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Abstract

We present other proofs, generalizations, and analogues of the identities concerning
multiple Dirichlet series by Tahmi and Derbal (2022). As applications, we obtain
asymptotic formulas with remainder terms for certain related sums.

1 Introduction

Recently, Tahmi and Derbal [4] obtained certain identities for the multiple Dirichlet series

Z f(ny)--- f(n,)

b nST ’
n1yeeynp=1 r

with 7 > 2 an integer, in the cases where f : N := {1,2,...} — C is a completely multi-
plicative arithmetic function or the Dirichlet convolution of two completely multiplicative

functions.
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As direct corollaries of their results, they mentioned, among others, the identities

[e. 9]

3 L C(s1)---¢(sn)

nil...nir o C(Sl_i_..._'_sr)?

N1,yeeeyNp=1
ged(n,...,np)=1

with s; € C, Rs; > 1 (1 < i <r), concerning the Dirichlet series of the characteristic function
of the set of points in N, which are visible from the origin (also see Apostol [1, p. 248]), and

o0

T<n1>7—(n2) 2 2 < 4 2 2 1 )
—_ 7 = 1— — 1
Al | (S e A

gcd(nl,ng):l

with s; € C, Rs; > 1 (1 <1 < 2), where 7(n) = >_, 1 is the divisor function.

The proofs given in [4] are by using Euler product expansions of the Dirichlet series of
some appropriate multiplicative functions of one variable.

In this paper we present other proofs and generalizations of the results by Tahmi and
Derbal [4] by considering Euler product expansions of some multiple Dirichlet series

f: F(n17"-7nr)

ni,...,np=1 nil T nf‘r

of multiplicative arithmetic functions F': N* — C of r variables. Namely, we investigate the
functions

fi(na) - fr(n,), if ged(ng,...,n,) =1;
0, otherwise,

F(nl,...,nr):{ (2)
where each of the functions fi,...,f, : N — C is the Dirichlet convolution of ¢ (t > 1)
completely multiplicative functions. Note that if fi,..., f,. are multiplicative, then F’ given
by (2) is multiplicative, viewed as a function of r variables.

We also make more explicit the formula of [4, Th. 3.2], as applications we obtain asymp-
totic formulas with remainder terms for certain sums

S Alm) - fin),

N,y <T
ged(m iy )=1

and also derive similar results where the condition ged(ny,...,n,) = 1 is replaced by the
condition that nq,...,n, are pairwise relatively prime. Some basic properties of multiplica-
tive arithmetic functions of r variables are reviewed in Section 2.1. Certain polynomial
identities needed in the proofs are given in Section 2.2. Our main results and their proofs
on the Dirichlet series are included in Section 3, and some related asymptotic formulas are
presented in Section 4. All the identities regarding Dirichlet series and Euler products are
considered formally or in the case of absolute convergence.



2 Preliminaries

2.1 Arithmetic functions of several variables

Let £ : N* — C be an arbitrary arithmetic function of r variables (r > 1). Its Dirichlet

series is given by
o

F(ny,....n,
D(Fs1,..008) = ) fj_n)

S1 ... ;msr
=1 1 n’/‘
N yeey =

The Dirichlet convolution of the functions F, G : N* — C is defined by

(F*G)(ny,....,m) = > Fldy,...,d)G(n/d,...,n/d,).

di|ni,...,dr|ny

If D(F,sy,...,s.) and D(G,sq,...,S,), with s1,...,s, € C, are absolutely convergent,
then D(F % G;sq,...,s,) is also absolutely convergent and

D(F G, s1,...,8.) = D(F,s1,...,8)D(G,s1,...,8).

A nonzero arithmetic function ' : N” — C is said to be multiplicative if

F(miny,...,mmn,.) = F(my,...,m.)F(ny,...,n,.)
holds for every mq,...,m,,ny,...,n, € N such that ged(mq---m,,ny---n,) = 1. If Fis
multiplicative, then it is determined by the values F(p™,...,p%), where p is prime and

ai,...,a, € Ng:=NU{0}. More exactly, F'(1,...,1) =1 and for every nq,...,n, € N

F(nl, o ,nr) = ]i[F(pap(m)7 o 7pap(n7.))’

by using the notation n = H p? (™) for the prime power factorization of n € N, the product
being over the primes p, where all but a finite number of the exponents a,(n) are zero.

Examples of multiplicative functions of r variables are the GCD and LCM functions
ged(ng,...,n,), lem(ny, ..., n,) and the characteristic functions

( ) 1, if ged(ng,...,n,) =1;

Ny, ..., Nyp) =

o 0, otherwise,

I(ny, ... ,n,) = Loif ng(ﬁz‘,nj) =1forevery 1 <i<j <
0, otherwise.

If F;G : N” — C are multiplicative, then their Dirichlet convolution F x G is also
multiplicative. If F'is multiplicative, then its Dirichlet series can be expanded into a (formal)
Euler product, that is,

D(F’ S1y - H Z f 0«15174i . :i’arsr ) ’ (3)

p ais...,ar=0

3



the product being over the primes p. More exactly, if F' is multiplicative, then the series
D(F,s1,...,s,) with sq,..., s, € C is absolutely convergent if and only if

™
Z Z |pa(1p?RS1+---+aZr)§R83‘ < 0

and in this case equality (3) holds.

See, e.g., Delange [2] and the survey by the author [5] for these and some related results
on arithmetic functions of r variables. If r = 1, i.e., in the case of functions of a single
variable we recover some familiar properties.

2.2 Some polynomial identities

Let ej(xy,...,x) = Zlg¢1<---<ijgt Ty, - - - 4, denote the elementary symmetric polynomials in
x1,..., 2 of degree j (1 < j <t). We will use the polynomial identity
t
=llz—2)=x —1—2 Yej(zy,. .., x)x"™. (4)
j=1
Taking derivatives gives

ZH T —xp) =t 1+Z Jej(wy, ...zt (5)

71=1 k=1
k#j

We need the following lemma.

Lemma 1. Ift € N and x4,...,x; € C, then

(1—t)H (1—x;) —I—an—ajk —1—1—2 Y = Vejay, ..., ).

jlk‘l

k#j
Proof. By using (4) and (5),
A=t JJa-z)+> J[Q-z) =1 -t)PQ)+P(1)
j=1 7=1 k=1
k#j

+t+§i04VQ—JkA%a , )
=143 (1P = Deyan, )



3 Identities for Dirichlet series

Our first result is the following. As above, let * denote the Dirichlet convolution of arithmetic
functions and let D(f,s) := Y >~ f(n)n~® stand for the Dirichlet series of the function
f N — C. We recall that a nonzero function f : N — C is completely multiplicative if
f(mn) = f(m)f(n) holds for all m,n € N.

Theorem 2. Let r > 2, t > 1 be fized integers and let f; = gy * - -+ * gir, where g;; : N — C
are nonzero completely multiplicative functions (1 < i < r; 1 < j < t). Then we have
(formally or in the case of absolute convergence),

° n ... r n'f'
Z fl( 11) fs( ) :D(flasl)"'D<fT75T>A(f17'"7fr7317"'737")7
n1yeemr=1 Moy eyt
ged(ni,...,nyp)=1

where

NI A

H(1 (=D Y p% [[(-)"C, (p)), (6)

i=1

and
Gij(p) = Z it () - -~ 9ie; (D), (7)

1< <<l <t

with1 <1< r, 1 <5<t and p a prime.

In the cases t = 1 and t = 2, with f; = --- = f. = f, Theorem 2 recovers [4, Ths. 3.1,
3.2].

Proof. As mentioned above, the characteristic function g of the r-tuples with relatively prime
components is multiplicative, viewed as a functions of r variables. Note that for primes p
and ay,...,a, > 0 we have o(p™,...,p") = 1 if and only if there is at least one a; = 0.
Also, if fi,..., f, : N = C are arbitrary multiplicative functions of a single variable, then
their product fi(nq)--- f.(n,) is multiplicative as a function of r variables. We deduce the
Euler product expansion

- fl(nl)“.fr(nr)
D .=
Z nil e nf‘r
ni,...,np=1
ged(ni,...,npq)=1
_ i film) -+ fo(n)oln, ... my)

S1...ns
nl nrr

ni,...,np=1



Jo(p®, ..., p™)

f ..

_H Z L a1£1+ +arsy
filp fr(P

_H Z = parsit +ar(5r )

- — A" £ ™)
- ( Z - Z ) §a181+~-~+a7»£ )

N — C are completely multiplicative functions

Now if f; = gi * -+ * g, Where g;; :
(1<i<r,1<j<t), then

SIS - TIO-4) T - 42)

J=1

At the same time, since the functions f; (1 <i < r) are multiplicative, we have

= fz fz
Zl T(LS HZ pos ’

p a=0

showing that

||
—"
A
‘S
M
v

Q
Il
o
<.
Il
-

and

P-4 T %) )
TG 42) T T0-TI0- %)) o

% (1 <j <t)we have

t
=1
1

Using identity (4) for = 1 and z; = g;;(p)p

(R Si= D SR R O!

p
j=1 j=1 1< < <l;<t



and inserting into (9) we deduce

D=D(fi,81)---D(f, 5) H(1 =1 (—1,)j_1Gij(p)),

Si
i=1 j=1 p

where G;(p) is defined by (7). Here the product over the primes p is

H(l - (Zt: %Glm (p)> (Zt: %GW@)))

P a;=1 ar=1

(v Y s e 6um).

1<ay,...,ar<t i=1

finishing the proof. m

Remark 3. Identity (6) shows that under the assumptions of Theorem 2 we have the convo-
lutional identity

fina) - fr(nn)o(ny, . ne) = > fildy) - fo(de) Epypi(ensoover), (10)

.....

()" I, (—D)%Gia,(p), if1<ay,...,a <
Ffl ,,,,, fr(p 7""pT): ! .
0, otherwise.

Let 7:(n) = >_4...4q,—n | denote the Piltz divisor function of order ¢.

Corollary 4. Let r > 2 and let t; > 2 (1 < i < r) be fized integers. If s; € C, Rs; > 1
(1 <i<r), then

N1yeeey ne=1

with
— 1 - Az
ATy, Te 815 Sy) _H<1+(—1) Y WHH) (a)) (11)
P 1<ay,...,ar<t i=1 v
where (Z’) are binomial coefficients with the usual convention that (fj) =0 fora; > t;
(1<i<r).



Proof. Chooseg,](p):1f0r1<] <t andgw( y=0fort; +1<j7<t(1<i<r). Then
filn) = 7, (n) (1 < i <r), and use that G;;(p) = ( ) (1<i<r, 1<j<t)fora prime
D- [
Corollary 5. Letr > 2. If s; € C, Rs; > 1 (1 <1 <), then
S st _
W nll Ce nflr
ged(na,...,np)=1
. (_2)#{1§i§r:ai:1}
oo < [T (1 0 3 )
P 1<ay,...,ar<2
Proof. Apply Corollary 4 for t; =2 (1 < i <r). O
If » = 2, then this recovers identity (1) and for r = 3 we have
= T (N1 N9
S, Tl a2 s)
ni,n2,n3=1 nl n2 n3
ged(ny,n2,nz)=1
4 4 4
X H( 81+82+85 + p281+82+83 + p81+282+83 + p81+82+283
2 2 2 1 12
_p251+252+53 - p281+52+283 - p81+282+253 + p281+252+283> ( )
Now we consider Dirichlet series with ged(ny,...,n,) = 1 replaced by the condition that

ni,...,n, are pairwise relatively prime.

Theorem 6. Letr > 2, t > 1 be fized integers and let f; = g1 * - - - * gi, where g;; : N — C
are nonzero completely multiplicative functions (1 < i < r; 1 < j < t). Then we have
(formally or in the case of absolute convergence),

Z fl(ng Jol) = D(f1,51) D(frs 8 )D(f1s- o frys15- 05 80),

ni,...,np=1 3 nf‘r
ged(nin;)=1 (i#5)
where
Z(fl,...,fmSl,...,Sr) =
r t i
. 1 a
1((ED S DD ey § (CIERCT) It
P =2 1<l <--<l;<r ael,...,agi=1 m=1

with Gi;(p) (1 <i<r, 1<j<t, pprime) defined by (7).

8



Proof. The characteristic function 9 of the r-tuples with pairwise relatively prime compo-
nents is multiplicative, viewed as a functions of r variables. Note that for primes p and

ai,...,a, > 0 we have 9(p™,...,p*) = 1 if and only if there is at most one a; > 1. If
fi,---, fr : N = C are arbitrary multiplicative functions of a single variable, then we have
the Euler product expansion

= S filna) -~ fr(nr)

D>

S1 ,
nl [N nﬁ
gcd(m n;)= (#J)

fi(ny) -+ fr(n)d(na, ..., n,
Z (nr)9( )

S1.,..ms
ny ngr

L(p™) - £ (pO)I(p™ . p
_Hzf(p)f(p)(p per)

pa131+"'+arsr

T 554
(e )

by using (8). We deduce that
RGBS
+2HH@%;»

=1 k=1 j=1
ki

H (fi,si H K(p (14)

say. Let z;; = g;;(p)p™ (1 <i<r,1<j <t). Then by (4),

t

H(l _ 91;_(2@) = H(l — ]jij) =1- Z(—l)j_lej(%h e ,fz‘t) =1—y,

i
j=1 p j=1 Jj=1
with 1 <17 <r, where

:Z(—UH Z Tig, -+ T,

j=1 1<l <<l <r



= Z p]Sz Z 9ie (P) - - gie, (P)

] 1 1<€1<'~-<£j§1”
J=1 pJ

Therefore, by applying Lemma 1 for 4, ..., y, we obtain that the expression K (p) under
the product [], in (14) is

K(p)z(l—mH TEEAES o) ) (TR

i=1 k=1
ki

_1—1—2 DN — Dei(yr, - - ur)

—1+Z )i —1) Z You - Y,

1< <<l <r

S DY ESUID S (X e, m) <

1< <<l <r Nag; =1

X (Et: (_;2—;21@% (p)>

agizl
=1- Z<Z - 1) Z Z pa£1521+“'+a£iszi H (—]_)alm Gmfm <p)’
=2 1<l <<l <1 gy 5enni00, =1 m=1
by (15), ending the proof. O

Remark 7. Identity (13) shows that under the assumptions of Theorem 6 we have the con-
volutional identity

fi(ny) - fr(ne)d(na, ... ny) = Z fildy) - fld)Fp g (61, .. yen),  (16)
dier=n1,....,drer=n,

where Ffl 77777 7, is the multiplicative function defined for prime powers p®, ... p* (a4,...,

a, > 0, not all zero) by

(1 =) [T}y (—1)%m Gia,, (p), if there exists 2 <4 < r and there

_ exist 1 < /q,...,¢; < r such that
Fyg .., fr(pala 7par) = '
1<ay,...,ar <t
0, otherwise.

10



Corollary 8. Let r > 2 and let t; > 2 (1 < i < r) be fized integers. If s; € C, Rs; > 1
(1 <i<r), then

o0

Z Ttl(niz o7, (nr) = (") - (8)A(Toys ooy Thyy 155 51,
ni,...,np=1 ey
gcd(ni,nj)zl (7/75.7)
where
Z(Ttp ey Ty Sy '787") =
' ¢ l
| 1 ary, i

H (1 - Z(Z — 1) Z Z pa21841+"'+a€i5/~’i H (_1) " (af )> (17)

P i=2 1Sl <<l <1 agy 5-os00, =1 m h

Proof. Apply Theorem 6 in the case g;;(p) = 1 for 1 < j <t; and ¢;j(p) =0fort;+1 < j <t
(1<i<nr). O

Corollary 9. Letr > 2. If s, € C, Rs; > 1 (1 < i <r), then

oo

Soo Tt ),

S1.,..ms
ny nr

ni,...,nr=1
ged(ni,ng)=1(i#j)

r . _9\#{1<m<izap, =1}
(-0 Y Y )
p

=2 1< <<l <r 1<ay, ,..ag; <2

Proof. Apply Corollary 8 for ¢t; =2 (1 <i <r). O

For r = 2 this gives (1) and for » = 3 we have

o0

Z T(n1)7'<n2)7'(n3) .

81, N2, 83 -
Nni Ny N

ni,nz,nz3=1 1772 70

ged(n1,n2)=ged(n1,n3)=ged(nz,nz)=1

2 2 2 % _ 4
R (O

2 1 4 2 2 1 16 8
p81+283 a p281+283 o p82+83 + p282+83 + p52+283 o p282+253 + p81+82+83 o p251+82+83

8 8 + 4 . 4 + 4 2
p81+252+83 p51+82+283 p281+232+53 p281+82+253 p81+282+253 p281+282+253 ’

2 2 1 4 2
p281+82 + p81+282 o p281+252 o p51+53 + p281+53

(18)

If we compare the infinite product (18) to (12), then we can see that in (12) we only
have exponents of p of form ajs; + assy + azsz with 1 < ay,as,a3 < 2, while in (18) the

11



exponents of p are a;sy + as$y + azsz with 0 < aq,as,a3 < 2 and with at least two nonzero
values ay, as, asz. Similar in the general case, according to Theorems 2 and 6.

It is possible to derive a common generalization of Theorems 2 and 6 by considering
k-wise relatively prime integers. Let r > k > 2 be fixed integers. The positive integers
ni,...,n, are called k-wise relatively prime if any k of them are relatively prime, that is,
ged(niy, ... ng ) = 1 for every 1 < iy < .-+ <4 < r. In particular, in the case k = 2 the
integers are pairwise relatively prime and for k£ = r they are mutually relatively prime. Let
or. denote the characteristic function of the set of r-tuples of positive integers with k-wise
relatively prime components. Hence, g, = 0 and g, = ¢, with our previous notation.

Here we confine ourselves to the case t = 1, that is, the functions fi, ..., f, are completely
multiplicative.

Theorem 10. Let r > k > 2 and let fi,...,f, : N — C be completely multiplicative
functions. Then

s Al Slwenm) _p )

S1.,..ms
ny nr

ny,...,np=1

X 1;[(1 . 2(—1)““ (;: 11> 3 Ju (Z)l;fifi(p)),

= 1<t <<l <r p

Proof. For fixed k the function g is multiplicative. Also, for prime powers p™ ..., p*
(ay ...,a, > 0) we have gg(p™,...,p*) = 1 if and only there are at most k — 1 values
a; > 1. Now the proof is similar to the proofs of Theorems 2 and 6. In the case fi(n) =
-+ = fr(n) =1 (n € N) this result and its detailed proof are given in [6, Th. 2.1]. O

4 Related asymptotic formulas

The above identities can be used to obtain asymptotic formulas with remainder terms for
certain related sums. As examples, we point out the following formulas.

Theorem 11. Letr > 2 and let t; > 2 (1 <i <) be fized integers. Then for every e > 0,

Z T (n) - 7, (n,) = 2" Q(log z) + O(g" I Hmesisisr futey

N1,..,ny <T
ged(na,...,nq)=1

where Q(u) is a polynomial in u of degree t; + - - -+ t, — r having the leading coefficient
A(Ttla"'aTtTala'“;l)
(ty — D)L (8, = 1)

where A(1y,,...,7,,1,...,1) is obtained from (11) for sy = --- = s, = 1, and 9y, are the
exponents in the Piltz divisor problems for 7, namely
> 7i.(n) = 2P, (logx) + Oz 1), (19)
n<x

12



with some polynomials P;,(u) in u of degree t; — 1 having the leading coefficients 1/(t; — 1)!
(1<i<r).

Proof. We have, according to the convolutional identity (10),

Z Tty <n1> C Ty (TLT) - Z Tty (dl) T Ttr(dT)FTtl ,,,,, Tt7><€17 T 767‘)

N ey < diei=ni<z,....drer=n,<x

- F’rtl ..... TtT(ela'”aeT) Z Tt1<d1)"' Z Ttr(dr>‘

€1,..,er<T di<z/e1 dr<z/er

Now by using formulas (19) and the fact that the infinite product A(ry,, ..., 7%, S1,- .., Sy)
given by (11) is absolutely convergent provided that s; € C, Rs; > 0 (1 <7 < r), R(s; +
-+ s,) > 1, we obtain the desired formula. For the details see the proof of [7, Th. 3.3],
which is a generalization of the present result. O]

Corollary 12. Let r > 2. Then for every e > 0,

> 7(m)--7(ng) = 2" T(logx) + O(a" %)

where T'(u) is a polynomial in u of degree r having the leading coefficient K,, where

K, = 1;[<1 _ <2pp; 1)T) _ 1;[(1 _ i(—l)i(g ]29:),

=0

m particular,

R | (] (20)

2 3 4
AU
§ 12 6 1
K =TI(1-5+5-25+5).
AU et P

and 0 is the exponent in Dirichlet’s divisor problem.

Proof. Apply Theorem 11 in the case t; = 2 (< ¢ < r). The representation of K, follows
from (9) for g;;(p) =1 (1<i<r, 1<j<2). O

We note that in the case r = 2 this result has been proved in [3, Lemma 3.3] by analytic
methods, with a weaker error term.

Theorem 13. Let r > 2 and let t; > 2 (1 < i < r) be fized integers. Then for every e > 0,

Z Tty (nl) C Ty, (nr) = xraaOg .CL‘) + O(l,rfleraxlSiST qf)tiJrE)’

13



where Q(u) is a polynomial in u of degree t, + - - -+t — r having the leading coefficient

Z(Ttla"-yTtTala'--yl)
=Dl — 1)

where A(1y,,...,7,,1,...,1) is obtained from (17) for sy = -+ = s, = 1, and 9y, are the
exponents in the Piltz divisor problems for 7, (1 <i <r).

Proof. Similar to the proof of Theorem 11. By the convolutional identity (16) we have

Z Tty (nl) C T (nT) = Z Tty (dl) T Ty (dT)FTtl ,,,,, Tty (61, s 767“)7

N yeeey e <T dier=ni<z,...,drey,=n,<z

- Z FTtl ..... Ttr(€17"‘767") Z Ttl(dl) X T
€1,..,er<T di<z/e1
x> m(dy)
drfw/er
Now use formulas (19) and the fact that the infinite product A(r,,..., 7, ,51,...,5)

given by (17) is absolutely convergent provided that s; € C, Rs; > 0 (1 <i <), R(s;+s;)
1 (1 <i<j<r). This is also a special case of [7, Th. 3.3].

v

Corollary 14. Let r > 2. Then for every e > 0,

> 7(ny)---7(n,) = 2" T(log z) + O ("~ 1+0+)

where T'(u) is a polynomial in u of degree r having the leading coefficient K, where
— 1\ 2(r—1) (r—1)(2p—1)
I ),
1;[ p p?

in particular, Ko = Ky given by (20),

— 12 28 27 12 2
BT =i )

p

and 0 is the exponent in Dirichlet’s divisor problem.

Proof. Apply Theorem 13 in the case t; = 2 (< i < r). The representation of K, follows
from (14) for g;;(p) =1 (1 <i<r, 1 <j5<2). O

14
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