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Abstract

In this paper, by using the techniques of the g-exponential generating series, we
extend a well-known two-parameter identity for the Appell polynomials to the ¢g-Appell
polynomials of type I and II. More precisely, we obtain two different g-analogues of
such an identity. Then, we specialize these identities for some ¢-polynomials arising in
combinatorics, in g-calculus or in the theory of orthogonal polynomials. In particular,
we consider the generalized g-Bernoulli and ¢-Euler polynomials and then we deduce
some further identities involving the Bernoulli and Euler numbers. In this way, as a
byproduct, we derive the symmetric Carlitz identity for the Bernoulli numbers. Finally,
we find a (non-symmetric) g-analogue of Carlitz’s identity involving the g-Bernoulli
numbers of type I and II.

1 Introduction

Appell sequences form an important and interesting class containing many classical poly-
nomials arising in physics, in numerical analysis, in the theory of orthogonal polynomials
[13], in analysis [6, 10, 36], in the modern umbral calculus [32, 33, 34] and in the theory of
Sheffer sequences [38, 41] or, equivalently, in the theory of Sheffer matrices (or exponential
Riordan arrays) [25, 26]. The ordinary powers, the generalized Hermite polynomials, the
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generalized Bernoulli and Euler polynomials, and the generalized rencontres polynomials are
all examples of Appell polynomials.

An Appell sequence {a,(x)}nen can be characterized in several ways [5, 45]. The following
statements are equivalent.

1. For every n € N, the polynomial a,(z) has degree n and a] (z) = na,—1(x).

2. There exists a sequence {g, fnen, With go # 0, such that

“/n
wle) =3 () on-s st
or, equivalently,

=3 () et ot

k=0

3. The sequence {a,(z)},en has exponential generating series

Alst) = an(t)

n>0

_' - g(t) ewt7

where g(t) = > - gn’: is an exponential series with go # 0.
4. There exists a sequence {g, }nen, With go # 0, such that
@k

an(ﬂﬁ) = gk ? ",
k>0 ’

where ® is the derivative with respect to x.

5. The sequence {a,(z)},en satisfies the Appell identity

i (Z) ap(2) Y = an(z + ).

k=0

Furthermore, the Appell polynomials a,(z) and the coefficients g, are related by the
following two-parameter binomial identity [45, p. 316] [36, Formula (16')]:

i (Z) (=D*2" amin—r(z) = Em: <T]Z) Gnar 2™ (1)

k=0 k=0

It is easy to see that this is a further characterization of the Appell polynomials. More
precisely, we have that the polynomials a,(x) form an Appell sequence if and only if there
exists a sequence {g, }nen, with go # 0, for which identity (1) is satisfied for every m,n € N.
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In 1967, after a paper by Sharma and Chak [37], Al-Salam [2] introduced the ¢-Appell
polynomials (of type I) and, recently, Sadjang [35] introduced the g-Appell polynomials of
type 1I. In this paper, we extend identity (1) to the g-Appell polynomials of type I and II.
Specifically, through the techniques of the theory the g-exponential generating series, we
obtain two different g-analogues of this identity. Then, we specialize these identities for
some g-polynomials arising in combinatorics, in g-calculus or in the theory of orthogonal
polynomials, such as the ¢g-Hermite polynomials, the Gaussian polynomials, the Al-Salam-
Carlitz polynomials, the ¢-permutation polynomials, the g-rencontres and g-arrangement
polynomials (and some of their generalizations), the g-Bernoulli and ¢-Euler polynomials. In
this last case, we further specialize our identities to the Bernoulli and Euler polynomials and
we deduce some other identities involving the Bernoulli and Euler numbers. In particular,
as a byproduct, we derive the Carlitz symmetric identity for the Bernoulli numbers [9, 25].
Finally, we find a g-analogue of Carlitz’s identity. Such an identity, however, is not symmetric
and involves the g-Bernoulli numbers of type I and II.

2 g¢-Appell polynomials

We start by recalling some definitions [23]. For every n € N, we have the g-natural number
n], =1+q¢+¢*+---+¢" " and the g-factorial number [n),! = [n],[n—1],---[2],[1],- Then,
for every n, k € N, the g-binomial coefficients (or Gaussian coefficients) are defined by

(Z)q:m for k=0,1,....,n

and by 0 otherwise. A g-polynomial is a polynomial with coefficients in Q, = Q(g), i.e., the
field of quotients of Q[q], where ¢ is an indeterminate. The algebra of the g-polynomials are
denoted by Q,[z]. The g-Pochhammer symbol is the g-polynomial defined by

(5¢)n = (1= 2)(1 = ga)- (1—¢"'a) =) <Z> (—1)"q(2)a*. 2)

A g-exponential series is a formal series of the form f(t) = ano f”Wq!' The sum and

the multiplication by a scalar are defined componentwise. The product of two ¢g-exponential

series f(t) = >, 50 fnios and g(t) = > om0 gn— is defined by

[n]q! [n]q!
FHg) = (Z (Z) fkgn_k> # (3)

The g-derivative (Jackson’s derivative) ©, of a g-exponential generating series f(t) =
> >0 fn#nq, is defined [21, 22] by the formula

t)— f(t "
Dof(t) = % = ;fnJrl[n_]q!-
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Given two g-exponential series f(t) and g(t), we have the g-Leibniz formula
m - m m—
oy a0 = (1) 24s0)- 4oy (0, (@)
k=0 q

where Q, is the operator defined by Q,h(t) = h(qt).
The g-exponential series (Jackson’s q-exponential) [21]

t" 1
EW)=) —=1l—"7""751 (5)
! NZZO [n],! ,g)lJr(q— 1)kt

is the eigenfunction of the g-derivative, that is,

D,E,(M) = AE, (1), (6)

In particular, since ®,E,(t) = E,(t), we have the relation

Ey(qt) = (1= (1 —q)t) Eq(t). (7)
Consequently, for every m € N, we have
Eq(q™t) = (1 = @)t; @)m Eq(). (8)

The inverse of the g-exponential series E,(t) is

(9)

tn

= ano fn—[n}nq, and g(t) = ano InTaprr WO have
f(t) = Ey(at)g(t) if and only if g(t) = E,(at)~'f(t). This is equivalent to the g-binomial
inversion theorem:

fu= Zn: (Z)qa’“gnk = gn= Zn: (Z)q(—l)’“q@o/“fnk-

k=0 k=0

Given two g-exponential series f(t)

A q-Appell sequence (of type I) [2] is a sequence {a,(x)},en, where a,(x) is a g-polynomial
of degree n and ®,a,(z) = [n]ya,—1(x) for every n € N. Also the ¢-Appell sequences can be
characterized in several ways, as in the ordinary case. Indeed, the following statements are
equivalent.

1. {an(2)}nen is a g-Appell sequence (of type I).



2. There exists a sequence {g, fnen, With go # 0, such that

N (7 k
onl@) =3 () nas
or, equivalently,
n n A
n — —1 k (2) k n— .
5= (1) 08O a,ato)
k=0 q
3. The sequence {a,(z)},en has g-exponential generating series

Al t) = Zanu)[é—}; — g(t) By(at), (10)

n>0

where g(t) = > - gn—— is a g-exponential series with gy # 0.

[n]q!

4. There exists a sequence {g, }nen, With go # 0, such that

Dy »
an(x) = ng 7! "

k>0

Similarly, a g-Appell sequence of type II [35] is a sequence {a,(x)},en, where a,(x) is a
g-polynomial of degree n and ®,a,(z) = [n],a,—1(qz), for every n € N. Also in this case, we
have the following equivalent characterizations:

1. {an(2)}nen is a g-Appell sequence of type II.

2. There exists a sequence {g, fnen, With go # 0, such that

n n .
Cln<£C) = Z (k) q(2>gnfk mk
q
or, equivalently,

In = Zn: (Z)q(—l)’“:p’“ i ().

k=0

3. The sequence {a,(z)},en has g-exponential generating series

Awit) = 3 an(w) o = g(t) By(—at)™, (1)

2
where g(t) = >, 5 gnﬁ;! is a g-exponential series with go # 0.

4. There exists a sequence {g, }nen, With go # 0, such that

o D
an(x) :ngq( 2 )[k—]q‘x )

k>0
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3 Two-parameter identities

To obtain a g-analogue of identity (1), we apply the g-Leibniz rule to the g-exponential
generating series of a ¢-Appell sequence. By applying such a rule in two different ways, we
obtain two different extensions of identity (1). First, we have the following result:

Theorem 1. Let {a,(z)}nen be the g-Appell sequence (of type 1) associated with the sequence
{gn}nen. Then, for every m,n € N, we have the identity

n n . m
> (k;) (—=1)%¢(2) ¥y i => < ) 0" Gm—r 2" . (12)
k=0 q k=0 q
Proof. By applying the ¢-Leibniz rule (4) to series (10), we get
m m -
D A(w;t) = D Ey(at)g(t) = ) ( k) DFE, (wt) - QEDI g (t).
k=0 q

Then, by identity (6) and by setting g™ (t) = Dlg(t), we have

D" A(; t) io ( > (wt) 9" P (¢*t),

that is,
Ey(axt) 'O Az;t) = (Z) 2 g R) (k).
k=0 q

Recalling formulas (3) and (9) and taking the coefficients of #"q, from the first and last series,
we obtain identity (12). O

To state the next theorem, we need the following definition: given the ¢-Appell polyno-
mials a,(z) associated with the g-numbers g,,, we define the shifted polynomials " (x) as
the ¢-Appell polynomials associated with the g-numbers g¢,,.,; namely,

m - n
CLL ](33') = Z <k‘> ImA4n—k mk-
k=0 q

This means that their g-exponential generating series is

Z ap, g(m) (t) Eq(at),

n>0

where g™ (t) = DIg(t).



Theorem 2. Let {a,(z)}nen be the g-Appell sequence (of type 1) associated with the sequence
{gn}tnen. Then, for every m,n € N, we have the identity

5= () 1 et = ’"z () (i) e = vtalhataliln, a3

where m A n denotes the minimum between m and n.

Proof. By applying the ¢-Leibniz rule (4) to series (10), we have
m m = (m m—
D A(w;t) = D g(t) Ey(at) = ( k) Dkg(t) - QkDIFE, (at).
q

Then, by identity (6), we have

DI A(x;t) = i() )2 B, (¢ xt)

and, by Eq. (8), we have

opatit) = Y- (1) 60241 - aets ey o),

k=0 q

that is,
Cm = (m .
Ea(at) 2y G0 = 3 () a0 - stian,
k=0 q

Hence, by Eq. (2), we have




Taking the coefficients of -~ in the first and last series, we obtain identity (13). O

[n]q!

Given a sequence {g,}nen, we denote by a,(z) the associated g-Appell polynomials of
type I and by af () the associated g-Appell polynomials of type II. To establish a relation
between these two sequences, we define the umbral map ¢ : Q,[z] — Q,[z] by setting

n

¢(xn) = q(2>gjn
and by extending it by linearity. Then, we immediately have the following first result:

Lemma 3. The umbral map ¢ transforms the q-Appell polynomials of type I into the q-Appell
polynomials of type II, that is, for every n € N, we have

Plan(r)) = a;,(z).
This result can be extended as follows.
Lemma 4. For every m € N and for every polynomial p(x), we have
blap(@) = ¢y ("), (14)
where p*(x) = (p(x)).
Proof. Suppose p(z) = Y _, pra”®. Then, by the linearity of the umbral map, we have

Y(x"p(z)) = i <Z)qpk (™) = i (Z)qpk q(m;’“)xm%

k=0 k=0

RS (n) e (m0)F = ¢ D ().
k=0 q

This establishes identity (14). O

By this lemma, we can easily find the following analogues of identities (12) and (13) for
the g-Appell polynomials of type II:



Theorem 5. Let {a () }nen be the q-Appell sequence of type II associated with the sequence
{gn}tnen. Then, for all m,n € N, we have the identities

Zn: (Z)q( Dk an, o (dFe) = Xm: <7Z)qq(§)+”kgn+mk z* (15)

k=0 k=
n mAn
n 7 % 2 nlx
> (1) 0ttt =3 (1) (3) - 08 ekl et 19
k=0 q k=0 q q

Proof. By Lemma 4, we have ¢(xma,[f] (w)) = q(?)xmag}*(qu). Hence, by applying ¢ to
identities (12) and (13) we obtain at once identities (15) and (16). O

4 Examples (of type I)

4.1 ¢-Hermite polynomials

The g-Hermite polynomials (or Rogers-Szego polynomials) [8, 3] [32, p. 180] are the ¢-Appell
polynomials associated with the numbers g, = 1; namely,

o) =3 (1) 17

k=0

and have g-exponential generating series

ZH 0:0) 7y = Eqt) By(at).

Since H™ (¢;x) = H,(q; x), identities (12) and (13) become

3 (1) -0 st = 3 () 1s)

5= (1) -1t o st mz( ) (; ) Mg = et s(a). (19

In particular, for & = 1, we have the Galois numbers Ga(q) = Halg; 1) = Xy ()., [18, 28],
an the two previons identities becorme

> () -G st =2 (1) (20

> (1) 0 a0 =3 (7) (1) o006
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4.2 Gaussian polynomials
The Gaussian polynomials [18, 19] are the g-Appell polynomials associated with the g-
numbers g, = (—1)”q(g); namely,

n

gn(g;r)=(x—=1)(xr—q) - (x— qn—l) _ Z (Z) (—1>n_kq(n;k)xk7

k=0
and have g-exponential generating series

S gu(g:7) [;Tq! B0 B, (xt).

n>0

In this case, we have

n n o m+4n—k
ot i) =3 () (-t
q

k=0

(g (D) gy (g g gy = (1 (3) Imn(€5 T)
(=D)™q\ 2™ gn(q;2/q™) = (=1)"q “onlgin)

Hence, identities (12) and (13) become

2": (Z)q(—l)kq(g)wkgmm—k(%f) = z’"": <T;>q(—1)”+m‘kq("+2”k)”’ﬂxk’ (22)

k=0 k=0
gn(q;7) i <Z> (-1 )2t gy (g 2) =
S . k (23)
= e () (1) = el st

These two identities can be rewritten in terms of the Pochhammer symbol. More precisely,
since (7;q), = 2"gn(q; 27"), we have the identities

> (1) 0 s = > ()t gt oy

k=0

(€3 0)n Y (Z)q(—l)”_kq(g) (G —

_ q(z)xng (?)q (Z)q[k;]!(q — 1Y% (2 @) nsms.

10
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4.3 Al-Salam-Carlitz polynomials
The Al-Salam-Carlitz polynomials (or q-Carlitz polynomials) ([4] [13, p. 195] [20]) are defined

by the formula
U@ (g: z) = (”) o (a
D) =3 () (o)

and consequently they have g-exponential generating series

n E,(xt)

W BB an DO Eilet) Eifat)

t
(@) (e 4) — (@) (
Uq (l’,t) - ZUn (qw:E) [TL

n>0
This means that they form the ¢g-Appell sequence associated with the g-numbers
(@) (g) = (—1)" Y (3 ("2") o
ul(g) = (=1) Z(k>q ¢\ o
k=0 q
defined by the g-exponential generating series
[ [e] tn — —
a0 = 3w @)y = Bl Elat)
n>0 7
In this case, identity (12) become

i (Z)q(—l)kq(g)xk[],(ﬂn_k(% r) = i (Z)qq"kuﬁ)m_k(q) il (26)

k=0

4.4 ¢g-Factorial polynomials

The g-factorial polynomials are the g-Appell polynomials associated with the g¢-factorial
numbers g, = [n],!; namely,

Fu(qz) = En: (Z)q[n — K], 2",

k=0

Hence, they have g-exponential generating series

" E,(zt)
Fy(z,t)=> Pu(q;z) =
= [n],! 1—t
Moreover, the polynomials
gy = S (™ K2
k=0 q
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have g-exponential generating series

Fi"(z,t) =Y P"(g; ) f;l = By () Ey(at),

where 7
F(e) = S m 4, [5' — [l > {Z]Z[ﬂz:t” = [m]! > <m7: n) "

that is, iml,! [m],!

[m] (¢ miq: Mg

B = G s ~ =D =) (1= gm0)
Hence, we have
F[m] (2,1) = [m]g! Eq(at)

(1=t —qt)---(1—qmt)
Identities (12) and (13) become

i(g)q<—1>’fq<’5>x%mk i() - m— Kl (27)

kio(Z)q(m’fq(’i)xkam " kzn( )q( )q (g — DB E (@), (28)

4.5 ¢-rencontres and g-arrangement polynomials

The ¢-derangement numbers d,(q) [46, 11, 27] and the g-arrangement numbers a,(q) are
respectively defined by the formulas

0= () 0 On-a =3 () -

k=0
and have g-exponential generating series
B, t)! _ E(t
S S R AR ) ! =3 () = Zal)

! 1—t
n>0 n>0

For ¢ = 1, we recover the derangement numbers d,, ([31, p. 65] and A000166 and the
arrangement numbers a,, ([31, p. 16] and A000522).

The g-rencontres polynomials D,(x;t) and the g-arrangement polynomials A,(x;t) are the
g-Appell polynomials associated respectively with the g-numbers d,,(q) and a,(q); namely,

n

Dy (q;x) = i (Z)qdnk(Q) o and  An(ga) =) (Z)qank(Q) at,

k=0 k=0
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and have g-exponential generating series

E )=t
n>0 :

E, (t
_ S A 1q(2Eq<xt>.
n>0 ! o

Then, by identity (12), we have
— (n k " /m

_1) (%) KD (g ) = kg o k 9
§ < )q( ) g\ +n—k(¢; ) E L qq +m—k(q) 7, (29)

_ n k m m

3 ( ) (1O Al = 3 ( k) P animnla) 2. (30)
k=0 q q

More generally, given m € N, we can consider the genemlzzed q-derangement numbers

d(m)(q) and the generalized q-arrangement numbers al" ( ) defined by

n
n

=3 (1) 0 eBlmen-tit i o= () s

and having g-exponential generating series

BN [m]y! By (1)
gd( [nly!  (L—=t)(L—qt)--- (1 —qmt)’

I (]! By(t)
;Oa( n],!  (1—t)(1—gqt)---(1—qmt)’

Then, the associated g-Appell polynomials are the generalized g-rencontres polynomials
D{™ (x;t) and the generalized q-arrangement polynomials Agm)(x; t) defined by

- n m m - n m
D) =3 () et ana A =Y (1) ko)
q k=0 q

k=0

and with g-exponential generating series

m t" B [m]q!Eq(t)*l
; e n],!  (1—t)(1—gqt)---(1—gmt) Eq(at),

& — [m]q! Eq(t)
AP (s t) = S AL q!—(1_,5)(1_%),”(1_qmt)Eq(xt).

n>0



In this way, when ¢ = 1, we recover the generalized derangement numbers am and the
generalized arrangement numbers a,(l and the associated Appell polynomials D" (x) and

Al (), [7, 15, 16).
For these generalized polynomials, by identity (12), we have

S (3) o, st =3 (7)ol @

k=0 k=0
_ n k m m

S () C0real o =3 (7)ot @)
k=0 q k=0 q

In particular, for z = 1, we have D )(q; 1) = [+ n],!. Hence, the first identity becomes

n

. (Z)q(—l)kq(g) w+m+n—k, = zm: <k>q g (q). (33)

k=0 k=0

4.6 Generalized ¢-Bernoulli and ¢-Euler polynomials

The generalized q-Bernoulli numbers Bq({')(q) and the generalized q-Bernoulli polynomials
Bﬁby)(q; x), [1], are defined, respectively, by the g-exponential generating series

tn t v
(V) B(V) —
Z (Eq(t) - 1) ’

n>0 q

B (z;t) = ZB” ]q (Eq(t§_1>yEq(a:t).

n>0

Similarly, the g-numbers Eq(zy)(q) and the generalized q-Euler polynomials Eﬁly)(q;x) are
defined, respectively, by the g-exponential generating series

V1) =) EY() e (Eq(;—i-l)y’

n>0

() ZE” ]q (Eq(t§+1)yEq(xt).

n>0

Hence, by identity (12), we have

Z (Z)q<—1>’“ OBy, ) = (f)qq"’“Bi”lm_k@ (34)

:0 (Z)q(—l)k Gt B (g) = ki: <Tg)q E®) L (q) 2. (35)
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Clearly, when v = 1 and ¢ = 1, we have the Bernoulli polynomials B,(z) and the Fuler

polynomials E,(z), [24, 29].

Moreover, we have the Bernoulli numbers B, = B,(0) and

E, = E,(0) = (2—2"2) 22 the Buler numbers E, = 2"E,(1/2), ([14, p. 49] and A122045,

n+l

A000364, A028296) and the Springer numbers S,, = (—1)"/214"E, (1/4) ([40] and A001586).
Hence, the above identities can be rewritten as

> (;
>

k=0

) (_1)n—kxn—kBm+k

> (_1)n—kxn—kEm+k

-y (Zf) wk ™, (36)

k=0

> (7:) p (37)

Ms

In particular, when z = 1/2, we have B,(1/2) = (2'™" — 1)B,, and identities (36) and
(37) become

Xn: <Z) (=1)"(2 = 2") By = i ( )2’“’“ Boyk, (38)

k=0
" /n " /'m B
-1 n—kEm — 21’L+k 2_2n+k+2 n+k+1 )
> (1) =2 () ) Do (39)

Similarly, when z = 1/4, we have B, (1/4) = 5= (55=r — 1) B, — 5-nE,_1 and identities (36)
and (37) become

i (Z) (=1 (2= 27%) By — (m + k) B ) = i (72) AR B (40)

k=0 k=0
“~ (n e [tk = (m Btk
—1)" k+T ] . — 4n+k 9 _ 2n+k+2 n+k-+ . A1
Z(k>< ) B Z(k) ( Ly (41)
k=0 k=0
From identities (38) and (40), we also have
> (k) (=1 (m+ k) By = Y ( k)w‘“(l —2") B, ). (42)
k=0 k=0

Finally, when x = 1, we have B, (1) = (-1)"B,, and E,(1) = (-1)"E,(0) = (-1)"E,
and identities (36) and (37) become

k=0 k=0
(_1)11 . n (2 . 2m+k+2) Bm+k+1 _ (_1)m i m (2 - 2n+k+2) Bn—i—k—i—l . (44)
k m+k+1 k n+k+1


https://oeis.org/A122045
https://oeis.org/A000364
https://oeis.org/A028296
https://oeis.org/A001586

The first identity (43) is the symmetric Carlitz identity for the Bernoulli numbers [9].
Such an identity can be proved (and generalized) in several ways [12, 17, 30, 42, 44]. In [25],
we proved it by using a general method based on umbral calculus. Here, we proved that
it is a simple consequence of the general two-parameter identity for the Appell polynomials
(specialized to the Bernoulli polynomials). Similarly, the second identity (44) is the analogue
symmetric identity for the numbers En

We conclude by noticing that the previous symmetric identities can be extended to
the generalized Bernoulli numbers. Indeed, we have Bfl'/)(y) = (- 1)"B and B (v) =

(— 1)”E . So, setting ¢ = 1 and = = v, we obtain
(_1)nz (k) n— kB Z ( ) m— kBr(LIﬁlw (45)

S

However, Carlitz’s identity (43) cannot be immediately extended to the g-Bernoulli num-
bers. To obtain such an extension, we need to consider the g-Bernoulli numbers B} (q) of
type II defined by the g-exponential generating series

t
B ( = ,
Z [n],!  Ex(t) -1

n>0 q

L
=
PR
> 3
N
S
s
5
39
+
ol
I
|
M :

k=0

where

E;(t) = E, an

n>0

Since the g-exponential generating series of the g-Bernoulli numbers can be written as follows

t =t E,(t)!
B, -1 Et)t-1

= By (—t) B ()",

we have B,(1;t) = B;(—t), that is, B,(¢; 1) = (—1)"B;(q). Therefore, for v =1 and x = 1,
identity (34) can be rewritten as

=y (1) )55t - =0y (1)t st (a7)

k=0 k=0

This is the g-analogue of Carlitz’s identity (43), even though it is not symmetric and involves
the ¢-Bernoulli numbers of type I and II. The ¢-Bernoulli numbers of type II, however, can
be expressed in terms of the g-Bernoulli numbers of type I. Indeed, since

B t Lt E(—t) (14 Ey(—t)—1)
CE(-t)7' -1 E(-t)-1  E(-t)-1

= Bq(_t) -,
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we have BX(q) = (=1)"Bn(q) — 0n1 = (—1)"(Bn(q) + dn.1). Moreover, by the identity [43]

we also have

Bi(t) = = = B, (1).

Since [n],-1!= q_(z> [n],!, we have

ZB 71 Zq [n]q!’

n>0 n>0

that is,
B;(g) = 4WBu(g™).
So, replacing this expression in (47), we obtain the identity

n m

a3 () Bate = (e WY () P Bt 69

k=0 k=0

In a completely similar way, defining the g-numbers E’Z(q) of type II by the g-exponential
generating series

2 2 -
E:(q = = = B, (1),
=) F [l ~ Ext)+ 1 Eya(t)+1 (1)

n>0 q

we can derive the following identity from identity (35):

1"y <Z)qq(" 2B () mio( ) "B k(q)- (49)

Finally, since E*(q) = q(Z)En(q_l), we also have

ol (Z)qqk<m"+k>ﬁm+k<ql> 1Y (Z)qqn<mk>ﬁn+k<q>. (50)

k=0
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