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Abstract

We formulate several polynomial identities. One side of these identities has a nice
simple form, whereas the other has the form of a polynomial whose coefficients contain
binomial coefficients, double factorials, or rising factorials. The origins and the proofs of
these identities are probabilistic. However, their form suggests universal applications in
simplifying expressions. Many useful simplifying formulae are presented in the sequel.

Introduction

In this note, we will present some identities involving factorials, binomial coefficients, and
the so-called rising factorials (sometimes called Pochhammer symbols). Many of them have
the forms of polynomials whose coefficients often have the form of binomial coefficients or
rising factorials of some additional variables. These variables appear on both sides of the

identity. The domains of these variables can be extended to all complex numbers.

All

these identities have a common origin, except for the sometimes similar form. Namely, the
origins of them are a few, rather deep probabilistic interpretations and sometimes following
non-trivial computations.
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The basic idea behind the method of getting these identities is to calculate moments
of a probability distributions in two ways and compare the results. One of the ways is
straightforward and direct. The other way involves the calculation of some conditional
expectation and then calculating the proper moment. This method was already successfully
applied to obtain nontrivial relationships between Catalan numbers and the so-called Catalan
triangles. In this case, the so-called Kesten distribution was used. For details, see [10]. In this
paper, we use the bivariate Normal and Gamma distributions to obtain nontrivial polynomial
identities (see Theorem 1). These identities can be the source of an infinite number of
relationships between various number sequences important for example in combinatorics.
As a corollary, we present several identities involving binomial coefficients, factorials, double
factorials, and raising factorials.

The paper is organized as follows. The next section is dedicated to the presentation
of the identities and some of the particular, interesting particular cases. The next section
is devoted to the presentation of the probabilistic background of the results presented in
the previous section and then, finally, the presentation of the calculations leading to the
identities.

2 Identities

In this paper, the symbol n!! denotes the so-called double-factorial, i.e.,

L(n—1)/2]

nl!l = H (n —27).

Jj=0

We set (—1)!! = (0)!! = 1. The symbol |x| denotes the largest integer not exceeding z, i.e.,
the so-called “floor function”. Further, let the symbol (2) denote the binomial coefficient
and we set (Z) = 0 when n < k. The symbol ¢ always denotes the imaginary unit, i.e.,
i = v/—1 = exp(in/2). In order to simplify the notation, let us introduce also the so-
called “rising factorial” (sometimes called also Pochhammer symbol), which is the following
function:

()™ =a(x+1)---(x+n-1),

defined for all complex x. Notice that we have for all x # 0:

()™ = M’
()
where I'(z) denotes Euler’s gamma function. To learn more about Pochhammer symbols
and binomial coefficients, see, e.g., [6]. Notice only that, e.g., (1)(n) = n! and (1/2)(") =
(2n — 1)11/2". We will use these values below.

Theorem 1. For all nonegative integers k,n,m and all complex p and B we have
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Below we present some particular cases, remarks and corollaries.

Remark 2. First, taking p = %, then p = %, and finally p = % in (1), we get

k
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S5 5](2j—1)!!(2k—2j—1)!!:( )'8"
7=0
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2k i . (2k)13*
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' (2],)2 (25 — D2k — 25 — 1) i
7=0
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oo \% k!



Remark 3. Let us take p = /5 in (1) and recall that (1 + v/5)" = 2“(%5)” =2 YL, +
\/EF,,L), where L, and F), are, respectively, the n-th Lucas and Fibonacci numbers (also
compare Corollary 16, below). Now, equating integer and irrational parts, we end up with
the following two identities valid for & > 0:

(2%)! o (2K A . .
(2k)! Lo~ (2K | . .

Remark 4. Take p = i in (1). Further notice that (1 +4)* = 2%/ exp(ikn/4). Now first set
k = 4n and cancel (—4)" on both sides. Then for all n > 0 we get

@ - Z (i?) (25 — D)IN(8n — 25 — )L,

Next, set k£ = 4n + 1 and equate the real and imaginary parts. For all n > 0 we get

| 2n
8n + 2 ;(_4)71 _ gin+l Z(_1>m(8n + 2) (4m 4+ 1)!N(8n — 4m — ),

( )
(4n+1) — Am 49
Eiz i 3: (=4t =2y (=) (82:1 2) (4m — 1)1(8n — 4m + DI,

Remark 5. Take p = 1/2 in (2). We then get the following identity:
2k 13/2] -
, k k—j4+2m
1= —1) .
27 2 () ()

Remark 6. Take p = i and k = 4n in (2). Further, notice that (1 +i)* = (—4)" and
(26)772m = 7(—1)™ and finally split the right-hand side into real and imaginary parts. We
get

=0 m=0
4n b .
, i 4dn dn — 275 — 1+ 2m
0=Y Sy (M)
=0 m=0

for all n > 0.



Remark 7. First set § =1 and then = 1/2 in (3). Then for all integers k£ and n, we get

2G5 ()

"o @) 2k — 1) e
;(-UJ( j;(n)_;)!]@j_l)”) = (—1)"2 (n)(%—nu,

Remark 8. First set § = 1/2 and then § =1 in (4). Then for all integers k£ and n and all
complex p, we get

- e (M) 20+ 2k +25 — DI (n+k)!(2n + 2k — 1)
2= <]) (27 — ! =2 kl(2n — 1) ’

j=0
= " 'm\ (n—m 0 if n is odd;
_1m ko ) s 6

n;)( );(k>( k )p {(1—p)”/2, if n is even. (6)

Remark 9. Now let us change the order of summation in (6) and compare the coefficients in
expansions in powers of p. We get

zn:( 1y (m) (n - m) 0, if n is odd;
— k k B (”22), if n is even.

Remark 10. Let us set additionally p = 1 in (6). Then for all n > 0, we get

2y (1)) -

Remark 11. Let us take § = 1/2 in (4). Next, let us set 2p = = and cancel n!l. We then get

1" 2m — DH)(2n — 2m — 1! 7
mzzo( )" @m =113 —2m —1) ;k!(m—k)!(n—m—k)!(zk—1)!! (7)
)0, if n is odd;
B %(2 — )2, if n is even.
for all n > 0. Additionally, setting x = 0 in (7), we get
" 0, if 1 is odd:
S (-ym (n)(Qm—l)!!(Zn—Qm—l)!!:{ o e
m pn= R on/2 - if nis even.

Remark 12. Let us set p =1 in (4). For all complex 3 # 0 and n > 0 we get
a n 2 /m\ (n—m\ k!
iy (m) ( gy(n—m) _
S () oo (0 (M) o
m=0 k=0
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Remark 13. Let us set p =0 in (5). We get

Z(_l)nfm (n> (8)™ (3)™) = {O,n! if n is odd;

" n/2)! (ﬁ)(n/Q) , if n is even,

m=0

for all n > 0. This is related to, but not a direct generalization of, the equality

2”: (n) B) "™ ()™ = (a+ B)™.

m
m=0

Remark 14. Let us set p = 1/2 in (5). Then for all complex § and n > 0, we get

zn:(—l)”‘m (:1) 2—m§: (Z”) (5" (34 m — )0

m=0 =0
)0 if n is odd;
Wé/g)! (8)™* | if nis even.

Remark 15. Let us change the order of summation in (5), then compare the coefficients in

expansions in powers of p, then multiply both sides by (B)(k) (n — k)! and finally cancel n!.
Then for all complex § and 0 < k < n we get

>t () )

m=k
0, if n is odd;
A /2)!05) (B ()P, i n s even,

We also have the following relationships between Fibonacci {F,},~, and Lucas {L,},~,
numbers. For Fibonacci and Lucas numbers, see, e.g., [3, 4] and [7, pp. 153-256]. For other
relationships between Fibonacci and Lucas numbers and the so-called Catalan triangles
(expressed by binomial coefficients), see, e.g., [12].

Corollary 16. Let ¢ denote the number (\/5 — 1)/2, which is the reciprocal of the golden
ratio. Take p = —¢ in (1). We get

k

(2k)! 2K\ ,

2%)! k 2R\ ,
! gt



Proof. We know that for all n > 0 we have
(14+¢)" = ((1+V5)/2)" = L,/2 + F,V/5/2.
Now, also notice that we have ¢ = 1/(1 + ¢) and that
L2 —5F? = (—1)"4.
Hence, we have

¢" = (=1)"(Ln/2 — F,v/5/2).

Now we take p = —¢ and substitute it in (1). Notice that 1 — p = (1 + ¢), and hence
(1—p)2=% = Loy 9;/2+ Fop_2j3/5/2 and 1 — p? = ¢, consequently (1—p?)7 = (—1)7(L;/2—
Fj\/g /2). Tt remains to multiply and separate terms with and without V5. O

3 Probabilistic background and the proofs

3.1 Probabilistic background

All identities presented in Theorem 1 stem from calculating the moments F(X —Y)", n >0,
where X and Y are two normalized random variables. The joint distribution of these ran-
dom variables has one parameter and is either the bivariate Normal (Gaussian) or bivariate
Gamma distribution. More precisely, in the first case, the joint distribution of (X,Y’) has
the following well-known density, valid for all z,y € R and |p| < 1:

fu(z,ylp) = ﬁ P (_x ;(f[im;;; ’ ) ’ .

while in the second case

exp <_ p(lfﬂ:rpy))

(1= p) (wyp) P02

fola,ylo) = £,(18)£,(418) (QW ) ,

L=p
valid for all z,y, 8 > 0 and |p| < 1, where

fo(@|B) = 2"~ exp(—=) /T(B),

for x > 0 and 0 otherwise. We let I, denote, here and below, the modified Bessel function of
the first kind. The most important property of these joint densities is that they allow the so-
called Lancaster expansions. To learn more about Lancaster expansions, their probabilistic
interpretations, and convergence problems associated with them, see, e.g., [1, 8, 9, 13, 12,
11]. The orthogonal polynomials that we are using are well presented, for example, in two
monographs [5, 13].



In the first case, we have the so-called Poisson-Mehler expansion

(@ ylp) = (@) fn(@) Y p @) ha(y), (9)

n>0

where we write

fv(@) = exp(=a?/2)/V2r

for simplicity, and

ho(z) = Hy(x)/Vnl.

hn(x) is the orthonormal modification of the so-called probabilistic Hermite polynomials
{H, ()}, i.e., polynomials defined by the following three-term recurrence:

H,1(x) =xH,(x) — nH, 1(x),

with H_;(x) =0 and Hy(z) = 1. It is also known that

1 o 9 B
E/—oo ho () () exp(—27/2)dx = Sy, (10)

where 9,,,, denotes Kronecker’s delta.
In the second case we have

fo(w,ylp) = fo(@1B)F4(u13) Y _ p"ln(x|8)1n(y]5), (11)
720
where 1,,(z|8) = #Ln(ﬂ B) is the orthonormal modification of the so-called generalized
Laguerre polynomials {L,(x|3)}, defined by the following expansions:
" (n)
L B N ) L) 12

Let us remark that the expansion (11) is known under the name Hardy-Hille formula
(see, e.g., [13], p. 102). One knows that

/0 T (@B (18) fy ()8 = G (13)

Our aim is to calculate {E(X —Y)"}, . We will do it in two ways.
The first way is to calculate the generating function of the set of these numbers, i.e., the

function
g(t) = t"E(X —Y)"/nl.

n>0



Since it is known that all moments exist, it can be calculated by exchanging integration and
summation. Namely, we have

o(t) = / / exp (tz — ty) f(z, ylo)dady.

Obviously here and below the integral depends on the case of integration over all of R?, or
just over R™ x R*.
The second way is to calculate the number using an expansion:

E(-X +Y)" = Zn:(—nmEXmY"m.

m=0

EX™MYy" ™ = //xmy"_mf(x,y|p)dxdy.

where f is either fy or fo presented above. Using one of the expansions (9) or (11) we will
find these moments using the numbers

where k;(z) is either h;(x), if we consider the Normal case, or [;(z), if we consider the Gamma
case. Since both expansions (9) and (11) have a similar structure, we have

min(m,n—m)

EX"™Y"™™ = " pHyHy (14)

J=0

This is so since X and Y have the same distributions and since H,, ; = 0 if 7 > m because
of the orthogonality of polynomials i or [. We will calculate this function assuming either
expansion (9) or (11).
So let us start with the expansion (9). First let us calculate the auxiliary numbers H;,,.
We have
Hyn = EXIh(X) = ——EXI Hy(X) = {0’ ; ifn > jorj=nodd;
vl 20=m)/2((j—n)/2)W/n!’

This is so, since polynomials h,, are orthogonal and also since it is common knowledge that

(15)

if 7 —n is even.

Li/2] 1
J = 41 ,
S Z—o 2mml(j — Qm)!Hﬁzm(x)




for all n > 0. Secondly, let us calculate the following auxiliary function that will simplify
many further calculations.

my,(t) = Eh,(X)exp(tX) = / H,(z) exp(tr) exp(—2?/2)dx

V 2mn!

_exp( exp(t*/2)
o / Hi () exp(—(z — 1)?/2)da

Now let us change the variable under the integral by setting y = x — ¢t. Then we get

malt) = % [ty vl /20y

Next, we utilize the following the expansion:

e+ =3 (M)

=0
Now, since we have (10), we see that m,(t) = t"% and we get

FEexp (tX —tY) = Z Eexp (tX —tY)

= [ et e (- (5 4 47) /2) by

and

anmn(t)mn(—t) = exp(t?) Z( p)™2" Il = exp(t2(1 — thn )/,

n>0 n>0 n>0

Thus, we deduce that

0, if n is odd;

E(X—Y)":{ B ”

- 16
(n/é)!<1 —p)¥?, if nis even. (16)

Now let us consider expansion (11). We need to recall some simple facts (see any textbook
on probability). The Gamma distribution with rate parameter zero and shape parameter
B > 0 is the distribution with the density f, presented above. It is easy to see, recalling the
definition of the Euler’s Gamma function that

X = [, s = (). (17)
0
As before, let us calculate the set of auxiliary quantities and functions. We start with the
numbers

H;, = EX’l,(X).

10



We have

\/7 / 2/ LB “Lexp(—x)du. (18)

Now, we use the following expansion of 27 in powers of Laguerre polynomials (see [5, 13]):

B9 e
x’ _]lz WLR (x), (19)
and then we use the orthogonality of the Laguerre polynomials. Hence, we have
j , n!
= 1 (1) 010 |2 (20)
" (8)™

Let us now calculate the following auxiliary functions:

ma(t) = ElL(X) exp(tX) = | /#!(H)Eexp(tX)Ln(Xlﬁ)

n! 1

- WW/OOOGXP(H)Ln(xW)wﬁlexp<—$>dx

n! 1

= W% /000 L (z]8)2” ' exp(—x(1 — t))d.

Now, let us change variables under the integral by considering y = z(1 — t). Then we get

n! 1 1 o Y Y ot
)=\ Saitine ) G () entn

We will now utilize the following recurrence relation for Laguerre polynomials (see, e.g., [2,
Chap. 22]):

La(ylB) = ZLn (|8 + 5)(y — 2) /51,

So we get

R L S SRV Gl o e 7 NI B SO

J

11



Further, we have

n! t”F(ﬁ +n)

Hence, we now have

g(t) = Eexp(tX — 1Y) = 3 p" / exp(tz — ty)la(2]B)1n(y18) £, (216) £, (41) ddly

n>0

=S () = 3 GG

n>0 n>0 (5)(71) nlnl(1 —2)m+P

z o

T (L—2(1—p))?
=S "1 p) (5)™ /nl,

n>0

Here we twice used the formula for the binomial series. Thus, we deduce

0, if n is odd;

EX -Y)" =
( ) {(n7/l'2)l (5)(n/2) (1 —p)™/2, ifn is even.

3.2 Proofs

The basis of all proofs is the consideration of different methods for calculating { E(X —Y)"} ..

12



Proof of assertion (i) of Theorem 1. Let (X,Y’) have bivariate Gaussian distribution given
by (8) and let N(m,o?) denote Normal (or Gaussian) distribution with mean value m and
variance 2. Then it is well known that every linear transformation of such a variable also
has Gau351an distribution. In particular we deduce that X —Y ~ N(0, (1 — p)?). Hence,
keeping in mind that

0, if j is odd;

EZ7 ={1, if j =0;

o’(25 — 1)1, if j is even,
if Z ~ N(0,0?). Thus, the left-hand side of assertion (i) is equal to (2k — 1)!1(1 — p)* =
(Qk) (1 — p)*. In order to get the right-hand side, we calculate

EX-Y)*=F

2

X —=pY —(1=pY)*

—~

N

I
(]

; (%) 1pa - pomex - pryys

<.
I

2

=

2k , . , .
() 100 B - gyl
— \J
j
Now, we use the known fact that random variables (X — pY') and Y are independent. Hence
we get

0, if 7 is odd;
(B(X —pY)|Y) =11, if j = 0;
(25 — DIN(L — p?)7/2, if j is even.
Thus, we get
k
Z( ) p) =41 — p?)(25 — DN(2k — 25 — DL,
j=
Now it is enough to change p to —p to get the assertion. O]

Proof of assertion (ii) of Theorem 1. We use (14) with (15), getting

%(1—@*@:2%(_1)1( >ZJ:02—nH nHok—jn + (= (Zk)zk:% Hi s

Jj=0

where
0, ifn>jy | —n odd;
Hyp — { | ifn>jorj—mno

4! e o
ST if j —n is even.
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Notice that, if 7 — n is even, then

(5 ) nttncsn =2 () () (6 )2

and when k£ — n is even, we have

=2 () ()

Hence (2) can be reformulated in the following way:

% %_1(—1)3' XJ: (2p)" (i)mh-, , i 2(2,0)” <S)mhknk= (1-p),

7=0 n=0—
where
0, if j>k—1orj—nisodd;
mhj,nk - k—n P .
((j—n)/2)’ if j —n is even.
Now it remains to change the order of summation in the internal sums and p to —p. O]

Proof of assertion (iii) of Theorem 1. Let us recall Egs. (12) and (18) and let us calculate
H; ,, directly, getting

2P exp(—x)dx

ﬂ)(n) (9] ;
)(@)(kﬂ)
mz T

Now, we compare it with the already-calculated H,, for the Gamma distribution, i.e.,
n(Jj j n!

Proof of assertion (iv) of Theorem 1. Recall Eq. (20). We have

B(-X +Y)" = i(—m(”)mmyn—m

m=0 m
B 0, if n is odd;
T e AP (1= g2, ifnis even.
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Now we use (14) with H;,, given by (20). By (21) we have

n min(m,n—m)
BE(-X+Y)"=) (-1)" (Z) Z P Hyp i Hy i
m=0

()R ) o e
g

_ )0 if n is odd;
N (n7/l_!2)1 (5)(n/2) (1—p)"/2, if nis even.

This is so, since (”;) (”;m) is zero whenever m > j or n —m > j.

]

Proof of assertion (v) of Theorem 1. One can easily notice, based on (11), that E(1,,(X)|Y) =
p"1,(Y). Hence, let us first calculate the conditional moments 7, (y|3,p) = E(X"|Y = y).

By (19) we have

J 3)
(Y6, p) = E(X’|Y =y) —]'Z

. 4 k (8) k - m (6>(k) m
=G e ;f‘” = m Y™

j B)1) N j . (G —m)! »
J . (B)(j) . o . )
:mZ::O 7j”> (5)(”‘)(%) (L =p) " =1~ p) Lj(_lp_yp).

Further, we get

E((X =YY =y) =3 (=)™ (?) i (|8, p)y" ™

15



Hence, using (17), we get

px-vy - | S (7)o s (-1 (") 4 m s

-3 (“) (300 =y :gml)"ms (") 4w

t

& n!(B)m—t !
=2 (- t!'((vf)— P s!(ttl TSN CR A CR R

In the last line, we changed the order of summation. To get the assertion, we use the formula

(B)™ (8 +n)"™ = (8)",

true for all complex f3. m
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