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Abstract

The modified degenerate Bernoulli polynomial 9B,, y(x) introduced by Dolgy et al.
is given by
xt
i ‘Bm(x)tn 1+
n! (1+A)>—1
In this paper, we prove some symmetric identities on modified degenerate Bernoulli
polynomials, which generalize the result of Fu, Pan, and Zhang.

n=0

1 Introduction
The Bernoulli polynomial B, (z) (n € N) is given by

i Bn(x)tn _ te®t

n! et —1°

n=0

In particular, B, := B,(0) is called the n-th Bernoulli number. A curious identity of Miki
9] says that

n—2 n—2
Ban,k n Banfk Bn
— 2H, - =m 1

K — k) Z(k)k(n—k)+ " (1)
k=2 k=2
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for n > 4, where the n-th harmonic number H, := " | 1/i. Different proofs of (1) were
given by Shirantani and Yokoyama [12], Gessel [6], Dunne and Schubert [4]. Furthermore,
for n > 4, Dunne and Schubert also proved a similar identity

n—2 n—2
+2
(n+2)> BiBuv=2Y (“ . >Bank +n(n+1)B,, 2)
k=2 k=2

which was conjectured by Matiyasevich [8].

In [10], Pan and Sun used the difference-differential method to establish the polynomial
extensions of the Miki identity and the Matiyasevich-Dunne-Schubert identity. Moreover,
Sun and Pan [14] proved the following general symmetric identity involving Bernoulli poly-

nomials:
r [S t} + s [t 7"} +1 [7" S} =0, (3)
Ty, y oz, z x|

where r+s+t=n, x+y+ 2z =1 and

{; ?j N an_l) (Z) (n i k;) By k() Br(y)-

n k=0

Subsequently, Fu, Pan, and Zhang [5] gave a generalization of (3) involving sums of products
of more Bernoulli polynomials as follows:

SN I | (NS
- i reoy (r"]::ZFl) B, (1-z) [] (;ﬂ) By, (25 — i + 154), (4)

i=1 k1,eeeskm >0 1<j<m N7
K1+ tkm=n i
where 7,1 =n —11 — -+ =1, and 1;5; = 1 or 0 according to whether j7 > 4 or not.

On the other hand, in [2], Dolgy, Kim, Kwon, and Seo introduced the modified degenerate
Bernoulli polynomial, which is different from Carlitz’s degenerate Bernoulli polynomial [1].
Define the modified degenerate Bernoulli polynomial B, \(z) by

o0

B, () t1+ N5
n! (1+ )\)i —1

t" =

n=0
where A € C. Moreover, set B, () = 0if n < 0. Since (14 X)> tends to e as A — 0, clearly
}\1{}% B,(x) = By(z).

Various results related to the modified degenerate Bernoulli polynomials have been discussed
in [3, 7, 11, 13].
In this short note, we extend (4) to the modified degenerate Bernoulli polynomials.
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Theorem 1. Suppose that m > 2 and n > 1 are integers. Let ri,...,rm, A be arbitrary
complex numbers and ro =n—1r; — -+ —1,,. We have

o T H(E)mee

When m = 2, we have the following extension of (3).

Corollary 2. For s,t, A € C, let

_ = k(S t
Ds ez, y) = kE_O( 1) (k) (n - k:) Bk () B (y).
Then for eachn > 1,

- Qs,t,k($a y) +s- CQtn“,/\(y? Z) +t- :Dr,s,)\<z7 $) = Oa (6)

where r; s, t,x,y, 2z € C satisfy that r + s+t =mn and x +y + z = 1. In particular, we have
the extensions of (1) and (2) as follows:

S B B pr — nz_l (n) % B gy = —>\ - H, B+ . B-1 (7)
il oS \R kR T {14+ o2 -
and
2 < n+2 A
(n+2) ; By Br—ka =2 2 ( I )‘Bkz,)\%nk,)\ + 1) n(n+ 1By, (8)

where By x = By A(0) and n > 4.

The proofs of Theorem 1 and Corollary 2 will be given in the next section.

2 Proofs of Theorem 1 and Corollary 2

First, we need the following lemma.



Lemma 3. Suppose that m > 2 and sq, Sm be non-negative integers. Then
Z Si %sl—l A $z H %81 x]

1<j<m

J#i

S
= Z S; Z SB]CZ.,L)\(SQ) H (kj‘)%kj,)\(xj —x; + 1j>z’)-
=1 k1,k2,....,km >0

(9)
1<j<m NV
kit t+km=s1++8m —j]?;t
Proof. Clearly
xit
o )\ + 1 JAJ
(t1 + H t;(
i=1 ( A -1

:(AH)“* +tm> (Z (D% — D+ 1) 1<J<m§)Ht *
:i (t1 + -

]=1 >\+1 /\—1
tm) S 4 vt 1 GO+ 1)E
t1+ Fim ) : </\+1) i<jsm X -ti()\—|—1) X H

i1 (A + 1)7j —1
J#
m z(tl tm,) zJ z; +1j ,L)t
— )\ + 1)t1+ )\+tm B 1 em (A + 1)% - 1
J#i

Let [t7*---tom]f(t1,. .., tm) denote the coefficient of ¢i'---tim in the formal power series
f(t1, ..., tm). Then

xit

m N+ 1 A
[til"'tfﬁn](tl‘i‘""i‘tm)n%
ST(A+Dx -1

< B, \(2) .
et e ) 30 D)

t’
A J
k;=0 55
i si—1,\ xl? H %S]‘)\(JJJ) (11)
S — 1) ; Sj‘ '
1<5<m
J#i
On the other hand, we have
m m t; (ac —x; +1 i)
) SO GO DT Q)
) o Ftm
pa A+U1At 1 igm AEDT 1
J#i

(12)
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i=1  ki,...km>0 1<j<m s;=0
J#
m o0
B x
SRR SN DR L RS
=1 K1 ko, km>0 L2
H i By, _wya(rj — 2 + 1j>i)t§j_kj
) j
1<j<m s;—k;=0 (55— k;)!
JF#
_ - Z By 1ot hisi1tkigs otk (Ti) H B, k2 (T — i+ 1j5)
- l... | —1)! | S S| ’
=1 K1kt Kot 1 s km >0 fale kil (si = D! - k! 1<j<m (55— k;)!
J#i
(13)
Combining (10), (11), and (12), we obtain that
m m
B (2, B (x5
> s T Boalr) = sl 3 Dl [T Bunles)
i=1 1<j<m i=1 (SZ ) 1<j<m 55
J#i J#i
l...g li Z %Iﬂ+~~'+I€i—1+Si—1+ki+1+m+km(‘r’h AtAg - /\m)‘
" PR S kl‘kQ' ce ki,l!(si — 1)']€Z+1| e km'
. H B,k (15 — i + 1jsi, Aj)
L)
J#i
Z B, —1(75) H (kj) B, A (1 — 25 + Ljss).
i=1 k1,ko,....km >0 1<j<m N7
k14 4km=s1++sm ]7&1
Thus we get the desired result. O]

Now we are ready to complete the proof of Theorem 1.

Proof of Theorem 1. Clearly

(nery—e ) Y H(T]>%k)\)

k1,k2,....km >0 j=1
ki+Akm=n

.S Z ( )93k Mz T (]:i)%kﬁx(mj)

k1 kg, Km0 i= 1 1<j<m N7



= Z (ki +1) ( )%k A ] <Z>’Bkj,A($j)

k1,k2,....km>0 i=1 7
k»'l"r +km=n ‘77£Z

> Zk( >%k_”(m1<11m (”)%kj,x(m

k‘l ka,..., km >0 1= 1 —=J =
kvt hm=n+1 J#

By Lemma 2.1, we have

3 }:k()%klg%)[[(g)mwwﬂ

K1,k km>0 i=1 1<j<m
k14 +hkm=n+1 J#
- X () (ke TT Buae)
klyookm>0  j=1 1<j<m
ki4-+km=n+1 j#i
m r m I{Z
SN (RO 3D DL RN | G LREEE R )
Ei,..km>0 =1 N7 i=1 Uy >0 1<j<m N7
k14+km=n+1 li++lm=n JFi
“ r;— 1 r ri —1
L2, 2nn) B, e T () () et
ki,...km>0 i=1 v ..., lm>0 1<j<m N J J
Ei4-4kn=n+1 L4 Flm J#i
i=1 11yl >0 1<j<m N
Z r; — 1 H ’I“j — lj
ki —1 A ki —1; ’
kl ..... km >0 1<j<m
According to the Chu-Vandermonde identity,
Z r; — 1 H ’I“j — lj
l{?i - 1 X kj - lj
1,k >0 1<j<m
kit thm=n+1 J#i
B 7‘1+...+7‘m_l_ll_..._li_l_li+1_..._lm
S\t k1= = =l =l — =
rn+-+r,—1l—n+l Lf{n—r1— =Ty
= = —]_ z .
( . )= .
Finally, since
(1—m)t z(—t)
t(1+ M) B (=) (1 + X))~

QI+ =1  (14+NF -1



we have
%17)\(1 — [E) = (—1)Z§Bl7)\($) (14)
for each [ > 0. All are done. O

Proof of Corollary 2. Using (14) and applying to Theorem 1 with m = 2, r = s, ro = t,
r1 =1—y and xy = x, we have

reDen(z,y) = Tki:o (Z) (n i k) Bra(l = y)Bria(2)
== (1), ) BB saty )
_ tzn: (2) (n i k) Bra(l— 2)Bp_pn(1— 2 —7)

=—s5 Dy, l —z—y)—t- D21l —z—y,x).

Thus, Eq. (6) is concluded.
However, the proof of (7) is a little more complicated. Note that (') = (—1)* and

%(Z) _=Dr

s=0 k
Taking the derivative with respect to s on both sides of (6) and letting s = 0 and ¢t = —1,
we obtain that

n

0= —(n+ 1) (1B ) (21)B, 0 ()Bo ()

k
k=1
“ n+1 nn—l n+1 %n_k;\(z)
+ kz; (n _ k;) B e (y)Bra(z) + (1) 2 < I )ﬁ By a(r)
+(—1)”<1+n+1 +---+n—2i_1)‘30,,\(2)‘3n7k(x). (15)

Note that B, (1) = (—1)"B,,, by (14). Substituting x =1 and y = z = 0 in (15), we get

n

B
0=—(n+1) Z ]:’A Bk — BpaBo
k=1

n n—1
n —+ 1 —k n"’l %nfk)\
BB 1" = B
+;<n—k) kA k,A+kZ:(J( ) ( L ) — kA

1 1
+ <1—|—n:; +...+n;— )%O,A(Z)%n)\- (16)




Since

— t(l + )\)f —1 _ i %k,)\<1) — %k’)\tk,
+Ni-1 = M

we have By (1) = By for each & > 2. Thus by (14), B, = 0if £ > 3 is odd, i.e.,
(—1)%B.\ = 0 for each k > 2. It follows from (16) that

n—1
B
(n+1)Y =52 B a+n(n+ 1)B1aB, 1

k
k=1
n—1
n 1 n+1 %n—k)\
= 1 — = 1)H,.8,
(n+ >;<(ls+1> +n—|—1< k >> n—k Dkt (0 D HaBea B0
n—1 n\ B
— 1) @% By + (0 + 1) H,B, B0 a7
k=1
Clearly,
t A d t 1
— i - i S o2
Bo 150 (14+M)x—1 In(1+N) B tl—r>%dt<(1+/\)§_1> 2

Thus (7) is concluded.

Finally, substituting r =n+2, s =t= -1, x =1 and y = z = 0 in (6), we can easily
get (8). O
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