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Abstract

We generalize recent work of Andrews, Just, and Simay on modular palindromic
compositions and anti-palindromic compositions by viewing all compositions partially
(modular) palindromic or anti-palindromic. More precisely, we enumerate compositions
by the extent to which they are (modular) palindromic or anti-palindromic. We obtain
various closed formulas from generating functions and provide bijective proofs for many
of them. We recover some known results of Andrews, Just, and Simay and discover new
connections with numerous sequences in the On-Line Encyclopedia of Integer Sequences

(OEIS).

1 Introduction

The concept of (integer) composition is useful and well studied in enumerative and algebraic
combinatorics. A composition of n is a sequence o = («, ..., ay) of positive integers with
la| == a; + -+ + ay = n. The parts of a are o, ..., a, and the length of a is {(a) := (. We
often drop the parentheses and commas in « when the parts are all single-digit numbers.
We can encode « in a binary string of length n whose ith entry is 1 if

ie{ag,on +ag,. .. 0q+ -+ el

and 0 otherwise. For instance, a = 24112 is a composition of 10 corresponding to the binary
string 0100011101. Thus there are exactly 2"~! compositions of n, as they are in bijection
with binary strings of length n whose last entry must be 1.
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It is well known that the number of palindromic compositions of n is 2"/2 [3], where
a composition o = (aq,...,qp) is palindromic if o; = aypq—; for all ¢ = 1,2,...,[¢/2].
Recently, Andrews and Simay [1] generalized this to parity palindromic compositions by
replacing the condition a; = ayy1—; with o; = gy (mod 2), and Just [5] further generalized
it to palindromic compositions modulo m by imposing the condition o; = ay_; (mod m) for
an arbitrary positive integer m. By Just [5], the generating function of the number pc(n, m)
of palindromic compositions of n modulo m is

Z pc(n, m)qn

n>1

_q+2q2_qm+1
1 =22 —gm

For m = 2 and n > 1 we have pc(2n,2) = pe(2n + 1,2) = 2- 3"~ with an analytic proof by
Andrews and Simay [1], a combinatorial proof by Just [5], and a recursive proof by Vatter [7].
For m = 3, Just [5] showed, both analytically and combinatorially, that pc(1,3) = 1 and
pc(n,3) = 2F, 4 for all n > 2, where F,, is the ubiquitous Fibonacci number defined by
Fo=0,F,=1,and F,, = F,,_1 + F,,_5 for n > 2. The case m > 3 was also briefly discussed
by Just [5].

On the other hand, Andrews, Just, and Simay [2] defined a composition oo = (v, . .., )
to be anti-palindromic if o; # ay_; for all i = 1,2,...,|¢/2]. They showed, among other
things, that the number of anti-palindromic compositions of n is ac(n) = T, + T;,_2, where
T, is a Tribonacci number defined by the recurrence T,, = T,,_1 +T,,_o + 1}, _3 for n > 3 with
initial conditions 7; = 0 for i < 1 and T} = T = 1 (A000073).

In this paper we generalize the aforementioned work [1, 2, 3, 5] by viewing all compositions
partially (modular) palindromic/anti-palindromic. More precisely, we count compositions
by the extent to which they are (modular) palindromic/anti-palindromic. This is analogous
to the well-known Euler partition theorem generalized to Glaisher’s theorem, and further
to Franklin’s theorem (for more details and a parallel theory of compositions, see recent
work [4]).

Definition 1.

(i) For n,k >0, let pc*(n) := |[PC¥(n)|, where PC*(n) denotes the set of all compositions
(a,...,ap) of n satisfying {1 < i < /2 : a; # agy1-;}| = k. Note that pc®(0) = 1
and pc*(0) = 0 for k > 1. We further define

pct (n) == #{(a1,...,a0) € PC¥(n) : 2| L or 2 | aes1)2},

pct (n) = #{(a1,...,a0) € PC¥(n) : 24 ¢ and 21 aey1)0}-
In other words, pck (n) counts those compositions in PC*(n) with an even middle part
or no middle part, while pc* (n) counts those compositions in PC*(n) with an odd

middle part. This leads to a refinement pc*(n) = pck(n) + pc®(n). For example,
pct (4) = [{31,13} = 2, pcl (4) = {211,112}| =2, and pc'(4) =2+ 2 = 4.

(ii) We define ac®(n), ack (n), and ac® (n) by replacing o; # a1-; with a; = a1 in (i).
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(iii) For every positive integer m we define pc¥(n, m), pc% (n, m), and pc® (n, m) by replacing
i # g1 with a; # a1 (mod m) in (i), and define ac®(n,m), aci(n,m), and
ac® (n,m) by using = instead of #.

(iv) We also define pc (n,00) = pc¥(n), pck(n,oo) :: pck (n), pck(n,00) = pck(n),
ack(n, 00) := ack(n), ack(n, ) = ack (n), and ac” (n ) := pck (n). We often drop
the superscript k When k = 0 since ac’(n) and pc®(n,m) agree with ac(n) [2] and

pc(n,m) [5], respectively.

By Definition 1, we have pc*(n,m) = pck(n,m) + pc* (n, m) and pc® (0,m) = 0. We

also have pc® (n, m) = pc* (n + 1,m) since any composition o = (o, ..., ap) counted by
pck (n,m) corresponds to a composition o/ counted by counted by pct (n + 1,m), where
o = (aq, .0 Loy, qq) i 0= 28 or o = (g, 0 01 + L agyo, . ) if

¢ =2s+1 and a,4q is even. It follows that

pc’(n,m) = pcl (n,m) + pcf (n — 1,m) (1)
where pck (=1, m) := 0. Similarly, with ac® (=1, m) := 0 we have

ac®(n,m) = act (n,m) + act (n — 1,m). (2)
To obtain closed formulas for pc*(n,m) and ac*(n,m), it suffices to do that for pck (n,m)
and ac® (n,m).

In Section 2 we obtain one closed formula for pc? (n) and three for ac® (n) using their
generating functions. We also combinatorially prove all of these formulas except the last
one for ac? (n) via a bijection between compositions and certain pairs of nonnegative integer
sequences.

For k = 0, our formula for pck(n) becomes pc, (n) = 2"2 if n is even or pc(n) = 0
if n is odd, and this implies the well-known fact that pc(n) = 22 [3]. We also have
pel(n) = 2+ ([n/2] — 2)2"/21 for n > 0 (A036799). On the other hand, when k = 0 the
three formulas for ac® (n) all reduce to a Tribonacci number 7}, defined by the recurrence
T =T ,+T o+ 1T 4 for n > 3 with initial conditions 7 = 0, 7] = 1, and T} =
0 (A001590). Combmlng this with Eq. (2) gives ac(n) = T, , + 7, which is dlfferent from
the formula ac(n) = T, 4+ 1,2 obtained by Andrews, Just, and Simay [2], although they are
equivalent via the relations 7}, , =T,y +T,,—2 and T, = T,, — T,,_1 (A001590).

We still have a fourth formula for ac®(n), which is an alternating sum. We suspect
that it has a combinatorial proof via inclusion-exclusion. For k& = 0 this formula reduces
to ac(n) = 1,41 — T,—1, which is also equivalent to ac(n) = T, +7,. A byproduct of
this is a formula for the Tribonacci number 7,, that is not found in the entry for the OEIS
sequence A000073, but has a simple bijective proof.

In Section 3 we extend the concept of reduced anti-palindromic compositions introduced
by Andrews, Just, and Simay [2] by defining rpc*(n) (resp., rac®(n)) as the number of
equivalence classes of compositions counted by pcf(n) (resp., ac®(n)) under swaps of the


https://oeis.org/A036799
https://oeis.org/A001590
https://oeis.org/A001590
https://oeis.org/A000073

first and last parts, the second and second last parts, and so on. We obtain closed formulas
for the similarly defined rpc” (n) and rac® (n), which lead to formulas for rpc®(n) and rack(n).
It turns out that rpc®(n) = pc¥(n)/2¥ and rac® (n) coincides with the number of compositions
of n — k with exactly k parts equal to 1 (A105422).

Now let m be a positive integer. In Section 4 we provide a positive sum formula and an
alternating sum formula for pc” (n,m), and thus for pc*(n, m) by Eq. (1). In particular, we
have a formula for pc(n, m), which implies the formulas of pc(n,2) and pc(n,3) as well as
some properties of pc(n, m) given by Just [5]. In section 5 we provide formulas for rpck (n, m)
and rpc*(n,m) (defined similarly as rpc® (n) and rpc®(n)) and find connections to certain
sequences in the OEIS [6] for special values of m and k.

In Section 6 we provide a positive sum formula and an alternating sum formula for
ack (n,m) as well as a third formula for ac*(n, m) which is also an alternating sum. For k = 0
we find no connection of ac, (n,m) and ac(n,m) with existing sequences in the OEIS [6],
but for m = 1, a signed version of ac? (n,1) is an interesting Riordan array (A158454) and
ac®(n, 1) counts compositions of n with 2k or 2k + 1 parts. In Section 7 we provide formulas
for rack (n, m) and rac®(n, m) (defined similarly as rac® (n) and rac®(n)) and find connections
to various integer sequences in the OEIS [6] for small values of m and k.

Below is a summary of the integer sequences in the OEIS [6] that occur in this paper.

e A036799(n)
A025192(n)

pey(2n+1) = pe (2n +2),
pcy(2n,2), A008346(n) = pc,(n +2,3)/2.
) =

e A001590(n + acy (n), A000073(n + 2)—A000073(n) = ac(n).

o A212804(n) = racy(n), A006367(n) = ract (n + 2), A105423(n) = rac’ (n + 4),
A105422(n, k) = raci(n + k), A324969(n) = rac(n), A208354(n) = ract(n + 2).

e A002620(n) = acl (n,1), A001752(n) = ac? (n +4,1), A001769(n) = ac? (n + 6, 1),
= ac i(n +8,1), A001786(n) = ac’.(n + 10,1), A161680(n) = ac'(n, 1),
A000332(n) = ac?(n, 1), AO00579(n) = ac*(n, 1), A000581(n) = aci(n + 8, 1).

e A052547(n) = rpc, (n, 1), A001870(n) = rpck (2n + 3,2), 052534 (n) = rpc, (2n,4),
= rpc(n, 1), A094967(n) = rpe(n, 2).
e A062200(n) = racy(n,2), A113435(n) = rac(n, 3),
A008805(n) = ra }F(n—i—Q 1), A096338(n) = rac? (n+3,1), A299336(n) = rac? (n+6, 1),
A002620(n) = ra 1( n,1), A002624(n) = rac?(n +4,1), A060099(n) = rac®(n + 6, 1),

(
(
(
A212804(
A105422(
A002620(n)
A001780(n)
(n)
A052547(n)
A028495(n)
A062200(n)
A008805(n)
(n)
(n) =

A060100(n) = rac*(n + 8, 1), A060101(n) = rac’(n + 10, 1),
A060098(n, k) = rack(n + 2k, 1).

All of the closed formulas in this paper are derived from generating functions and they are
either positive sums or alternating sums of products of binomial coefficients. To be precise,
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given integers a and b, we define the binomial coefficient

a! : .
a m, lf a Z b 2 1,
(b) =141, if b=0;
0, otherwise.

While we have bijective proofs for most of the positive sum formulas in this paper, it would
be nice to see combinatorial proofs for the rest (possibly via inclusion-exclusion for the
alternating sum formulas).

2 Partially (anti-)palindromic compositions

In this section we provide closed formulas for pc®(n) and ac*(n). By Eq. (1) and Eq. (2), it
suffices to do this for pc® (n) and ack (n).

Theorem 2. For all integers n,k > 0 we have

IOED SN (A | M EL ®)

i+2j=n—3k J

o= 2 CO0S) g

Analytic Proof. We derive pck (n) from the generating function D o k>0 pck (n)g"t*. Given
a composition counted by pcﬁ(n), we pair the first part with the last part, the second part
with the second last part, and so on. Each pair may or may not be equal. If the middle part
exists, it must be even and is not paired with any other part. The generating function for

each pair is
Glgt) = (@ +q" +-)+tllg+ @+ ) = (@ +q" +--))

where t keeps track of whether the two numbers in the pair are unequal. We can simplify
G(g,t) and obtain

1 1 1—
Z pci(n)qntk = 2 q2 3
1-G(g,t)1—¢*> (1 —q)(1—2¢%) —2¢%

n, k>0

Extracting the coefficient of ¥ gives

. (2¢%)* s i+k—1\ jt+k N
> pci(n)g = A ora gy = (2 )'“Z( Z. )qZ( ; )(261)-

n>0 i>0




This implies the formula (3) for pc% (n). Similarly, we obtain the generating function for
k
ac’y(n):

E 1 1 1_(]
k nk
e +() 1 G0l —@ 1-qg-@F—¢F—(1—q¢t (5)

Extracting the coefficient of t* gives

(1— q)*+1g2k B "

k n
ac’ (n)q" = = .
RZZO +() I=g—=¢ =) (=g +q)/(1—q)*
Applying the binomial theorem to this gives the formula (4) for ack (n). O
Combinatorial Proof. Let o = (a1, ..., o) be a composition of n such that a2 is even

whenever £ is odd. Let S := {1 < h < {/2: ap, # ayy1-p}. Define a composition (5, =
(| — cpr1-n| : h € S). Subtracting the parts of 5 from the corresponding parts of a gives
a palindromic composition v = (71, ...,7,) with |3]| + || = n, where v, := min{ay, a1}
for all h = 1,...,/. Since ~ is palindromic, we can encode it in a binary sequence of
b= (br,...,bj2), where b, = 1 if and only if h € {vi, 71 +72,.... 71+ + Y2} We
obtain ¥ (resp., V) from b by adding 5, t0 by, 4.4, for all b € S with oy, > apy1- (resp.,
ap < agy1-p). Then we have a bijection a <» (0, 0”) since « can be recovered from " and b":

e Let s be the number of positive entries in &. Then ¢ is 2s if ¥ ends in 1 or 2s + 1
otherwise.

e For each h = 1,...,s, the hth positive entry of &' (resp., 0’) plus the number of
consecutive zeros immediately before it equals ay, (resp., ayp1-p).

o If / =25+ 1 then a4, equals twice the length of the rightmost string of consecutive
zeros in b'.

Restrict the bijection o <» (¥, b") to those a with |S| = k. Then || = ¢ + k for some
i >0, |y] =2(j + k) for some j > 0, and n = |B| + |y| =i+ 25 + 3k. We can construct all
(b',b") corresponding to those o with |S| = k as follows.

(i) First, let b" and b” be the same binary sequence with k ones indexed by a set T and j
ZEros.

(ii) Let 8= (B : h € T) be a composition of 7 + k with exactly k parts indexed by T.
(ili) For each h € T, add f3, to either b or bj.

(iv) For each h € {1,...,5+k}\ T, let b}, = b} be either 0 or 1.



The numbers of possibilities for the above steps are (j;k), (

i+k—1
i

), 2% and 27, respectively.

The formula (3) for pck (n) follows.

Now restrict the bijection o <+ (b',8") to those o with |S| = |¢/2| — k, where ¢ is the
length of a. Leti:=#{h €S :a;, > ap1-p}. Then || =i+ j for some j > 0, |y| = 2(r+k)
for some r > 0, and n = |B|+|y| = 2r+2k+1i+j. We can construct all (¥, ") corresponding
to those a with |S| = [£/2] — k as follows.

(i) First let &' and b” be the same binary sequence with r zeros indexed by a set 7" and k

ones.

(ii) Choose 7 indices from T without repetition and increase the corresponding entries in

b" and 0" by 2 and 1, respectively.

(iii) Choose j indices from T with repetition and do the following each time.

— If we pick one of the 7 indices chosen at the last step, add 1 to the corresponding
entry in b'.

— If we pick an index not among the ¢ indices chosen at the last step, increase the
corresponding entries in o’ and b” by 1 and 2, respectively for the first time and
increase only the corresponding entry in " by 1 each time afterwards.

The numbers of ways to finish the above steps are (Hk), (r), and (H?*l), respectively. The

k

i

formula (4) for ac” (n) follows. O

We provide some examples below to illustrate the above combinatorial proof.

Example 3.

(i)

For n = 25 and k = 3 we have a composition o = 2141124111232 counted by pc® (n)
with § = {2,3,6}, 8 = 221, v = 2121114111212, ¥ = 0110311200, b" = 0130111100,
i =2, 7=7 and i+ 2j+ 3k = 25 = n. The construction of (¢,b") begins with
b = b" = 0010100100, which has k& = 3 ones indexed by 7" = {3,5,8} and j = 7
zeros. Adding the second and third parts of 5 = 221 to the second and third ones in ¥’
gives b’ = 0010300200, and adding the first part of § = 221 to the first one in 0" gives
b" = 0030100100. Finally, changing the zeros indexed by 2,6,7 to ones in both & and
b” results in b = 0110311200 and 4" = 0130111100.

For n = 17 and k = 1 we have a composition o = 2134115 counted by ack (n) with
S ={1,3}, B =532,y =2114112, i = 1, j = 4, r = 5, I/ = 011300, ¥" = 041100,
and 2r + 2k + i+ j = 17 = n. The construction of (¥',0”) is given below, with
T ={1,2,4,5,6}.

001000 — 001200 — 001300 — 011300 — 011300 — 011300

001000 — 001100 — 001100 — 021100 — 031100 — 041100



(iii) For n =6 and k = 0 we have ac; (6) = 11 anti-palindromic compositions with an even
middle part or no middle part:

o , rioj o« (b, )

71" é 271 10‘5 ((11%)) 2 1 1 42 (03,01)
13 5 G0 2 1 1 321 (30,10)
BB W TS 2 1 1 1212 (12,12)
70 2 125 (10.30) 2 1 1 2121 (21,21
’ 2 2 0 2211 (22,11)

2 0 2 1122 (11,22) 3006 (000-000)

We provide two more formulas for ac® (n) next.

Theorem 4. Forn,k > 0 we have

o= 2 000 0

TR G [ [y )

Proof. We can rewrite the generating function (5) of ack (n) as

ack (n)g"t* = 1 _ 26y (TR (T (20"
Y adk(n)q"t 1—¢?(2¢/(1—q) + 1 + 1) 2 ( k )(i)(l—qyt'

n, k>0 r,k>0

Extracting the coefficient of ¢"t* gives the first formula (6). This formula can also be proved
via the same bijection « <+ (0',0") as in the combinatorial proof of Theorem 2 but using a
slightly different construction of & and b”:

(i) Let &’ and b” be the same binary sequence with r zeros indexed by a set 7" and k ones.

(ii) Pick 7 indices from 7" without repetition and for each of them, add 1 to the corre-
sponding entry in & and add 2 to the corresponding entry in b”, or the other way
around.

(iii) Among the 2’s in b’ and b”, choose j of them with repetition and add 1 each time.

We also have

Z acl_‘;(n)q”tkzz( (1—(])+C] t

0 — a2 — 3Rt
n, k>0 k>0 l=¢-¢—¢)
k+1 : J+k ,
— 2k Y 2 3 th
S (T E (T ke v e
k>0 >0 7>0
which implies the second formula (7). O



The formula (3) for pc® (n) implies a formula for pc¥(n) = pc” (n)+pck (n—1) by Eq. (1).
In particular, we have pcf (n) = 27/2 if n is even or pcY (n) = 0 otherwise, and this implies
pc(n) = 21"/21 We also have

[(n—3)/2]
pek(n)= S (412 =2+ ([n/2] - 2)2M?

J=0

for n > 0, which is essentially the same as the known sequence A036799.
On the other hand, the formulas (4), (6), (7) for ack(n) give formulas for ack(n) =
ack (n) +ack (n — 1) by Eq. (2). For k = 0, we have

r\ (r+j—1 dr\y(it+j—1
o £ ()5 00
2r+itj=n J 2r+itj=n J
- 2 000, 2 G0
Jj+r+2s=n (T +s " Jj+r+2s=n—1 r+s "

which equals the Tribonacci number 7)., with initial conditions Ty = 0,77 = 1,7, =
0 (A001590). This implies ac(n) = T), ., + T, and it is different from the formula ac(n) =
T, + T,,_o obtained by Andrews, Just, and Simay [2], although they can be derived from
each other via the relations 7}, = T, + T, and T, = T,, —T,,_; (A001590). We provide
one more formula for ac®(n) below, which reduces to another formula ac(n) = Ty41 — Ty
when &k = 0.

Theorem 5. Forn,k > 0 we have
0 B O0I00 2 OG0 ©

Proof. We obtain the generating function of ac*(n) from Eq. (5):

k() ik 1-¢
n;UaC (md"t" = 1 —q—¢—¢—(1—q)g’t
—(1-q) ) (j j k) (q+a*+a*) (1 — ) g*t".
k>0
Extracting the coefficient of ¢"t* gives the desired formula for ac®(n). O

Remark 6. There might be a combinatorial proof for the formula (8) of ac®(n) via inclusion-
exclusion. For k = 0 this formula becomes ac(n) = 7,1 — T},_1, giving a byproduct

ne 3 ()0)
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The above formula of 7, is not found in the entry for the OEIS sequence A000073, but has
a simple bijective proof. In fact, it is known that the number of compositions of n with no
part greater than 3 is 7)1 (A000073). Given such a composition, let j,r, s be the number
of parts greater than 0, 1,2, respectively. Then the r parts greater than 1 are among those
J parts greater than 0, the s parts greater than 2 are among those r parts greater than 1,
and j + r 4+ s = n. This combinatorially proves the above formula of T}, ;.

3 Reduced partially (anti-)palindromic compositions

Andrews, Just, and Simay [2] found a formula for the number rac(n) of reduced anti-
palindromic compositions of n, where reduced anti-palindromic compositions are equivalence
classes of anti-palindromic compositions under swaps of the first and last parts, the second
and second last parts, and so on. We extend this definition and let rpc®(n) (resp., rac®(n))
denote the number of equivalence classes of compositions counted by pc¥(n) (resp., ack(n))
under the aforementioned swaps. Taking k = 0 gives rpc’(n) = rpe(n) and rac®(n) = rac(n).
We define rpck (n), rpcf (n), rack (n), and rac® (n) similarly.

Proposition 7. For n,k > 0, we have rpct (n) = pck(n)/2%, rpck (n) = pc®(n)/2%, and
rpcf(n) = pcF(n)/2".

Proof. This result follows immediately from the definition. O
Theorem 8. Forn > 0, we have
rack (n) — Z (r—;k)(r—i—?—l))
2r+j=n—2k
which is also the number of compositions of n — k with exactly k parts equal to 1 (A105422).
Proof. Similarly to the proof of Theorem 2, the generating function for rack (n) is

1 1 1—q

k nyk
rac’ (n)q"t" = _ ‘
Extracting the coefficient of t* gives
Zrack (n)g" = (1 — q)k+1g2k _ 2
+ (1_q_q2)k+1 (1_q2/(1—Q))k+1

n>0

This implies the desired formula of rac? (n). We can also prove this formula by modifying
the combinatorial proof of the formula (6) of ac® (n), where the i indices picked in step (ii)

correspond to the swaps of parts used to define rac” (n).

10


https://oeis.org/A000073
https://oeis.org/A000073
https://oeis.org/A105422

Finally, comparing the generating function of racﬁ(n) with the generating function of A105422
shows that racﬁ(n) is also the number of compositions of n — k with exactly k parts equal
to 1. This can also be proved bijectively. In fact, given a composition of n — k with £ parts
equal to 1 and r parts greater than 1, subtracting 1 from each part gives a composition
of n — 2k —r = r + j for some j > 0 with r parts. Conversely, if 2r + j = n — 2k then
there are (Tﬂ.*l) many compositions of r+ 7 with r parts, each corresponding to (Tjk) many

compositions of n — k with k& parts equal to 1 and r parts greater than 1. O]

Some special cases of Theorem 8 are given below.

e We have rac? (0) = 1 and racf (n) = F,_; (A212804). Consequently, rac(0) = 1 and
rac(n) = I, for n > 1 (A324969).

e Forn >0, racl (n) = > 0<r<(n—2)/2(r+1) (=73 is the number of compositions of n—1
with exactly one part equal to 1 (A006367), and rac!(n) is the number of compositions
of n — 2 with at most one even part (A208354).

e For n > 0, rac? (n) = D2 tjen—a (r?) (H;*l) is the number of compositions of n — 2

with exactly two parts equal to 1 (A105423).

Remark 9. It would be interesting to see whether rac'(n) = rac! (n) + racl (n — 1) can be
proved bijectively using compositions with exactly one part equal to 1 and compositions with
at most one even part. One may also notice that rac(n) equals the number of the number of
compositions of n with no even parts. By checking the generating functions we are convinced
that the connection between rac®(n) and compositions of n with at most k even parts is valid
only for £ =0, 1.

4 Partially palindromic compositions modulo m

Let m be a positive integer throughout the rest of the paper. In this section we obtain closed
formulas for pc® (n,m), which imply formulas for pc*(n,m) by Eq. (1).

Theorem 10. For n,k > 0 we have

o= T (O e

2i+mj+(m—1)r+s=n—k

- 2 ? (/Zf) <Z +§_ 1) (io,ila k ,z’m2)' (10)

i0Fi1+-Fim—2=k
2i+mj+i1+2io+-+(m—2)im—_o=n—k

Proof. Given a composition, each part equals its least positive residue modulo m plus a
nonnegative multiple of m. We pair the first part with the last part, the second part with
the second last part, and so on. If the middle part exists, then it is not paired with any
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other part. For each pair, their smallest positive residues modulo m may be equal or unequal.
Thus the generating function for each pair is

Gn(g,) = (P +q" + -+ "+ g+ @+ +¢") == = =)+ g+ )
and the generating function for pc (n,m) is

1 1

n;O pCi(n’ m)qntk T1- Gnlg,t)1— ¢
(1—q)(1—q™)
(1—(1)( q’”) 2¢2(1 —q+q(1 —qm1)t)
_ g(1 — g™t
B ,>0 )Z 142 1—¢ )
B (2¢)'q" (1 — g™ 1)ktk
a Z;O (k‘) (L—gm)(1—q*

Extracting the coefficient of ¢"t* gives the formula (9) for pck (n, m).
We can also write (1 —¢™ 1)*/(1 —¢)* = (1+q+---+¢™ ?)* in the generating function

of pc, (n,m, k) and apply the multinomial theorem to obtain the formula (10). ]

Remark 11. We can rewrite Eq. (10) (and similar formulas appearing later) using symmetric
functions. Let A C (m — 2)* denote that A is an (integer) partition with at most k parts,
each no more than m —2. Adding trailing zeros we can identify it with a decreasing sequence
A= (A1,..., \g) of k integers in {0,1,...,m —2}. For h = 0,1,...,m — 2, let i, be the
number of parts of A C (m — 2)F that are equal to h. We have ig + iy + - + 40 = k
and iy + 2is + - - - 4+ (m — 2)i—o = |A|. The monomial symmetric function my(xq, ..., xy) is
the sum of the monomials z{* - - - 27* for all rearrangements (ay, ..., a;) of (A1,..., A\g). The
formula (10) becomes

pci(n,m) = g 2 (k) ( _ )m,\(lk)
AC(m—2)F J
2itmjt| N =n—k

where m, (1%) is the evaluation of my(x1,...,x}) at the vector (1,...,1) of length k.

Taking k& = 0 in either Eq. (9) or Eq. (10) give the following:
pey(n,m) = > 2( , ) (11)
2i+mj=n J

We can also obtain this by modifying the combinatorial proof of Theorem 2 with |3| = mj
and |y| = 2i. Some known results follow.

12



Corollary 12 ([1, 5, 7]). For n > 1 we have pc(2n,2) = pe(2n+1,2) = 2-3"1 (A025192).
Proof. Taking m = 2 in Eq. (11) immediately gives pcf (2n,2) = > is0 2! (" 1) =2-3""!and

pct (2n+1,2) = 0. o O
Corollary 13 ([5]).

(i) For n > 2 we have pc(n,3) = 2F, ;.
(i1) If m is even then pc(2n,m) = pc(2n + 1,m).

(111) If 2n + 1 < m then pc(2n,m) = pc(2n + 1,m) = 2™.
Proof. The proof of Theorem 10 gives the generating function
(1-9)(—¢) 1—¢
ch-i-(n 3) (1 1 3 202(1 :1 202 37
= —)(1-¢)=2¢*(1-¢q) 1-2¢°—¢
Taking m = 3 in Eq. (11) gives pct(n,3) = Do 5, 2i(i+;._l). Either way we have
pct(0,3) = 1, pc(1,3) = 1, and pcf(n,3) = 2(F—o + (—=1)"7?) for n > 2 (cf. the
known sequence A008346. It follows from Eq. (1) and the recursive relation of F), that
pe(n, 3) =pct(n,3) + pcl(n —1,3) = 2F, ;. Thus (i) holds.
If m is even then pc? (n,m) = 0 for all odd n by Eq. (11). Thus (ii) follows from Eq. (1).
If 2n +1 < m then a summand in pcY (2n, m) given by Eq. (11) is nonzero only if j =0

and i = n, and pc (2n + 1,m) = pcS(2n — 1,m) = 0 for the same reason. This together
with Eq. (1) gives (iii). O

For m = 1 we have pc(n,1) =, . 2’ (Héil) and pc® (n,1) =0 for k£ > 1 from

l-q (2¢°)’
pck (n,1)¢"t* = = -,

n,k>0

3

We can also use a combinatorial argument for this. In fact, since any two integers are
congruent modulo m = 1, we have must pc’f|r (n,1) =0 for k > 1, and for k = 0, the number
pc,(n,1) counts compositions of n without an odd middle part. The combinatorial proof
of Theorem 2 can be modified with |3| = j and |y| = 2i to give another proof of the above
formula of pc, (n,1). Analogously, we have pc(n, 1) = 2"~! counts all compositions of n and
pcf(n,1) = 0 for & > 1. Note that pc,(n,1) coincide with the known sequence A078008,
which counts compositions of n with parts greater than one, each part colored in two possible
ways. It would be interesting to have a bijection between the two families of compositions
both counted by pc(n,1).

For m = 2 we observe the following.
Corollary 14. Forn > 0 we have pct (n,2) = D it 2in_k 21())(° JJ
n —k is odd. In particular, pcl (2n,2) = 0 and pcl(2n +1,2) =3,
n >1 (A081038).
Proof. Taking m = 2 in Eq. (10) gives pc* (n,2) = > it 2jenk 20(1) ("71). This sum is

empty if 2i + 25 = n — k is odd. The rest of the result follows. ’ O

) which 1s zero when
i>0

ot + 1)201 (" 1) for
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5 Reduced partially palindromic compositions modulo
m

Let rpc®(n, m) denote the number of equivalence classes of compositions counted by pc¥(n, m)
under swaps of the first and last parts, the second and second last parts, and so on. We define
rpck (n,m) and rpc* (n, m) similarly. It follows that rpc®(n, m) = rpck (n, m) +rpct (n,m) =
rpct (n,m) + rpck (n — 1, m) where rpck (—=1,m) := 0.

Theorem 15. Forn,k > 0 we have

won- 5 ()N o

2i+mj+2c+(m—1)r+s=n—k

> W06 )

io+i1++im—2=k
2i+mj+2c+ii1+2i2++(m—2)im—_2=n—k

(13)

Proof. Similarly to the proof of Theorem 10, the generating function for each pair is

l((1+qm+...)2_1_q2m_...))

Grla,t) =(¢* +¢" + - +¢*™) (1+q2m+---+2

t m m m
+5(@++ ") = =g = (g )

and the generating function of rpck (n,m) is

1 1
k nyk
Z rpct (n,m)q"t" = : 5
_ (1-q)(1—q")
(1 (1 -¢)(1—qm) —¢*(1—q) — ¢*(L —gm 1)t
Z < ) 22+k(1 _ q)sz(l _ qul)ktk
1_ 2 _ —2Vi(] — gmYi
1 ql>k>0 (1-q)'(1—¢*)'(1—qm)
Extracting the coefficient of ¢"t* gives the desired formulas for rpci(n, m). m
For k = 0 we have the number rpc, (n, m) counts compositions o = (aq,...,ay) of n
such that a(sy1)/2 is even whenever £ is odd and that o), — apyq-p is a nonnegative multiple
of m for h = 1,...,[¢/2]. One can compare the following formula of rpc, (n,m) with the

formula (11) for pc, (n,m).
Corollary 16. For n > 0 we have
1+7—1\/[i+r
wsm= X (1))
2i+mj+2r=n J
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Proof. Setting ¢t = 0 in the generating function of rpc’i(n, m) gives

(1—4q™) 1 7"
erc+(n m)q" = m 2 2 Z 2)i myi
= =) =gm) = 1-¢ L= 1 =¢)(1—qm)
This implies the desired formula for rpc, (n,m), which can also be obtained by modifying
the combinatorial proof of Theorem 2 with |5| = myj, |y| = 2(i +r), and £(vy) = 2i. O

In particular, we have rpc,(n,1) coincides with the known sequence A052547, and
rpe(n, 1) = >, jtoren (ZJ]”) (”7;71) agrees with another sequence, A028495, which also
counts compositions of n with increments appearing only at every second position (such
compositions are in bijection with the compositions counted by rpc(n,1) by reordering
parts appropriately). Next, the generating function of rpc_ (n,2) can be written as (F'(¢) —
F(—q))/2q, where F(q) = q/(1 — q — ¢?) is the generating function of the Fibonacci num-
bers. Thus rpc, (2n,2) = Fy,41 and rpe, (2n + 1,2) = 0. Consequently, rpc(n,2) agrees
with A094967: rpc(2n,2) = rpe(2n + 1,2) = Fh,4q. Moreover, rpc, (2n,4) is the same
as A052534 and rpc, (2n +1,4) = 0.

On the other hand, for m = 1 and k > 1 we have rpc® (n, 1) = 0, which follows from either
its definition or its generating function. For m = 2 we have rpct (n, 2) = > 2it2jenk (1) (2’;.”)
from its generating function

k ik (1-¢% (1 + qt)’
Z rpct (n, 2)q"t" = 22 _ 2 _ 3 Z )2
et -2 —— ¢t 1—q 1—q
Thus rpc} (2n,2) = 0, rpct (2n +1,2) = >, (")) (A001870), and rpc!(2n + 1,2) =
rpct(2n +2,2) = 1+(2n +1,2).

6 Partially anti-palindromic compositions modulo m

In this section we provide closed formulas for ack (n, m) and ac*(n, m), where m is a positive
integer.

Theorem 17. Forn,k > 0 we have

= 2 or (D000

2i+j+r(m—1)+s
+mc+md=n—2k

-2 G006 O
e k) \G) oy ime) \c q .

=J
2i+j+i1+2ia4-+(Mm—2)im—2
+mct+md=n—2k
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Proof. Similarly as the proof of Theorem 10, we have

1 1
k nik _
E ac’ (n,m)q"t 5

_ (1-g)(1—g™)

1=¢)(1—¢m) =1 = q)(1 —¢™) = 2¢°(1 —¢" ") = ¢*(1 = ¢)(1 +¢q™)t
e 2q1—q™ ") (A +gMt\’

Zq 1+ +

= (I=q)(L—=gm) 1-gqm

e

i,k>0

_ arr) (1R (1) 290 (1L—=g™ ") (14 ¢™)"t*
2 1 ( k )(J)(l—Q)(l—qm)'u—qm)k'

1,5,k=0

Extracting the coefficient of ¢"t* gives the first formula for ac Jr(n m).
We can also write (1—¢™ 1) /(1 —¢q)) = (14+q+---+¢™?)? in the generating function
of acy(n,m, k) and apply the multinomial theorem to obtain the second formula. O

Combining Theorem 17 and Eq. (2), we obtain two formulas for ac*(n,m). We also
directly provide another formula for ac®(n,m) below.

Theorem 18. For n,k > 0 we have

e & (IO

3i+j+r(m—1)+2s
+cm+dm=n—2k

Proof. Similarly to the proof of Theorem 10, we have
1 1

Z ac®(n, m)q"t" =
n, k>0 1 —tGn(g,1/t) 1 —¢q
_ (1—¢*)(1— z ™)
(1—q)(1—q2)(1—qm) 2¢°(1 —q™ 1) — (1 —q) (1 +qm)t
N Z( ¢°(1— )m+ q°( Q)(2Q)m>
_ Z (’L + k) (2¢°)'(1—g¢™ ") (L +gmM)t
ik>0 1—q)(1=¢*)(1—q™) (1—¢)*1—qm)*
B Z (Z+k) 21q32+2k(1 _ qm— )2(1 +qm)ktk
i,k>0 ko) (1—q) (1 —q*)* (1 —gm)tk
Extracting the coefficient of ¢"t* from this gives the desired formula for ac*(n,m). O
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Taking £ = 0 in Theorem 17 and Theorem 18 immediately give closed formulas for
acy(n,m) and ac(n,m). We cannot find any connection of acy(n,m) and ac(n,m) with
existing sequences in the OEIS [6].

Another interesting specialization is at » = 1. Since any two integers are congruent
modulo m = 1, the number ac® (n, 1) counts compositions of n with 2k parts or with 2k + 1
parts, the middle one of which is even. The generating function of aci(n, m) specializes to

ack (n. Dgmeh — 1 _ aen) (1KY (1+ gt
2 ack(n 1)a 1—q¢*=q¢*(1+q)t/(1—q) 2 ( k) (1—q)k "’

n,k>0 i,k>0

- £ (P)OC)

2i+c+d=n—2k

which implies

A signed version of ac’i(n, 1) gives a Riordan array that is the coefficient table of the square
of Chebyshev S-polynomials and also sends the Catalan numbers to ones (A158454). We
also find some special cases: aci(n,1) = (14 (=1)")/2, acl(n,1) = |n*/4] (A002620),
ac? (n,1) (A001752), ac? (n,1) (A001769), act (n,1) (A001780), and ac® (n,1) (A001786).
Similarly, the number ac®(n, 1) counts all compositions of n with 2k or 2k + 1 parts, and

thk

l—gq q
k nik __ —
> act(n )"t = (1—q)? — ¢t _Z(l_q)%—i-l’

n, k>0 k>0

which implies ac®(n, 1) = (2“1;112;2’“*1) = (,;.)- This formula can also be proved combinato-

rially as compositions of n with 2k or 2k + 1 parts are in bijection with binary sequences of
length n with exactly 2k ones (if the last digit is zero, change it to one to get a composition
with 2k + 1 parts).

For m = 2,3 and k = 0, 1,2 we list some initial terms of ac*(n,m) below.

e ac’(n,2):1,1,1,3,3,7,11,17, 33,49, 89, 147, 243, 423, 691, 1185, . . .

e acl(n,2):0,0,1,1,4,8,13,33,52, 108,201, 353, 688, 1196, 2213, 3935, . . .
e ac®(n,2):0,0,0,0,1,1,7,13,32,80, 148, 352, 677, 1381, 2799, 5313, . .

e ac’(n,3):1,1,1,3,5,7,15,27,43, 81, 147, 249, 449, 809, 1409, 2507, . .

e acl(n,3):0,0,1,1,2,8,13,23,58,108, 195,411, 786, 1446, 2831, 5387, ..
e ac?(n,3):0,0,0,0,1,1,3,13,22,48, 132, 258, 525, 1197, 2409, 4797, . ..

The OEIS [6] does not contain any of the above sequences.
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7 Reduced partially anti-palindromic compositions mod-
ulo m

Let rac®(n, m) denote the number of equivalence classes of compositions counted by ack(n, m)
under swaps of the first and last parts, the second and second last parts, and so on. Define

rac® (n,m) and rac® (n,m) similarly. It follows that rac®(n,m) = rack (n,m) + rac* (n,m) =

rac® (n,m) + ract (n — 1,m) where ract (—1,m) := 0. We give two closed formulas for

rac® (n,m) and a third formula directly for rac®(n,m).

Theorem 19. Forn,k > 0 we have

o= E (OO0

2i+j+r(m—1)+s+md=n—2k

. > OO L))

Z()+7«1++lm72:]
2i+j+i1+2i2+ A (m—2)im—2+md=n—2k

B IO

3i+j+r(m—1)4+2s+dm=n—2k
Proof. Similarly to the proof of Theorem 15, the generating function for rack (n,m) is

1 1
k nik
th =
2 rac(mm)g"th = tG) (¢, 1/0) 1 — ¢°

n, k>0
(1-q)(1—q™)
(1= )1 =g™) = (1 = 2¢™ + ¢"™*) = ¢*(1 = q)t

B % Q(l_qmil) t '
=24 (H (1—Q)(1—qm)+1—qm)

i>0
‘ m— ) L
:ZQZ(”’“)(ZJFIC) (1+ q(1—gq l)m) tmk
= K (I—q)(l1—¢m)) (1—qm)
_ Z 2R (l + k) (z> ¢(1—gm 1y ik
2= Uk )G a— =y i=ar

18



Extracting the coefficient of ¢"t* gives the desired formulas for rac® (n,m). We also have

1 1
k nyk
th =
2 ract(mm)g 1—1G (¢, 1/)1—¢q

n, k>0
_ (1-¢*)(1—q™)
1-q¢)(1—=¢*)(1—qm) =1 —qgm ') —¢*(1 —q)t

1 ¢*(1—¢™ ") (1 —q)t 1
I ((1 )= —¢")  T—gl-)1- qm))
- (Z + k,) q3i+2k(1 _ qm—1>itk

(1 _ q)z-l-l(]_ _ q2)l+k(1 _ qm)z-‘rk

Extracting the coefficient of ¢"t* from this gives the desired formula for rack(n,m). O

Taking k£ = 0 in Theorem 19 immediately gives formulas for rac, (n,m) and rac(n,m).
Although ac (n, m) and ac(n, m) are not related to any sequences in the OEIS (see Section 6),
we find the following special cases of rac, (n,m) and rac(n, m):

e We have racy(2n,1) =1, rac4(2n + 1,1) = 0, rac(n,1) = 1 for n > 0.

e We have rac; (0,2) = 1, racy(1,2) = 0 and for n > 2 the number rac, (n,2) counts
compositions of n — 2 with no two adjacent parts of the same parity (A062200).

e The sequence rac(n,3) for n > 0 agrees with the known sequence A113435, which
currently does not contain any combinatorial interpretation.

For m = 1 we obtain rac% (n,1) = > 2t ijmn—ok (sz) (jH;_l) from the generating function

rack (n. 1)amtk — 1—gq _ a(itk) (LT K tk
2 rackm 1)t (1—¢q)—¢*(1— % +( )(1—61)

n, k>0 1,k>0

Since every two integers are congruent modulo m = 1, the number rack (n,1) counts all
compositions a = (ayq,...,ay) of n such that Q(e+1)/2 is even whenever £ is odd and that
ap > oo for h=1,...,[£/2]. Thus the above formula for ract (n, 1) can also be obtained
by modifying the combinatorial proof of Theorem 2 with || = j, |y| = 2(i + k), and
10(7)/2] = k. We have racl (2n,1) =rac}(2n+1,1) = > ,.,,_,(i+1) =n(n+1)/2, giving
a new interpretation of the sequence of repeated triangular numbers (A008805). We also
have rac? (n,1) = o, o, (57) (G + 1) (A096338).

i+k—1

Similarly, we obtain rac®(n, 1) = D it jmn—2k (" )(ij) from the generating function

thk

. o 1—(]2 B 1 q
Z rac(n, 1)q"t" = (1_q>(1_q2)—q2t_ 1—gq Z (1 =gk —g?)*

n, k>0 i,k>0
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The number rack(n, 1) counts compositions a = (au, ..., ay) of n such that oy, > apqq_y, for
h=1,...,][¢/2]. This gives a new interpretation of a triangular array of integers A060098.

Some special cases include rac!(n,1) = > 0<i<inyz)—1(n =2t — 1) = [3][§], which coin-

2
cides with both ac} (n,1) and the known sequence A002620, rac*(n,1) = 7o, . (i +

1)(71?) (A002624), racd(n,1) (A060099), rac*(n,1) (A060100), and rac®(n,1) (A060101). A
combinatorial explanation for rac’(n,1) = ac} (n,1) would be interesting.

For m > 2 we cannot find any connection of rac* (n,1) or rac*(n,1) with existing se-
quences in the OEIS [6].
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