bE/2)=i-1 _9¢.

p + [r =0 (mod 2)] ( = . %y [r; < Sj])
B ak—j(b_l);(k/2)7j71’ 1f r = 1 (HlOd 2)

ak_j(b+1)b(’;/2)*J*1—28j +[r; < s;], ifr=0 (mod 2),

which proves the third and fourth case in (35)
Case 4.3.2 j = k/2. Then A depends only on the choices of ¢/, and

Chjg =1 —2 Z Chei =T — 2 Z

Ak—i = Tk/2 (mod q).
0<i<(k/2)—1

0<i<(k/2)—1
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By Lemma 4, we obtain that

A= Z 1= {%J + [m/g < 3k/2]7

0<c<ay/2 q
c=ry/o (mod q)

which proves the fifth case in (35).
Case 4.4 g is odd and k is even. There is a similarity between Case 4.3 and this case,
so we skip some details.

Case 4.4.1 j < k/2. For0 < ¢ < b, definerj(c) = ((r —c)(qg+1)/2 =3 0cici ak_i) mod
q. We see that {rj(c) | (i — 1)¢ < ¢ < igq} is a complete residue system modulo ¢ for any
i=1,2,...,(b—1)/q. In addition, r(b— 1) = r; and a,_;b"/*77 = s; (mod ¢). We have

S = (r—ap) (%)— S s (mod g), and

j<i<(k/2)—1 0<i<j—1

A=Y Ny ((k/2) = j.q.75(c),0, ;)
0<c<b
plk/2=i=1 _ g,

S (ak—ﬂ‘ q () <sj])

0<c<b
TR A
_ Ok N ) < )
q 0<e<b
pk/2)=i _ g _ _
ap—;b S; (b 1) (b 1)
= — S+ | — s+ <s;
: =) () st <
an_bLE/21=7
= \\MTJ + [Tj < Sj].

Case 4.4.2 j = k/2. Then A depends only on the choices of ¢/, and

Crpp =1 — 2 Z ap—; = /2 (mod gq).
0<i<(k/2)—1

By Lemma 4, we obtain

A= Z 1= \‘%J + [T’k/g < Sk/Q} )

0<c<ay/s q
¢ =1y (mod q)

Combining the results in Case 4.2 and in this case, we obtain the last case in (35). Therefore
the verification of (35) is complete.
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Part 5 In this part, we compute the third sum on the right-hand side of (21). Recall
the definitions of m* and m; given in (20) and (34), and the definitions of mj, m}, and mj
given in the statement of this theorem. We see that the third sum on the right-hand side of

(21) is
2, 1= > >t (39)
nep, 1<j<|k/2]  neP,
n =r (mod ¢ n =r (mod q)
apbF<n<m* mj_1<n<m;

From (35) and (39), we obtain that the third sum on the right-hand side of (21) is equal to

(0, if ¢ is even, k is odd,

and r is odd;
(k_l)/zi . . .
- Q%bf%o — [ro < s0), if ¢ is even, k is odd,

and r is even;

TTL; _ ak(bfl);<k/2)71 + LaZ/Q

J + [reje < sip2) if ¢ is even, k is even,

and r is odd;

mi — a’“(b+1)b<z/2)71_230 — [ro < so] + V'Z/ZJ + [rr2 < sip2], if ¢ is even, k is even,
and r is even;
aj_ ;bLF/21= o
KZlgngk/zJ QTJ +[r; < 5j]> , if ¢ is odd.

(40)
Part 6 Let L be the last sum in (21). We will calculate L and A,(m,q,r). The only
possible b-adic palindrome n lying in the interval [m*, m] is n = Cy(m). Therefore

L =[m > Cy(m)][Cy(m) = r (mod q)].
If k is odd, then Cy(m) = r (mod q) if and only if
2 Z ap—; = sp (Cp(m)) = r (mod q). (41)
0<j<(k—1)/2
Similarly, if k is even, then Cy(m) = r (mod ¢) if and only if
2 Z ap—j + arj2 = 5, (Cy(m)) = r (mod q). (42)
0<j<(k/2)-1

If k is even, then (42) is equivalent to 7|5 2] = S|x/2). If k is odd, ¢ is even, and r is odd, then
(41) is not possible, and so L = 0. In the remaining cases, the congruence (41) is equivalent
to rx/2] = S|k/2). Therefore

I — {O’ if k is odd, ¢ is even, and r is odd; (43)

d(m), otherwise.

Therefore the desired formula for A,(m, ¢, r) can be obtained from (21), (28), (29), (40), and
(43). This completes the proof. O
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The formulas presented in Theorems 7 and 9 may look complicated. However, by exam-
ining certain special cases, the formulas are of a simpler form as shown in the corollary.

Corollary 11. Letb > 2, k,q > 1, and 0 < r < q be integers. Then the following statements
hold.

(i) Assume that b=0 (mod q). Then

b—1

[k/2] [k/2] _
Ay (05, q.7) = ((bg) — [r = 0] (b b 2)

(i1) Assume that b=1 (mod q). Then
bIE2T b2 2 +bW2J_2, if q 1s odd;

q
Ay (VF,q,7) = M, if q is even and r is odd;

q
(b41)bLE=1)/2] L oplk/2] _4
q )

if ¢ and r are even.

Proof. We see that Cy(b*) = b* + 1 > b*, which implies that [b* > C,(b*)] = 0. In addition,
if 7 > 0, then [(1—7)/q] = 0. Then (i) follows from Theorem 7. For (ii), let m = b* =
(100---0), and let mj, ms, m3,rj,s; for each 0 < j < |k/2]| be defined as in Theorem 9.
Then for 0 < j < |k/2], we have
1, ifj=0;
Sj = I
0, ifj#0,

[w<;ﬂ:{V=m,ﬁj:&

0, if 40,

20172 _ 9 20172 _ 9

mj=——+[r=0, mj=—-—"—,
q q

b+ 1)pk/2-1 2

my = (b+1) , and [m > Cy(m)] =0.
q
From the above observation and Theorem 9, we obtain (ii). O

The next corollary gives a supplementary result to Col’s theorems [8]. Recall that if we
write f(b) = g(b) + O*(h(D)), then it means that f(b) = g(b) + O(h(b)) and the implied
constant can be taken to be 1.

Corollary 12. Let b > 2, g > 1, and 0 < r < q be integers. Assume that q is odd and
b=1 (mod q). Then uniformly for m > 1, we have

1 . [ logm
Ay(m,q,r) = 5Ab(m) +0 (210gb + 2) :
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Proof. 1f ¢ = 1, then Ay(m,q,7) = Ay(m)/q and the result follows immediately. So assume
that ¢ > 2. Let m = (axag_1 - - - ajag)p. By Corollary 8 and Theorem 9, we obtain

1 pLk+1)/2] _blk/2]=i > C —9

—Ay(m) = —— + Z ak + [m > Cy(m)] and
q q . q q

0<i<| £
plk+1)/2] _ 1 L plk/2]=i
Ab(m7Q7T) =—+ Z <\‘%J—J + [rj < Sj]> - [T = 0] + 6<m>7
! osis[ 4] !
where ro, ..., 7|x/2], 505 - - - s S|k/2), 0(m) are defined as in Theorem 9. In addition, we also have

k= [(logm)/(logh)] and 0 < z— |z] < 1for allz € R. If §(m) = 1, then [m > Cy(m)] = 1.
If 6(m) = 0, then 0 < [m > Cy(m)] < 1. Therefore

Ay, q,r) — gAb<m> < —(1/g)+ (B/2) + 1) +1+1/q = (k/2) +2.
It is also easy to see that
Ay, q,r) — %Ab<m> > —(1/q) = ((k/2) +1) = 1+ 1/g = —(k/2) — 2

Hence |Ay(m, q,7) — Ap(m)/q| < k/2+ 2 < (logm)/(2logb) + 2, as required. O

4 Conclusion and open questions

We obtain exact formulas for the number of b-adic palindromes not exceeding a positive
integer m that lie in an arithmetic progression r mod ¢ when b = 0,1 (mod ¢). By modifying
Lemmas, we strongly believe that an analogous formula for the case b = —1 (mod ¢) can be
obtained, but we have not proceeded to a calculation yet to avoid making this article too
lengthy. We also derive an asymptotic formula for the number of b-adic palindrome that
are at most m and are congruent to r modulo ¢ when ¢ is odd and b = 1 (mod ¢) that
gives an equidistribution result in residue classes modulo ¢ extending Col’s result [8], which
is under the different condition ged(b(b* — 1),¢q) = 1. We currently do not have sufficiently
satisfactory or interesting results in the other cases. This leads us to some open questions.

Problem 13. What can we say about the distribution of b-adic palindromes in residue
classes modulo ¢ when b # —1,0,1 (mod ¢) and ged(b(b* — 1),q) > 1?7 Are they uniformly
distributed?

Problem 14. Is there any nontrivial case for b and ¢ that b-adic palindromes are not
asymptotically equidistributed in residue classes modulo ¢7 A trivial case is, for example,
when r =0, b = 10, and ¢ is a power of 10 where A,(m,q,r) = A1p(m,q,r) = 0 for all m.

Problem 15. What are the necessary and sufficient conditions on b and ¢ for an (asymptotic)
equidistributed result?
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