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Abstract

Integer compositions of n can be viewed as bargraphs, in which the ith part of the
composition xi is given by the ith column of the bargraph with xi cells. The sun is at
infinity in the northwest of our two-dimensional model, and each composition casts a
shadow in accordance with the rules of physics. We find the number of unit squares
in this shadow (but not being part of the composition) through a bivariate generating
function tracking composition size and shadow.

1 Introduction

Integer compositions of n with k parts can be modeled by a bargraph with k columns in
which the ith part, say xi, is represented by column i of the bargraph built with xi vertically
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stacked square cells. We position the sun at infinity in the northwest, and consider the
problem of how many cells in the vicinity of the bargraph representation are in shade. Any
shade in these structures can only occur when there is a descent of two or more (and possibly
to the right of this part also). This idea of shade was inspired by an earlier notion of lit
cells, which was originally explored by two of the current authors and others [1]. Lit cells in
partitions and compositions were studied by the current authors [4, 5]. We show a simple
example of shade below in Figure 1.

Figure 1: 4+1+1+3+1+2 with shaded cells.

Shade is different from lit cells in that lit cells are a distinguished subset of cells in
the original bargraph, whereas shaded cells are cells that are not included in the original
bargraph. Shaded cells are similar to the water cells studied by Blecher, Brennan, and
Knopfmacher [3] in this regard, but shaded cells may lie either within the envelope of the
bargraph or at the right hand end, whereas water cells must be within the envelope of the
bargraph. Shaded cells in the envelope are considered in Section 2 and shaded cells at the
right end in Section 3.

A critical aspect of the solution is that it makes use of the so called skew bijection. This
bijection is a modification of the bijection specified by Prodinger [8]. The skew bijection
maps each composition of n with j parts to the super-diagonal (or skew) composition of
n +

(
j
2

)
and is defined by sending each original ith part xi to the new ith part xi + i − 1

(and its reverse for the inverse). The image objects for this bijection are super-diagonal
compositions (i.e., compositions in which the ith part ≥ i). As explained by Prodinger [8],
if a part in the domain composition produces shade to its right, then the image of this part
is a left to right maximum in the image composition. This enables us to view the problem of
shade production in any given composition as a problem of tracking shade between successive
pairs of left to right maxima in superdiagonal compositions.

See an example in Figure 2. This example is built from Figure 1. The extra shaded cell
at the right in Figure 1 is counted by a different argument.

Our method of solution is a constructive one in which we specify an arbitrary pair of
successive left-to-right maxima s1 and s2 in respective positions i1 and i2 > i1 + 1 (see the
shaded squares in the right hand side of Figure 2), and then find the generating function
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Figure 2: The skew bijection maps 4+1+1+3+1+2 to 4+2+3+6+5+7, with added staircase
shown in green.

for the shade lying between them, afterwards constructing the generating functions for all
(superdiagonal) compositions having this particular pair somewhere in the middle.

This generating function is found in Section 2.
In addition to the shade to the left of each left-to-right maximum, we also need to account

for all shade to the right of the leftmost overall maximum. To account for this shade area, we
let s in position i be the leftmost overall maximum of the image (under the skew bijection)
superdiagonal composition.

The generating function for the shade to the right of i is found in Section 3.
We note that to the left of the overall maximum, after the skew bijection has been

applied there may be no left to right maximum pairs with shade between. This condition
is equivalent to the case where the parts to the left of i constitute a weakly increasing
partition. It is interesting that the general superdiagonal compositions to the left of i split
into two categories, namely those that are partitions and those that are not, and this split is
natural in our method of solution. The theoretical connection between the theory of integer
compositions and the theory of integer partitions has been explored by Blecher [2], with an
interesting example of how the theories are connected. Other papers dealing with skew or
super-diagonal bargraphs are by Deutsch et al. [6] and Van Rensburg [10].

2 Shade between two successive left to right maxima

For the image compositions after the skew bijection has been applied, we let two successive
left-to-right maxima, s1 and s2 occur in respective positions i1 and i2 where i2 > i1+1. The
case i2 = i1 + 1 is dealt with in the next section.

We track the size n of the original composition with variable q and the size of the image
composition with variable x and shade between i1 and i2 with u, with the goal to obtain the
generating function F (q) =

∑∞
n=0 c(n)q

n where c(n) is the sum over all compositions of n of
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Figure 3: A large composition (unshaded) showing the complexity of the shade parameter.

the amount of shade in each composition. This is achieved in via the intermediate functions
F (x, q) = DL(x, q)+DR(x, q) developed below, where DL(x, q) is the generating function for
the total shade between two successive left to right maxima and DR(x, q) is the generating
function for the total shade to the right of the leftmost maximum.

The first i1 − 1 parts each have maximum part size s1 − 1, and therefore together with
the left to right maximum, a combined generating function given by(i1−1∏

r=1

(xq)r − (xq)s1

(1− xq)

1

qr−1

)
︸ ︷︷ ︸

A

(xq)s1
1

qi1−1︸ ︷︷ ︸
B

=

i1−1∏
r=1

(xq)r − (xq)s1

1− xq
(xq)s1

1

q
1
2
i1(i1−1)

. (1)

The quotient in the product of underbrace A is the generating function for the part of the
composition in position r. Because we are dealing with a superdiagonal composition, each
such part p must satisfy r ≤ p < s1 with generating function for each such part as shown.
The multiplying term 1

qr−1 is necessary to correct what precedes it in terms of q, which must
track each part of the composition as it occurs before the skew bijection is applied. The term
in underbrace B, namely (xq)s1 , is the generating function for the left-to-right maximum for
the skew bijection image s1 when it is tracked by the variable x and as before this needs to
be multiplied by 1

qi1−1 . This is then simplified in the right hand side of the equation.
We assume that there is a drop of at least two between s1 and s2, occurring for the first

time, say, in column i3 and of size s3 after the skew bijection is applied. Thus i3 ≤ s3 ≤ s1−1.
This is equivalent to a drop of at least one after the skew bijection is applied, and means
that there is shade of at least 1 in column i3 where i1 < i3 < i2. The generating function for
columns i2 and i3 is given by

(xq)s2
1

qi2−1︸ ︷︷ ︸
A

( 1

qi3−1
(xq)s3︸ ︷︷ ︸
B

us1−s3︸ ︷︷ ︸
C

)
, (2)

where A is the generating function for s2 in column i2, both before and after the skew
bijection is applied; similarly B is for column i3 and C is for the shade that must occur in
column i3.
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Next we consider the generating function for columns strictly between i1 and i2 but
excluding i3. This is given by

i3−1∏
i=i1+1

1

qi−1
(xq)s1︸ ︷︷ ︸
B

i2−1∏
i=i3+1

1

qi−1
(xq)ius1−i︸ ︷︷ ︸

D

1− (xq
u
)s1−i+1

1− xq
u︸ ︷︷ ︸

A

, (3)

where B tracks columns to the right of i1 and to the left of i3, because after the skew bijection
has been applied, these are all of size s1. D is the generating function for the maximum
shade that may occur in column i when it lies between i3 and i2, and A tracks any additional
cells in this ith column up to a maximum of s1 − i. But for any such additional cells one u
unit needs to be removed (which is achieved by the replacement of xq with xq

u
). The index i

in both products is tracking the (i)th column in the composition. So, for example, i = i1+1
is tracking the column immediately to the right of i1.

Next, suppose there are m ≥ 0 parts to the right of i2. These parts can be any size,
provided they are superdiagonal after the skew bijection has been applied. In other words
the generating function for these m parts is given by

m∏
r=1

(xq)i2+r

1− xq

1

qi2+(r−1)︸ ︷︷ ︸ = q−i2m− 1
2
m(m−1)(1− xq)−m(xq)

1
2
m(1+2i2+m).

As before, the underbraced term above is the correction required to render an accurate
expression before the skew bijection is applied.

This needs to be summed over m and simplifies to the generating function for these m
parts being

1 +
∞∑

m=1

q−i2m− 1
2
m(m−1)(1− xq)−m(xq)

1
2
m(1+2i2+m). (4)

We sum the generating function for Eqs. (1) and (2) over i1, s1, i2, s2, i3 and s3, insert
Eq. (3) thereafter, and finally multiply by Eq. (4) above to obtain the overall generating
function

L(x, q, u) =
∞∑

i1=1

∞∑
s1=i1+2

i1−1∏
r=1

(xq)r − (xq)s1

1− xq
(xq)s1

1

q
1
2
i1(i1−1)( s1+1∑

i2=i1+2

∞∑
s2=s1+1

i2−1∑
i3=i1+1

s1−1∑
s3=i3

(xq)s2
1

qi2−1

( 1

qi3−1
(qx)s3us1−s3

)
i3−1∏

i=i1+1

1

qi−1
(xq)s1

i2−1∏
i=i3+1

1

qi−1
(xq)ius1−i1−

(
xq
u

)s1−i+1

1− xq
u

)
(
1 +

∞∑
m=1

q−i2m− 1
2
m(−1+m)(1− xq)−m(xq)

1
2
m(1+2i2+m)

)
. (5)
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The generating function for the total shade DL(x, q) between two successive left to right
maxima is obtained by differentiating Eq. (5) with respect to u and setting u = 1.

We obtain

DL(x, q) =
∞∑

i1=1

∞∑
s1=i1

(i1−1∏
r=1

(xq)r − (xq)s1

1− xq

)
(xq)s1

1

q
1
2
i1(i1−1)

s1+1∑
i2=i1+2

∞∑
s2=s1+1

i2−1∑
i3=i1+1

s1−1∑
s3=i3

(xq)s2q−(i2−1)
( i3−1∏
i=i1+1

(xq)s1

qi−1

)
q−(i3−1)(xq)s3

(
(s1 − s3)

i2−1∏
i=i3+1

q−(i−1)(xq)i
(1− (xq)s1−i+1)

1− xq

+

i2−1∑
j=i3+1

( i2−1∏
i=i3+1, i ̸=j

q−(i−1)(xq)i
(1− (xq)s1−i+1)

1− xq
×

q1−j(j(xq)j(−1 + xq)− s1(xq)
j(−1 + xq) + xq(−(xq)j + (xq)s1))

(1− xq)2

)
(
1 +

∞∑
m=1

q−i2m− 1
2
m(−1+m)(1− xq)−m(xq)

1
2
m(1+2i2+m)

)
. (6)

Note that the variable u in Eq. (5) is a tracker for the shade between arbitrary pairs of
left-to-right maxima. However, the coefficient of qmxn of the derivative in Eq. (6) tracks the
total shade to the left of the leftmost overall maximum across all compositions with these
particular m and n values. The more conventional method of obtaining the latter is to have
u as tracker for the full shade (lying left of the leftmost maximum) in each composition and
not just for arbitrary pairs of successive left-to-right maxima. The method chosen is simpler.

We modify Eq. (6) by setting x = 1 in order to obtain the generating function given by
the coefficients of DL(q) := DL(1, q), for shade to the left of the leftmost overall maximum
in compositions of n tracked by q. We obtain the generating function

DL(q) =
∞∑

i1=1

∞∑
s1=i1+2

( 1

1− q

)i1−2
(i1−1∏

r=1

(1− qs1−r)
)
q

1
2
i1(−1+i1−2s1)

s1+1∑
i2=i1+2

∞∑
s2=s1+1

i2−1∑
i3=i1+1

s1−1∑
s3=i3

q
1
2
(−i3−i23)+i3s1+s2+s3

( 1

1− q

)i2−i3

(
(s1 − s3)

i2−1∏
i=i3+1

(1− qs1−i+1)

(7)
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+

i2−1∑
j=i3+1

i2−1∏
i=i3+1, i ̸=j

(1− qs1−i+1)
j(−1 + q) + q1−j+s1 + s1 − q(1 + s1)

1− q

)
(
1 +

∞∑
m=1

q−i2m− 1
2
m(−1+m)(1− q)−mq

1
2
m(1+2i2+m)

)
, (8)

with series expansion beginning

2q6 + 6q7 + 24q8 + 73q9 + 209q10 + 560q11 + 1452q12 + 3621q13. (9)

3 Shade to the right of the leftmost overall maximum

Let the leftmost overall maximum s occur in position i.
Since we have already accounted for the shade to the left of position i, we use the

generating function for all parts to the left of i without tracking any shade. Thus all parts
to the left of i, this time including the part in position i have generating function

∞∑
i=1

∞∑
s=i

i−1∏
r=1

(xq)r − (xq)s

1− xq︸ ︷︷ ︸
A

(xq)s
1

q
1
2
i(i−1)︸ ︷︷ ︸

B

u(
s−(i−1)

2 )︸ ︷︷ ︸
C

, (10)

where A is the generating for each part pr in position r. We have r ≤ pr ≤ s− 1. B is the
generating function for the largest part and includes the correction for all these parts before
the skew bijection is applied. C is the maximum possible shade that may occur to the right
of s.

However, there may be parts to the right of s and each such part must be removed from
the maximum shade. Let there be m such parts where 0 ≤ m ≤ s − 1. The generating
function doing this is

s−1∑
m=0

( m∏
r=1

(xq
u
)i+r − (xq

u
)s+1

1− xq
u︸ ︷︷ ︸

A

1

( q
u
)i+r−1︸ ︷︷ ︸
B

)
. (11)

A is the generating function for the part in position i+r and also removes all shade occupied
by a cell of the composition, and B is the generating function required to make the correction
before the skew bijection is applied.

Combining Eqs. (10) and (11), we obtain the generating function R(x, q, u) for shade
(tracked by u) to the right of the leftmost overall maximum as

R(x, q, u) =
∞∑
i=1

∞∑
s=i

i−1∏
r=1

(xq)r − (xq)s

1− xq
(xq)s

1

q
1
2
i(i−1)

u(
s−i+1

2 )
s−1∑
m=0

m∏
r=1

((xq
u
)i+r − (xq

u
)s+1

1− xq
u

1

( q
u
)i+r−1

)
. (12)
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To get the generating function DR(x, q) for the total shade to the right of the leftmost
maximum, we differentiate Eq. (12) with respect to u and set u = 1. We obtain

DR(x, q) =
∞∑
i=1

∞∑
s=i

(i−1∏
r=1

(xq)r − (xq)s

1− xq

)
(xq)s

1

q
1
2
i(i−1)

(
s− i+ 1

2

) s−1∑
m=0

m∏
r=1

(xq)i+r − (xq)s+1

(1− xq)qi+r−1
+(

∞∑
i=1

∞∑
s=i

(i−1∏
r=1

(xq)r − (xq)s

1− xq

)
(xq)s

1

q
1
2
i(i−1)

s−1∑
m=0

m∑
j=1

m∏
r=1,r ̸=j

((xq)i+r − (xq)s+1

1− xq

1

qi+r−1

)
q1−i−j(−(xq)i+j + (xq)1+s(2− i− j + s) + (xq)2+s(−1 + i+ j − s))

(1− xq)2

)
. (13)

We modify Eq. (13) by setting x = 1 in order to obtain the generating function given
by the coefficients of DR(q) := DR(1, q), for shade to the right of the leftmost maximum in
compositions of n tracked by q. We obtain the generating function

DR(q) =
∞∑
i=1

∞∑
s=i

(i−1∏
r=1

(1− qs−r)
) qs

(1− q)i−1

((
s− i+ 1

2

) s−1∑
m=0

qm

(1− q)m

m∏
r=1

(1− qs+1−i−r)

+
1

(1− q)2

s−1∑
m=1

m∑
j=1

qm

(1− q)m−1

m∏
r=1

(1− qs+1−i−r)

(−1− q1−i−j+s(−2 + i+ j − s) + q2−i−j+s(−1 + i+ j − s))

)
, (14)

with series expansion beginning

q2 + 4q3 + 13q4 + 34q5 + 83q6 + 193q7 + 430q8 + 938q9 + 2011q10 + 4253q11 + 8899q12.
(15)

4 Generating function for shade in compositions

Finally, we sum the generating functions from the previous two sections to obtain the gen-
erating function F (x, q) for shade in compositions. So

F (x, q) = DL(x, q) + DR(x, q),
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with series expansion beginning

F (x, q) = q2x2 + 3q3x3 + (q3 + 6q4)x 4 + (6q4 + 10q5)x 5 + (15q5 + 15q6)x6

+ (q4 + 32q6 + 21q7)x 7 + (8q5 + 56q7 + 28q8)x8 + (27q6 + 92q8 + 36q9)x9

+ (68q7 + 138q9 + 45q10)x10 + (q5 + 140q8 + 200q10 + 55q11)x11

+ (10q6 + 260q9 + 275q11 + 66q12)x12 + (41q7 + 441q10 + 370q12 + 78q13)x13.

Figure 4: 13 shaded cells distributed among compositions of 4.

We account for the highlighted terms in Figure 4 above. Let us focus on compositions
of 4, so we choose all the terms involving q4. The top composition has one part, so the
image composition, whose size is indexed by x, has no staircase added and hence is also
of size 4. The coefficient of q4x4 is 6, and there are 6 shaded cells in the top composition.
Compositions of 4 with 2 parts are in the next row. They have an image composition with
one extra cell in the staircase, so are associated with q4x5. There are 6 shaded cells in the
middle row. Lastly, there is one composition of 4 with 3 parts, on the bottom row, for which
the image composition has a staircase with 1+2 cells in it, so the shade is counted by q4x7.
One cell is shaded in the bottom row. No other composition of 4 has any shaded cells, so
we account for all 13 shaded cells with these compositions.

Now we define
F (q) := F (1, q)

and thus we arrive at the main result of this paper.

Theorem 1. The generating function for the total shade in all compositions of n tracked by
q is given by

F (q) = DL(q) + DR(q) (16)

where DL(q) is given by Eq. (8) and DR(q) is given by Eq. (14).
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The series expansion for F (q) begins

q2+4q3+13q4+34q5+85q6+199q7+454q8+1011q9+2220q10+4813q11+10351q12+22104q13.

The series of coefficients above is A372768 in the OEIS [9].
We observe that if all shaded squares in Figure 3 were white, we would be showing a

shadeless composition. Shadeless compositions are characterized as being alternating se-
quences ending at height 1 where the alternation is between arbitrary partitions written in
increasing order (which end just before a decrease) and decreasing partition staircases that
end just before there is a repeated part or an increase. This follows because as stated in the
introduction, shade can only occur in a composition when there is a drop of at least two,
which implies that a shadeless composition can not have a drop of 2 or more. This latter
also implies that the composition must end at height 1.

For example, having all shaded squares in Figure 3 in white (i.e., with all shaded squares
understood as part of the composition), its sequence decomposition given in reverse order is

[1, 2, 3, 4, 5, 6, 7, 8](6)[7, 8](6)[7](3)[4](2)[3](3)[4, 5, 6](4, 3)[4, 5, 6, 7](6, 6)[7, 8, 9](5, 4)

[5, 6](4)[5](2)],

where the alternation is between maximal length staircases represented between square
brackets and maximal weakly decreasing partitions represented in round brackets. For a de-
composition of all integer compositions into a similar such alternating sequence, see Blecher
[2].
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