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Abstract

We present other proofs, generalizations, and analogues of the identities concerning
multiple Dirichlet series by Tahmi and Derbal (2022). As applications, we obtain
asymptotic formulas with remainder terms for certain related sums.

1 Introduction

Recently, Tahmi and Derbal [4] obtained certain identities for the multiple Dirichlet series

∞
∑

n1,...,nr=1
gcd(n1,...,nr)=1

f(n1) · · · f(nr)

ns1
1 · · ·nsr

r

,

with r ≥ 2 an integer, in the cases where f : N := {1, 2, . . .} → C is a completely multi-
plicative arithmetic function or the Dirichlet convolution of two completely multiplicative
functions.
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As direct corollaries of their results, they mentioned, among others, the identities

∞
∑

n1,...,nr=1
gcd(n1,...,nr)=1

1

ns1
1 · · ·nsr

r

=
ζ(s1) · · · ζ(sr)

ζ(s1 + · · ·+ sr)
,

with si ∈ C, ℜsi > 1 (1 ≤ i ≤ r), concerning the Dirichlet series of the characteristic function
of the set of points in N

r, which are visible from the origin (also see Apostol [1, p. 248]), and

∞
∑

n1,n2=1
gcd(n1,n2)=1

τ(n1)τ(n2)

ns1
1 ns2

2

= ζ2(s1)ζ
2(s2)

∏

p

(

1−
4

ps1+s2
+

2

p2s1+s2
+

2

ps1+2s2
−

1

p2s1+2s2

)

, (1)

with si ∈ C, ℜsi > 1 (1 ≤ i ≤ 2), where τ(n) =
∑

d|n 1 is the divisor function.

The proofs given in [4] are by using Euler product expansions of the Dirichlet series of
some appropriate multiplicative functions of one variable.

In this paper we present other proofs and generalizations of the results by Tahmi and
Derbal [4] by considering Euler product expansions of some multiple Dirichlet series

∞
∑

n1,...,nr=1

F (n1, . . . , nr)

ns1
1 · · ·nsr

r

of multiplicative arithmetic functions F : Nr → C of r variables. Namely, we investigate the
functions

F (n1, . . . , nr) =

{

f1(n1) · · · fr(nr), if gcd(n1, . . . , nr) = 1;

0, otherwise,
(2)

where each of the functions f1, . . . , fr : N → C is the Dirichlet convolution of t (t ≥ 1)
completely multiplicative functions. Note that if f1, . . . , fr are multiplicative, then F given
by (2) is multiplicative, viewed as a function of r variables.

We also make more explicit the formula of [4, Th. 3.2], as applications we obtain asymp-
totic formulas with remainder terms for certain sums

∑

n1,...,nr≤x
gcd(n1,...,nr)=1

f1(n1) · · · fr(nr),

and also derive similar results where the condition gcd(n1, . . . , nr) = 1 is replaced by the
condition that n1, . . . , nr are pairwise relatively prime. Some basic properties of multiplica-
tive arithmetic functions of r variables are reviewed in Section 2.1. Certain polynomial
identities needed in the proofs are given in Section 2.2. Our main results and their proofs
on the Dirichlet series are included in Section 3, and some related asymptotic formulas are
presented in Section 4. All the identities regarding Dirichlet series and Euler products are
considered formally or in the case of absolute convergence.

2



2 Preliminaries

2.1 Arithmetic functions of several variables

Let F : Nr → C be an arbitrary arithmetic function of r variables (r ≥ 1). Its Dirichlet
series is given by

D(F, s1, . . . , sr) :=
∞
∑

n1,...,nr=1

F (n1, . . . , nr)

ns1
1 · · ·nsr

r

.

The Dirichlet convolution of the functions F,G : Nr → C is defined by

(F ∗G)(n1, . . . , nr) =
∑

d1|n1,...,dr |nr

F (d1, . . . , dr)G(n1/d1, . . . , nr/dr).

If D(F, s1, . . . , sr) and D(G, s1, . . . , sr), with s1, . . . , sr ∈ C, are absolutely convergent,
then D(F ∗G; s1, . . . , sr) is also absolutely convergent and

D(F ∗G, s1, . . . , sr) = D(F, s1, . . . , sr)D(G, s1, . . . , sr).

A nonzero arithmetic function F : Nr → C is said to be multiplicative if

F (m1n1, . . . ,mrnr) = F (m1, . . . ,mr)F (n1, . . . , nr)

holds for every m1, . . . ,mr, n1, . . . , nr ∈ N such that gcd(m1 · · ·mr, n1 · · ·nr) = 1. If F is
multiplicative, then it is determined by the values F (pa1 , . . . , par), where p is prime and
a1, . . . , ar ∈ N0 := N ∪ {0}. More exactly, F (1, . . . , 1) = 1 and for every n1, . . . , nr ∈ N,

F (n1, . . . , nr) =
∏

p

F
(

pap(n1), . . . , pap(nr)
)

,

by using the notation n =
∏

p p
ap(n) for the prime power factorization of n ∈ N, the product

being over the primes p, where all but a finite number of the exponents ap(n) are zero.
Examples of multiplicative functions of r variables are the GCD and LCM functions

gcd(n1, . . . , nr), lcm(n1, . . . , nr) and the characteristic functions

̺(n1, . . . , nr) =

{

1, if gcd(n1, . . . , nr) = 1;

0, otherwise,

ϑ(n1, . . . , nr) =

{

1, if gcd(ni, nj) = 1 for every 1 ≤ i < j ≤ r;

0, otherwise.

If F,G : N
r → C are multiplicative, then their Dirichlet convolution F ∗ G is also

multiplicative. If F is multiplicative, then its Dirichlet series can be expanded into a (formal)
Euler product, that is,

D(F, s1, . . . , sr) =
∏

p

∞
∑

a1,...,ar=0

f(pa1 , . . . , par)

pa1s1+···+arsr
, (3)
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the product being over the primes p. More exactly, if F is multiplicative, then the series
D(F, s1, . . . , sr) with s1, . . . , sr ∈ C is absolutely convergent if and only if

∑

p

∞
∑

a1,...,ar=0
a1+···+ar≥1

|f(pa1 , . . . , par)|

pa1ℜs1+···+arℜsr
< ∞

and in this case equality (3) holds.
See, e.g., Delange [2] and the survey by the author [5] for these and some related results

on arithmetic functions of r variables. If r = 1, i.e., in the case of functions of a single
variable we recover some familiar properties.

2.2 Some polynomial identities

Let ej(x1, . . . , xt) =
∑

1≤i1<···<ij≤t xi1 · · · xij denote the elementary symmetric polynomials in

x1, . . . , xt of degree j (1 ≤ j ≤ t). We will use the polynomial identity

P (x) :=
t

∏

j=1

(x− xj) = xt +
t

∑

j=1

(−1)jej(x1, . . . , xt)x
t−j. (4)

Taking derivatives gives

P ′(x) =
t

∑

j=1

t
∏

k=1
k 6=j

(x− xk) = txt−1 +
t−1
∑

j=1

(−1)j(t− j)ej(x1, . . . , xt)x
t−j−1. (5)

We need the following lemma.

Lemma 1. If t ∈ N and x1, . . . , xt ∈ C, then

(1− t)
t

∏

j=1

(1− xj) +
t

∑

j=1

t
∏

k=1
k 6=j

(1− xk) = 1 +
t

∑

j=2

(−1)j−1(j − 1)ej(x1, . . . , xt).

Proof. By using (4) and (5),

(1− t)
t

∏

j=1

(1− xj) +
t

∑

j=1

t
∏

k=1
k 6=j

(1− xk) = (1− t)P (1) + P ′(1)

= (1− t)
(

1 +
t

∑

j=1

(−1)jej(x1, . . . , xt)
)

+ t+
t−1
∑

j=1

(−1)j(t− j)ej(x1, . . . , xt)

= 1 +
t

∑

j=2

(−1)j−1(j − 1)ej(x1, . . . , xt).
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3 Identities for Dirichlet series

Our first result is the following. As above, let ∗ denote the Dirichlet convolution of arithmetic
functions and let D(f, s) :=

∑∞
n=1 f(n)n

−s stand for the Dirichlet series of the function
f : N → C. We recall that a nonzero function f : N → C is completely multiplicative if
f(mn) = f(m)f(n) holds for all m,n ∈ N.

Theorem 2. Let r ≥ 2, t ≥ 1 be fixed integers and let fi = gi1 ∗ · · · ∗ git, where gij : N → C

are nonzero completely multiplicative functions (1 ≤ i ≤ r, 1 ≤ j ≤ t). Then we have
(formally or in the case of absolute convergence),

∞
∑

n1,...,nr=1
gcd(n1,...,nr)=1

f1(n1) · · · fr(nr)

ns1
1 · · ·nsr

r

= D(f1, s1) · · ·D(fr, sr)∆(f1, . . . , fr, s1, . . . , sr),

where

∆(f1, . . . , fr, s1, . . . , sr) =

∏

p

(

1 + (−1)r−1
∑

1≤a1,...,ar≤t

1

pa1s1+···+arsr

r
∏

i=1

(−1)aiGiai(p)
)

, (6)

and
Gij(p) :=

∑

1≤ℓ1<···<ℓj≤t

giℓ1(p) · · · giℓj(p), (7)

with 1 ≤ i ≤ r, 1 ≤ j ≤ t, and p a prime.

In the cases t = 1 and t = 2, with f1 = · · · = fr = f , Theorem 2 recovers [4, Ths. 3.1,
3.2].

Proof. As mentioned above, the characteristic function ̺ of the r-tuples with relatively prime
components is multiplicative, viewed as a functions of r variables. Note that for primes p
and a1, . . . , ar ≥ 0 we have ̺(pa1 , . . . , par) = 1 if and only if there is at least one ai = 0.
Also, if f1, . . . , fr : N → C are arbitrary multiplicative functions of a single variable, then
their product f1(n1) · · · fr(nr) is multiplicative as a function of r variables. We deduce the
Euler product expansion

D :=
∞
∑

n1,...,nr=1
gcd(n1,...,nr)=1

f1(n1) · · · fr(nr)

ns1
1 · · ·nsr

r

=
∞
∑

n1,...,nr=1

f1(n1) · · · fr(nr)̺(n1, . . . , nr)

ns1
1 · · ·nsr

r
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=
∏

p

∞
∑

a1,...,ar=0

f1(p
a1) · · · fr(p

ar)̺(pa1 , . . . , par)

pa1s1+···+arsr

=
∏

p

∞
∑

a1,...,ar=0
a1···ar=0

f1(p
a1) · · · fr(p

ar)

pa1s1+···+arsr

=
∏

p

( ∞
∑

a1,...,ar=0

−

∞
∑

a1,...,ar=1

)

f1(p
a1) · · · fr(p

ar)

pa1s1+···+arsr
.

Now if fi = gi1 ∗ · · · ∗ git, where gij : N → C are completely multiplicative functions
(1 ≤ i ≤ r, 1 ≤ j ≤ t), then

∞
∑

n=1

fi(n)

ns
=

t
∏

j=1

∞
∑

n=1

gij(n)

ns
=

t
∏

j=1

∏

p

(

1−
gij(p)

ps

)−1

=
∏

p

t
∏

j=1

(

1−
gij(p)

ps

)−1

.

At the same time, since the functions fi (1 ≤ i ≤ r) are multiplicative, we have

∞
∑

n=1

fi(n)

ns
=

∏

p

∞
∑

a=0

fi(p
a)

pas
,

showing that
∞
∑

a=0

fi(p
a)

pas
=

t
∏

j=1

(

1−
gij(p)

ps

)−1

,

and
∞
∑

a=1

fi(p
a)

pas
=

t
∏

j=1

(

1−
gij(p)

ps

)−1

− 1. (8)

It follows that

D =
∏

p

( r
∏

i=1

t
∏

j=1

(

1−
gij(p)

psi

)−1

−

r
∏

i=1

( t
∏

j=1

(

1−
gij(p)

psi

)−1

− 1

))

=
∏

p

r
∏

i=1

t
∏

j=1

(

1−
gij(p)

psi

)−1 ∏

p

(

1−
r
∏

i=1

(

1−
t

∏

j=1

(

1−
gij(p)

psi

)

))

. (9)

Using identity (4) for x = 1 and xj = gij(p)p
−si (1 ≤ j ≤ t) we have

1−
t

∏

j=1

(

1−
gij(p)

psi

)

=
t

∑

j=1

(−1)j−1

pjsi

∑

1≤ℓ1<···<ℓj≤t

giℓ1(p) · · · giℓj(p),
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and inserting into (9) we deduce

D = D(f1, s1) · · ·D(fr, sr)
∏

p

(

1−
r
∏

i=1

t
∑

j=1

(−1)j−1

pjsi
Gij(p)

)

,

where Gij(p) is defined by (7). Here the product over the primes p is

∏

p

(

1−

( t
∑

a1=1

(−1)a1−1

pa1s1
G1a1(p)

)

· · ·

( t
∑

ar=1

(−1)ar−1

parsr
Grar(p)

))

=
∏

p

(

1 + (−1)r−1
∑

1≤a1,...,ar≤t

1

pa1s1+···+arsr

r
∏

i=1

(−1)aiGiai(p)

)

,

finishing the proof.

Remark 3. Identity (6) shows that under the assumptions of Theorem 2 we have the convo-
lutional identity

f1(n1) · · · fr(nr)̺(n1, . . . , nr) =
∑

d1e1=n1,...,drer=nr

f1(d1) · · · fr(dr)Ff1,...,fr(e1, . . . , er), (10)

where Ff1,...,fr is the multiplicative function defined for prime powers pa1 , . . . , par (a1, . . .,
ar ≥ 0, not all zero) by

Ff1,...,fr(p
a1 , . . . , par) =

{

(−1)r−1
∏r

i=1(−1)aiGiai(p), if 1 ≤ a1, . . . , ar ≤ t;

0, otherwise.

Let τt(n) =
∑

d1···dt=n 1 denote the Piltz divisor function of order t.

Corollary 4. Let r ≥ 2 and let ti ≥ 2 (1 ≤ i ≤ r) be fixed integers. If si ∈ C, ℜsi > 1
(1 ≤ i ≤ r), then

∞
∑

n1,...,nr=1
gcd(n1,...,sr)=1

τt1(n1) · · · τtr(nr)

ns1
1 · · ·nsr

r

= ζt1(s1) · · · ζ
tr(sr)∆(τt1 , . . . , τtr , s1, . . . , sr),

with

∆(τt1 , . . . , τtr , s1, . . . , sr) =
∏

p

(

1 + (−1)r−1
∑

1≤a1,...,ar≤t

1

pa1s1+···+arsr

r
∏

i=1

(−1)ai
(

ti
ai

))

, (11)

where
(

ti
ai

)

are binomial coefficients with the usual convention that
(

ti
ai

)

= 0 for ai > ti
(1 ≤ i ≤ r).
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Proof. Choose gij(p) = 1 for 1 ≤ j ≤ ti and gij(p) = 0 for ti + 1 ≤ j ≤ t (1 ≤ i ≤ r). Then
fi(n) = τti(n) (1 ≤ i ≤ r), and use that Gij(p) =

(

ti
j

)

(1 ≤ i ≤ r, 1 ≤ j ≤ t) for a prime
p.

Corollary 5. Let r ≥ 2. If si ∈ C, ℜsi > 1 (1 ≤ i ≤ r), then

∞
∑

n1,...,nr=1
gcd(n1,...,nr)=1

τ(n1) · · · τ(nr)

ns1
1 · · ·nsr

r

=

ζ2(s1) · · · ζ
2(sr)×

∏

p

(

1 + (−1)r−1
∑

1≤a1,...,ar≤2

(−2)#{1≤i≤r: ai=1}

pa1s1+···+arsr

)

.

Proof. Apply Corollary 4 for ti = 2 (1 ≤ i ≤ r).

If r = 2, then this recovers identity (1) and for r = 3 we have

∞
∑

n1,n2,n3=1
gcd(n1,n2,n3)=1

τ(n1)τ(n2)τ(n3)

ns1
1 ns2

2 ns3
3

= ζ2(s1)ζ
2(s2)ζ

2(s3)

×
∏

p

(

1−
8

ps1+s2+s3
+

4

p2s1+s2+s3
+

4

ps1+2s2+s3
+

4

ps1+s2+2s3

−
2

p2s1+2s2+s3
−

2

p2s1+s2+2s3
−

2

ps1+2s2+2s3
+

1

p2s1+2s2+2s3

)

. (12)

Now we consider Dirichlet series with gcd(n1, . . . , nr) = 1 replaced by the condition that
n1, . . . , nr are pairwise relatively prime.

Theorem 6. Let r ≥ 2, t ≥ 1 be fixed integers and let fi = gi1 ∗ · · · ∗ git, where gij : N → C

are nonzero completely multiplicative functions (1 ≤ i ≤ r, 1 ≤ j ≤ t). Then we have
(formally or in the case of absolute convergence),

∞
∑

n1,...,nr=1
gcd(ni,nj)=1 (i 6=j)

f1(n1) · · · fr(nr)

ns1
1 · · ·nsr

r

= D(f1, s1) · · ·D(fr, sr)∆(f1, . . . , fr, s1, . . . , sr),

where

∆(f1, . . . , fr, s1, . . . , sr) =

∏

p

(

1−
r

∑

i=2

(i− 1)
∑

1≤ℓ1<···<ℓi≤r

t
∑

aℓ1 ,...,aℓi=1

1

paℓ1sℓ1+···+aℓisℓi

i
∏

m=1

(−1)aℓmGiaℓm
(p)

)

, (13)

with Gij(p) (1 ≤ i ≤ r, 1 ≤ j ≤ t, p prime) defined by (7).
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Proof. The characteristic function ϑ of the r-tuples with pairwise relatively prime compo-
nents is multiplicative, viewed as a functions of r variables. Note that for primes p and
a1, . . . , ar ≥ 0 we have ϑ(pa1 , . . . , par) = 1 if and only if there is at most one ai ≥ 1. If
f1, . . . , fr : N → C are arbitrary multiplicative functions of a single variable, then we have
the Euler product expansion

D :=
∞
∑

n1,...,nr=1
gcd(ni,nj)=1 (i 6=j)

f1(n1) · · · fr(nr)

ns1
1 · · ·nsr

r

=
∞
∑

n1,...,nr=1

f1(n1) · · · fr(nr)ϑ(n1, . . . , nr)

ns1
1 · · ·nsr

r

=
∏

p

∞
∑

a1,...,ar=0

f1(p
a1) · · · fr(p

ar)ϑ(pa1 , . . . , par)

pa1s1+···+arsr

=
∏

p

(

1 +
r

∑

i=1

∞
∑

ai=1

fi(p
ai)

paisi

)

=
∏

p

(

1 +
r

∑

i=1

( t
∏

j=1

(

1−
gij(p)

psi

)−1

− 1

))

by using (8). We deduce that

D =
∏

p

r
∏

i=1

t
∏

j=1

(

1−
gij(p)

psi

)−1 ∏

p

(

(1− r)
r
∏

i=1

t
∏

j=1

(

1−
gij(p)

psi

)

+
r

∑

i=1

r
∏

k=1
k 6=i

t
∏

j=1

(

1−
gkj(p)

psk

)

)

=
r
∏

i=1

D(fi, si)
∏

p

K(p), (14)

say. Let xij = gij(p)p
−si (1 ≤ i ≤ r, 1 ≤ j ≤ t). Then by (4),

t
∏

j=1

(

1−
gij(p)

psi

)

=
t

∏

j=1

(1− xij) = 1−
t

∑

j=1

(−1)j−1ej(xi1, . . . , xit) = 1− yi,

with 1 ≤ i ≤ r, where

yi :=
t

∑

j=1

(−1)j−1ej(xi1, . . . , xit)

=
t

∑

j=1

(−1)j−1
∑

1≤ℓ1<···<ℓj≤r

xiℓ1 · · · xiℓj

9



=
t

∑

j=1

(−1)j−1

pjsi

∑

1≤ℓ1<···<ℓj≤r

giℓ1(p) · · · giℓj(p)

=
t

∑

j=1

(−1)j−1

pjsi
Gij(p). (15)

Therefore, by applying Lemma 1 for y1, . . . , yr we obtain that the expression K(p) under
the product

∏

p in (14) is

K(p) = (1− r)
r
∏

i=1

(1− yi) +
r

∑

i=1

r
∏

k=1
k 6=i

(1− yk)

= 1 +
r

∑

i=2

(−1)i−1(i− 1)ei(y1, . . . , yr)

= 1 +
r

∑

i=2

(−1)i−1(i− 1)
∑

1≤ℓ1<···<ℓi≤r

yℓ1 · · · yℓi

= 1 +
r

∑

i=2

(−1)i−1(i− 1)
∑

1≤ℓ1<···<ℓi≤r

( t
∑

aℓ1=1

(−1)aℓ1−1

paℓ1sℓ1
Giaℓ1

(p)

)

× · · ·

×

( t
∑

aℓi=1

(−1)aℓi−1

paℓisℓi
Giaℓi

(p)

)

= 1−
r

∑

i=2

(i− 1)
∑

1≤ℓ1<···<ℓi≤r

t
∑

aℓ1 ,...,aℓi=1

1

paℓ1sℓ1+···+aℓisℓi

i
∏

m=1

(−1)aℓmGiaℓm
(p),

by (15), ending the proof.

Remark 7. Identity (13) shows that under the assumptions of Theorem 6 we have the con-
volutional identity

f1(n1) · · · fr(nr)ϑ(n1, . . . , nr) =
∑

d1e1=n1,...,drer=nr

f1(d1) · · · fr(dr)F f1,...,fr(e1, . . . , er), (16)

where F f1,...,fr is the multiplicative function defined for prime powers pa1 , . . . , par (a1, . . .,
ar ≥ 0, not all zero) by

F f1,...,fr(p
a1 , . . . , par) =



















(1− i)
∏i

m=1(−1)aℓmGiaℓm
(p), if there exists 2 ≤ i ≤ r and there

exist 1 ≤ ℓ1, . . . , ℓi ≤ r such that

1 ≤ aℓ1 , . . . , aℓi ≤ t;

0, otherwise.
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Corollary 8. Let r ≥ 2 and let ti ≥ 2 (1 ≤ i ≤ r) be fixed integers. If si ∈ C, ℜsi > 1
(1 ≤ i ≤ r), then

∞
∑

n1,...,nr=1
gcd(ni,nj)=1 (i 6=j)

τt1(n1) · · · τtr(nr)

ns1
1 · · ·nsr

r

= ζt1(s1) · · · ζ
tr(sr)∆(τt1 , . . . , τtr , s1, . . . , sr),

where

∆(τt1 , . . . , τtr , s1, . . . , sr) =

∏

p

(

1−
r

∑

i=2

(i− 1)
∑

1≤ℓ1<···<ℓi≤r

t
∑

aℓ1 ,...,aℓi=1

1

paℓ1sℓ1+···+aℓisℓi

i
∏

m=1

(−1)aℓm
(

ti
aℓm

))

. (17)

Proof. Apply Theorem 6 in the case gij(p) = 1 for 1 ≤ j ≤ ti and gij(p) = 0 for ti+1 ≤ j ≤ t
(1 ≤ i ≤ r).

Corollary 9. Let r ≥ 2. If si ∈ C, ℜsi > 1 (1 ≤ i ≤ r), then

∞
∑

n1,...,nr=1
gcd(ni,nj)=1 (i 6=j)

τ(n1) · · · τ(nr)

ns1
1 · · ·nsr

r

= ζ2(s1) · · · ζ
2(sr)

×
∏

p

(

1−
r

∑

i=2

(i− 1)
∑

1≤ℓ1<···<ℓi≤r

∑

1≤aℓ1 ,...,aℓi≤2

(−2)#{1≤m≤i: aℓm=1}

paℓ1sℓ1+···+aℓisℓi

)

.

Proof. Apply Corollary 8 for ti = 2 (1 ≤ i ≤ r).

For r = 2 this gives (1) and for r = 3 we have

∞
∑

n1,n2,n3=1
gcd(n1,n2)=gcd(n1,n3)=gcd(n2,n3)=1

τ(n1)τ(n2)τ(n3)

ns1
1 nn2

2 ns3
3

=

ζ2(s1)ζ
2(s2)ζ

2(s3)×
∏

p

(

1−
4

ps1+s2
+

2

p2s1+s2
+

2

ps1+2s2
−

1

p2s1+2s2
−

4

ps1+s3
+

2

p2s1+s3

+
2

ps1+2s3
−

1

p2s1+2s3
−

4

ps2+s3
+

2

p2s2+s3
+

2

ps2+2s3
−

1

p2s2+2s3
+

16

ps1+s2+s3
−

8

p2s1+s2+s3

−
8

ps1+2s2+s3
−

8

ps1+s2+2s3
+

4

p2s1+2s2+s3
+

4

p2s1+s2+2s3
+

4

ps1+2s2+2s3
−

2

p2s1+2s2+2s3

)

.

(18)

If we compare the infinite product (18) to (12), then we can see that in (12) we only
have exponents of p of form a1s1 + a2s2 + a3s3 with 1 ≤ a1, a2, a3 ≤ 2, while in (18) the

11



exponents of p are a1s1 + a2s2 + a3s3 with 0 ≤ a1, a2, a3 ≤ 2 and with at least two nonzero
values a1, a2, a3. Similar in the general case, according to Theorems 2 and 6.

It is possible to derive a common generalization of Theorems 2 and 6 by considering
k-wise relatively prime integers. Let r ≥ k ≥ 2 be fixed integers. The positive integers
n1, . . . , nr are called k-wise relatively prime if any k of them are relatively prime, that is,
gcd(ni1 , . . . , nik) = 1 for every 1 ≤ i1 < · · · < ik ≤ r. In particular, in the case k = 2 the
integers are pairwise relatively prime and for k = r they are mutually relatively prime. Let
̺k denote the characteristic function of the set of r-tuples of positive integers with k-wise
relatively prime components. Hence, ̺r = ̺ and ̺2 = ϑ, with our previous notation.

Here we confine ourselves to the case t = 1, that is, the functions f1, . . . , fr are completely
multiplicative.

Theorem 10. Let r ≥ k ≥ 2 and let f1, . . . , fr : N → C be completely multiplicative
functions. Then

∞
∑

n1,...,nr=1

f1(n1) · · · fr(nr)̺k(n1, . . . , nr)

ns1
1 · · ·nsr

r

= D(f1, s1) · · ·D(fr, sr)

×
∏

p

(

1−
r

∑

i=k

(−1)i−k

(

i− 1

k − 1

)

∑

1≤ℓ1<···<ℓi≤r

fℓ1(p) · · · fℓi(p)

psℓ1+···+sℓi

)

,

Proof. For fixed k the function ̺k is multiplicative. Also, for prime powers pa1 , . . ., par

(a1 . . . , ar ≥ 0) we have ̺k(p
a1 , . . . , par) = 1 if and only there are at most k − 1 values

ai ≥ 1. Now the proof is similar to the proofs of Theorems 2 and 6. In the case f1(n) =
· · · = fr(n) = 1 (n ∈ N) this result and its detailed proof are given in [6, Th. 2.1].

4 Related asymptotic formulas

The above identities can be used to obtain asymptotic formulas with remainder terms for
certain related sums. As examples, we point out the following formulas.

Theorem 11. Let r ≥ 2 and let ti ≥ 2 (1 ≤ i ≤ r) be fixed integers. Then for every ε > 0,
∑

n1,...,nr≤x
gcd(n1,...,nr)=1

τt1(n1) · · · τtr(nr) = xrQ(log x) +O(xr−1+max1≤i≤r ϑti
+ε),

where Q(u) is a polynomial in u of degree t1 + · · ·+ tr − r having the leading coefficient

∆(τt1 , . . . , τtr , 1, . . . , 1)

(t1 − 1)! · · · (tr − 1)!
,

where ∆(τt1 , . . . , τtr , 1, . . . , 1) is obtained from (11) for s1 = · · · = sr = 1, and ϑti are the
exponents in the Piltz divisor problems for τti, namely

∑

n≤x

τti(n) = xPti(log x) +O(xϑti
+ε), (19)

12



with some polynomials Pti(u) in u of degree ti − 1 having the leading coefficients 1/(ti − 1)!
(1 ≤ i ≤ r).

Proof. We have, according to the convolutional identity (10),
∑

n1,...,nr≤x
gcd(n1,...,nr)=1

τt1(n1) · · · τtr(nr) =
∑

d1e1=n1≤x,...,drer=nr≤x

τt1(d1) · · · τtr(dr)Fτt1 ,...,τtr
(e1, . . . , er)

=
∑

e1,...,er≤x

Fτt1 ,...,τtr
(e1, . . . , er)

∑

d1≤x/e1

τt1(d1) · · ·
∑

dr≤x/er

τtr(dr).

Now by using formulas (19) and the fact that the infinite product ∆(τt1 , . . . , τtr , s1, . . . , sr)
given by (11) is absolutely convergent provided that si ∈ C, ℜsi > 0 (1 ≤ i ≤ r), ℜ(s1 +
· · · + sr) > 1, we obtain the desired formula. For the details see the proof of [7, Th. 3.3],
which is a generalization of the present result.

Corollary 12. Let r ≥ 2. Then for every ε > 0,
∑

n1,...,nr≤x
gcd(n1,...,nr)=1

τ(n1) · · · τ(nr) = xrT (log x) +O(xr−1+θ+ε)

where T (u) is a polynomial in u of degree r having the leading coefficient Kr, where

Kr =
∏

p

(

1−
(2p− 1

p2

)r)

=
∏

p

(

1−
r

∑

i=0

(−1)i
(

r

i

)

2r−i

pr+i

)

;

in particular,

K2 =
∏

p

(

1−
4

p2
+

4

p3
−

1

p4

)

, (20)

K3 =
∏

p

(

1−
8

p3
+

12

p4
−

6

p5
+

1

p6

)

,

and θ is the exponent in Dirichlet’s divisor problem.

Proof. Apply Theorem 11 in the case ti = 2 (≤ i ≤ r). The representation of Kr follows
from (9) for gij(p) = 1 (1 ≤ i ≤ r, 1 ≤ j ≤ 2).

We note that in the case r = 2 this result has been proved in [3, Lemma 3.3] by analytic
methods, with a weaker error term.

Theorem 13. Let r ≥ 2 and let ti ≥ 2 (1 ≤ i ≤ r) be fixed integers. Then for every ε > 0,
∑

n1,...,nr≤x
gcd(ni,nj)=1 (i 6=j)

τt1(n1) · · · τtr(nr) = xrQ(log x) +O(xr−1+max1≤i≤r ϑti
+ε),

13



where Q(u) is a polynomial in u of degree t1 + · · ·+ tr − r having the leading coefficient

∆(τt1 , . . . , τtr , 1, . . . , 1)

(t1 − 1)! · · · (tr − 1)!
,

where ∆(τt1 , . . . , τtr , 1, . . . , 1) is obtained from (17) for s1 = · · · = sr = 1, and ϑti are the
exponents in the Piltz divisor problems for τti (1 ≤ i ≤ r).

Proof. Similar to the proof of Theorem 11. By the convolutional identity (16) we have

∑

n1,...,nr≤x
gcd(ni,nj)=1 (i 6=j)

τt1(n1) · · · τtr(nr) =
∑

d1e1=n1≤x,...,drer=nr≤x

τt1(d1) · · · τtr(dr)F τt1 ,...,τtr
(e1, . . . , er),

=
∑

e1,...,er≤x

F τt1 ,...,τtr
(e1, . . . , er)

∑

d1≤x/e1

τt1(d1)× · · ·

×
∑

dr≤x/er

τtr(dr).

Now use formulas (19) and the fact that the infinite product ∆(τt1 , . . . , τtr , s1, . . . , sr)
given by (17) is absolutely convergent provided that si ∈ C, ℜsi > 0 (1 ≤ i ≤ r), ℜ(si+sj) >
1 (1 ≤ i < j ≤ r). This is also a special case of [7, Th. 3.3].

Corollary 14. Let r ≥ 2. Then for every ε > 0,

∑

n1,...,nr≤x
gcd(ni,nj)=1 (i 6=j)

τ(n1) · · · τ(nr) = xrT (log x) +O(xr−1+θ+ε)

where T (u) is a polynomial in u of degree r having the leading coefficient Kr, where

Kr =
∏

p

(

1−
1

p

)2(r−1)(

1 +
(r − 1)(2p− 1)

p2

)

,

in particular, K2 = K2 given by (20),

K3 =
∏

p

(

1−
12

p2
+

28

p3
−

27

p4
+

12

p5
−

2

p6

)

,

and θ is the exponent in Dirichlet’s divisor problem.

Proof. Apply Theorem 13 in the case ti = 2 (≤ i ≤ r). The representation of Kr follows
from (14) for gij(p) = 1 (1 ≤ i ≤ r, 1 ≤ j ≤ 2).
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