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Abstract

We explore new types of binomial sums with Fibonacci and Lucas numbers. The
. . . . . n (n+k k (n4k .
binomial coefficients under consideration are o (n_ k) and m(n—k) We derive the

identities by relating the underlying sums to Chebyshev polynomials. Finally, we study
some combinatorial sums and derive a connection with a recent paper by Chu and Guo
from 2022.
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1 Preliminaries

As usual, the Fibonacci numbers F), and the Lucas numbers L, are defined, for n € Z,
through the recurrence relations F,, = F, | + F,_2, n > 2, with initial values Fy = 0,
F,=1and L, = L, 1+ L, o with Ly = 2, L; = 1. For negative subscripts we have
F ,=(-1)"1F, and L_, = (—1)"L,. They possess the explicit formulas (Binet forms)

o
n - a — /8 Y
with a = (1 + v/5)/2 being the golden ratio and 8 = —1/a. The sequences (F},),o and
(Ly)n>0 are indexed in the On-Line Encyclopedia of Integer Sequences [19] as entries A000045
and A000032, respectively. For more information we refer to Koshy [15] and Vajda [21], who

have written excellent books dealing with Fibonacci and Lucas numbers.
For an integer n > 0, the Chebyshev polynomials (Tn(x))n>0 of the first kind are defined

by the second-order recurrence relation [18] -

L,=a"+p3", neZ, (1)

To(x) =1, Ti(x)=z, Thu(x)=22T,(x)—T,1(x),
while the Chebyshev polynomials (U, (a:))n>0 of the second kind are defined by

Up(xz) =1, U(z)=2x, Uppi(x)=22U,(x)—U,_1(z).
The Chebyshev polynomials possess the representations

T, (x) = Lnf (;{) (22 — 1)kzm2k, 2)

k=0

U (z) = Wf (" 1 ) (22 — 1)Fa" 2k, (3)

— 2k+1

Also, the sequences T,,(z) and U, (z) have the Binet-like formulas
1
To(x) = 5 <(x + Va2 —-1)"+ (z — Va2 — 1)”), (4)

Un(z) r+ Vo2 - 1" — (2 — Va2 - 1)”“). (5)

1
- =il

The Chebyshev polynomials of the first and second kind are connected by the equations
Tori(w) = 2T (@) = (1 = 2°)Una (@),
Uni1(x) = 2Un(z) + Thpa(7), (6)

from which we also get


https://oeis.org/A000045
https://oeis.org/A000032

The properties of Chebyshev polynomials have been studied extensively in the literature.
In the recent papers [1, 7, 8,9, 13, 14, 16, 17, 22] the reader can find additional information
about them, especially about their products, convolutions, and power sums, as well as their
connections with Fibonacci numbers and polynomials.

There exists a countless number of binomial sum identities involving Fibonacci and Lucas
numbers. For some new papers in this field, we refer to [2, 3, 4, 5]. Motivated by these studies,
the goal of this paper is to extend existing results to other types of binomial coefficients.
More precisely, in this paper we deal with sums of the following forms

"~ n [n+k "k n+k
d
an(n—k)w’“ o Zn—l—k(n—kz)xk’

k=0 k=0

where the xj are some weighted Fibonacci (Lucas) entries. Among the huge number of
Fibonacci (Lucas) sums in the literature, we could not find references treating these forms,
although the binomial coefficients remind us of coefficients of Girard—Waring type [10], Jen-
nings [11], and also Kilic and Ioanescu [12]. It may be also of interest that we can write the
sums under consideration equivalently involving three binomial coefficients. For instance,
the first type of sum equals
n n+k—1\ (n
3 " ) G)

Tk
k=0 (2:) 7

and the second is similar.

2 Binomial Fibonacci and Lucas sums from identities
involving T, (x)

We start by deriving two identities involving T,,(z), which we prove for the readers’ conve-

nience.

Theorem 1. For all x € C and non-negative integers n and m, we have the following
wdentities:

S (T e = 1T o), )

— n+k

- n n+k k
—2)F 1F T, = (£1)"Tym (). 8
S () 0 ) = 1 Tt ®)
Proof. It suffices to prove (7). Let P,(La’b)(x), a,b > —1, be the Jacobi polynomial. Then
P,(La’b)(x) has the truncated series representation

P(“’b)(a:)

n

(z — 1)k

Fla+n+1) i(n)r(a+b+n+k+1)

:n!F(a—l—b—l—n—l—l)k:O k 2T (a+ k+1)



Now we use the fact that T, (z) = %Pﬁ_l/ 21/ 2)(x). The statement follows after some

steps of simplifications using F(n + %) = %7?
Identity (8) follows immediately if  — T,,(z), because T, (T;n(z)) = T (). O

We note that the relation T, (2% — 1) = Ty, (z) in conjunction with (7) yields

Z4kn i 2 (Z J_r l;) (2% = 1)" = Tpa(2) (9)

and

= n n+k\ , "
20 (n - k)""” §= () o). (10)

Example 2. Setting + =0 and x = —1 in (7) we get

i(_2>k n (n+k _ 0, if n is odd;
n+k\n—=k (—1)"/2,

— otherwise;

N

k=0

Example 3. Directly from (7) we have the following interesting sums:

St (M L= T + 1),

prd n+k
- k To(e) — T,

- n+k\n—k —/5
It follows from these formulas that T,,(a) + 7,(5) and \/Lg (T(a) — T,(B)) are integers. The
sequence (%(Tn(@) —T,(0))), - = {0,1,2,5,16,45,130,377,1088, 3145, ... } is sequence
A138573 in the OEIS [19]. But more is true as we show in the next theorem.

; s s T (o) —Tn(8%)
Theorem 4. For an integer s, the sequences (T, (o) + T, (S ))nZO and (T)nzo
are integers. Moreover, the sequences (U, (o) + Un(ﬁs))nZO and (w)nzo are also

integer sequences for each s.

Proof. For a complex variable z, from (2) we have

o= SR ()G
T(5r) = m ( v (5) (5)rar


https://oeis.org/A138573

In particular,

( n/2]
>° (o) Lhast=h), if 5 is odd;
Tu(0®) = 4 (o2
> () (VBE)Fas®=k  otherwise,
\ k=0
( ln/2]
> () LB, if s is odd;
Ta(B%) = (o)
\ 2 (272)<_\/5Fs)k58(n_k), otherwise.
k=0
Thus,
/2,
Tu0) £ T8 = 3 () B, s0dd
T,(0) — T.(5) LZJ (n)m Ny
- sFsn—k) s odd,
\/5 k=0 2k
and

(/4]
n n
Tn(as) -+ Tn<ﬂ5) — Z 5sz2k ((4k> Ls(n—2k) + 5(4]{; " 2> Fst(n—2k—1)> , S evel,

k=0

[n/4]
T, (o) —T,(5° n n
( )\/g (6 ) = Z 5sz2k ((4]{:) Fs(n—2k) + (4]{5 i 2) FSLS(n—%—l))’ § evell.
k=0

For Chebyshev polynomials of the second kind similar formulas hold. From (3) using
Binet’s formulas (1) we have

/2] n+1
Un(a®) + U, (B°) = Z < )L’;Ls(nk), s odd,

P 2k 4+ 1
[n/2]
s\ s 1
Un(a®) = Un(B°) _ Z <272;+ 1) L*F, (n—k)» s odd,
V5 p -
and
[n/4]
s s\ __ k 2k TL+1 7’L+1
Un(Oé )+ Un(ﬁ ) - % 5 Fs ((4k3+ 1) Ls(n—Qk’) +5(4]€+3 FSFS(n—Qk—l) ) S evel,
Un(c®) — Un(5°) L”f ek (1) g RS
— (e “Latn—2k-1) |, s even.
V5 2”0 \\dk 1) T gy g) T

O



Example 5. Here we proceed with additional interesting sums of the same kind as in

Example 3:

;<—2>‘“n ot (Z ’ Z) Foy. = <75)n (Tul@) = Tu(B)),
kﬁ;—z)kn () b= (1 (m20) + 129,
ki%(—?)kn i i (Z ' Z Fiy = f};n (Tn(20) = Tn(28)),
I EEEAC SEEAC ]
> (= () n (D),
St () = T 4 D),

By substituting = L,/2 and = = v/5F,/2 in (4), in turn, we obtain the results stated

in Lemma 6.

Lemma 6. If p is an integer, then we have

L 1
Tn(—p) = —Lpn, p even,

2 2
and
T <\/5Fp) N {%Lpn, if p is odd and n is even;
"\ 2 \/TEF,,”, if p is odd and n is odd.

In particular, we have

X2 F . otherwise;

1 e .
5L3n, if nis even;

1

Y5F, o otherwise.



Theorem 7. Ifn is a positive integer and p is an integer, then the following identities hold:

3 (e neen (" TR 2k Lo
— n+k\n—=k/) ? 2

. _ +k Lo
-1 p(n—k) n n 5kF2k — pn ]
§< ) n+k\n—k P 2

Proof. Set © = Ly,/2 in (7), use (11) and the fact that

Ly —2— {5F5, if p is even,; Ly +2— {5F§, if p is odd; (15)

L2, otherwise; L2, otherwise;
to get
" n <n + k) o 1
L = =1, p odd
o P pn Y
~n+ k\n—k 2
~ n (n+k) proe_ (D"
(=)L) = Lopn, p even,
—~n+ k\n—k 2
and
~ n (” + k) N G
(=5)"F)" = Loy, p odd,
~n+ k\n—k 2
" n (n + k) e 1
Z 5"FF = —Lg p even
_ P pns Y
—~n+ kE\n—k 2
from which the stated identities follow. O]

Theorem 7 can be generalized in the following way.

Theorem 8. If n is a positive integer and p is an integer, then we have

= k +/5
S (-t <"+ )(2:&\/5Fpm)k:T\/_Fpmn, p, m, n odd,

pr n+k\n—=k

= k +1)"
Z:(—l)"’lC o <n + )(2 + L)t = umen, p odd, m even,

prt n+k\n—k 2
a _ +k (£1)"
) L 2+ Lp)¥ = =L .
Proof. Combine (8) with (11) and (12). O



Some particular cases of Theorems 7 and 8 stated in the next Example.

Example 9. We have

~ n (n+k\ 4\ k1
=S (~1
Zn—i—k(n—k)a Z( )
k=0 k=0
~ n n+k\ . _& “ k1
ghah = N (1Rt
Zn—l—k‘(n—k) “ Z( )
k=0 k=0
k:0n+k n—%k) 27
k:On—l—k n—k 27

Lemma 10. If p is a non-zero integer, then

(e =Y e
F.

—ik(n+z)4kak:—\/52 o odd,
n n—

~ ok M (nHE\ Lo
;( D n+k<n—k)5 2

- .on n+k Ly
Z< ) n+k’<n—k)9 2

E 2
Tn<\/5 p) = cosh (n arctanh ( >), p odd, (16)
LP \/ng
Tn<£> = cosh (n arctanh <i>), p even. (17)
\/SFp LP
Proof. Setting x = /5F,/L, in (4) and making use of 5F2 — 4(—1)P*! = L2 with p odd
produces
"\ L, 2Ly
from which (16) follows upon using the identity
(x —y)" + (x+y)" =2(y/22 — y2)" cosh <n arctanh (%)) :
[

For low values of p, it is easier to use (18) directly for evaluation. Thus, at p = 1 we
recover (14) while p = 3 gives (13). On account of (15), Formula (17) also implies
7 < Lo, ) _ (5Fp2)”—|- (LI%)"
V5 Fy, 2(V/5Fy,)"

(19)

for every non-zero integer p.
We also note that

SO,
V)

—(=D"L3
2n + k) F3¥

+ (=DM
2n + k) F3¥

0, p#0,

— \5

2n 4

> (5

5

625" FSm 4 L3
2n 25" Fyr

p# 0.



Theorem 11. If p is a non-zero integer and n is a positive integer, then we have

n

5) n+k\n—Fk) % 2. 50 ’

S () B -
0 5 n+k\n— k Lgp 2- 5”[;%1?

In particular, we obtain

16\F o (n4+k\ 25" +1
(?) n—i—k:(n—k;)_ 2.5m

wn(36NF n /mAE\ 25"+ 1
> (=1 k(?) n+k(n—k> 2.5

Proof. Combine (19) with (9) and (10), respectively, while setting 2 = La,/(vV/5Fyp).

Remark 12. We note the following relations:

n n n—k
Z <E>nk n n—+k k) _ Z 2n Lgé )
16/ n+k\n—4k) * 2k ) 42—k’
k=0 k=0
n ( 5>n—k n (n + k’) <F2p)2(n—k:) B i (271) 4k7n
—~\ 4 n+k\n—=kJ)\Ly, e~ \2k) L3}

Theorem 13. If p is an odd integer and n is a positive integer, then
- k\ L 2 L if 7 i -
Z(—él)kLk (n j_L k:) Zc;t = cosh (n arctanh (—)) . _t’ Hs e've'n,
_ n+k\n D \/SF,, V/5F,, otherwise;

" k\ F 2 F,, if n i :
Z(—Zl)k n nAR Dyt = cosh [ narctanh . tL e e.ven
— n+k\n—-k) Lk V5F, —~£L otherwise.

V5

Proof. Set x = +/5F,/L, in (7), taking the upper signs, and then use (16).

Corollary 14. If p is an odd integer and n is a positive integer, then

- n n—+k\ Ly
Z:( >n—i—k’(n—k) Lk 0 n odd,

k=0
- n n+k Fk

_4k _pr =0 .
kz:;( )n—i-k(n—k)L’; ’ even




Corollary 15. If n is a positive integer, then we have the following combinatorial results:

u y noo(n+k %LtLgn, if n is even;
Z(_4) Lyt = 5 ~

— n+k\n—k —3FFs,, otherwise;

- ) n-+k %FtLgn, if n is even;
Z(—4) Fk+t = 1 .

— n+k\n—=k —5LiF3,, otherwise.

The corresponding identities to Theorem 13 for p even are stated next.

Theorem 16. If p is a non-zero even integer, n is a positive integer and t is an integer,

then we have the following sum relations:

g%<igy:<n+%>L%Ht_é(ﬁ+2k+U1%%ﬂw
P 5F2 n—2k)n+2k F,\n—2k—-1)n+2k+1
1 2 L if n i ;
= — cosh (n arctanh (—)) L nne e.ven,
n L, —+/5F,, otherwise;
LHX:/% <£>’f n+2k\ Foppyr 4 (n+2k+1 Lp@r41)+t
prt 5F2 n—2k)n+2k S5F,\n—2k—-1/n+2k+1

\/gn Lp

—L;, otherwise.

! 2 F,. ifni .
cosh(narctanh <_>) ) {\/5 v, if n is even;

The non-alternating versions of the identities in Theorem 13 are derived from (16) and

(7) by considering the bottom sign combinations. This is left to the interested reader.

Example 17. Noting that

S (oh (”* k) (1+ 2 F (1 2)) = (-1 F 1) Tu(a),

—~ n+k\n—k

with = v/5/2 and (13) we get

as well as

. +k 14 (=1)"
Zo( ) n+k<n—k) o 2

As we will see, identities (21) and (22) are special cases of Theorem 20 below.

10

(20)



Example 18. We derive the inverse relation of (21) and (22). Starting with (20) we set
r = —+/5, and make use of T,(—/5) = (—1)"T,(v/5) together with (14) to derive the
following identities:

a +k (-1 -1
S (n )= S
- +k 1+ (=1)"
) LR Ly=———""Ls,.
S (e

Example 19. It is obvious that from (20) more appealing relations can be derived. We give
just four examples:

S (M) (B (ML) = (1" £ 1) (509 + T()

p n—+k
/2,
=((-1)"x1) > (%) A% Loy,

k=0

St (0 ) (et () = L o) - 1)

ln/2]
()" +1 n
= g Z 2% 4kF3(n—k)7
k=0
AINE n n—+k V5
_Z Log = ((=1)" 1Tn<—>,
kZO< 3) n+k<n—k) o (( )+ ) 3
ANk on (ntk (=) =1, /5
(2 ).
3/ n+k\n—k V5 3
Theorem 20. If n is a positive integer and t is an integer, then we have

S oyt (MR, (3R s odd
n+k\n—k N 1L,L,,

s |l

k=0

0 otherwise;
= e N (n+k %LtFn, if n is odd;

Z (_1) F3k‘+t - 1 .

v n+k\n—k 5FiL,, otherwise.

Proof. Set © = Va3/2 and x = /$3/2, in turn, in (10) and use

T <\/a3> {‘/Tan, if n is odd; T <\/ﬁ3) {—\/75]7“, if n is odd;
m| —— | = m| —5— | =

%Ln, otherwise; 2 %Ln, otherwise.

11



to obtain

i (—1)"* n (” + k) (aPF+ 4 ABH) = {\/Tan(Oét — A8, if nis odd;

o n+k\n—=k sL,(af — AB'),  otherwise;

from which the stated results follow upon setting A =1 and A = —1. m
Note that Example 17 is the special case (t = 0) of Theorem 20.

Theorem 21. Ifn is a positive integer and p is a non-zero integer, then we have

St () () - () (1))

k=0

Proof. Set x = La,/(v/5Fy,) in (10) and then use (19). O

Theorem 22. Ifn is a non-negative integer and p and q are non-zero integers, then we have

- 2%k n "
Z(—l)(pfq)("*k) o (nE RN (FpgFpg T _ Fy" + F;_,
o n+k\n—k F,F, 2(F,F,)>"

(=)~ T Py g Fpe

Proof. Set x = 4 where i = /=1, in (10) and use
2F,F,
n— 2n n(p—q+1 2n
T <2p q+1Fp+qu_q> _ in(p—q—i—l)Fp 4 (—1)p—at )Fq
2Fqu 2(Fqu)n
]
Theorem 23. If n is a non-negative integer and p is a non-zero integer, then we have
n 2k 4n
S () () -
prd n+k\n—k) \ Fy 202
n 2k n 1pdn
S (e (7 B\ g (Lo \ ™ _ 5" 41
— n+k\n—k Fy, 2Fm
—\ptip —i)PL
Proof. Set x = ()" By and © = (Z)—?’p, in turn, in (10) and use
2Fy, 2V/5F,
- (_i)p—&-ngp ( ')n(p+1) Lin + (_1)n(p+1)
n| "o~ )] =71 ;
2Fy, 2L
2V Fy, 2V/5n
[

12



Lemma 24. If p and q are integers, then the following identities involving Chebyshev poly-
nomials T, (x) hold:
Ey Er

_ 172 n
To, \/( o F—q a?rta | = (=)
p+q

—1)e+1 2 —_1)» Fn E7
751<\/£__2___415mﬁq _ =Y ((—1ym—£i2ﬁml+-—llfﬁ”), p#0,p# —q,

n

F ol
(—1)ra=Btdgam o P _gan) L0, p#£ —q, (23)

AF,F,.y 2 Fr Fr

_ +1 2 _1\n
AL,Lpq 2

5(_1)q+1F2 (_1)11 " I
15, 7 982%ptq | = —1)™ P+4 ogn P
2 (\/ T o )

Theorem 25. If n is a positive integer and p, q and t are integers with p # 0 and q # 0,
then we have the following combinatorial results:

~ (D" (B g e L pon .
Z n+k n—k Fp+qup szkak(2p+q)+t 9 (Fz?+th+qn + Fﬁ Lt—qn)v (24)
k=0

- (_1)(n7k)q n(n+k n—k rmn— 1 n n
Z n+ k n—k Rt E P E Faprgyve = 5 (F2 Fiogn+ FFiogn),  (25)

k=0

" (=) Ry 0+ k P
Z - ( >5kLZ+5LZ qu2kLk(2p+Q)+t =

2n
n+k n—=k (L

p+q

Liygn + Lﬁ"Ltfqn), (26)

N

(=) Rin fn+ k ke 1
()—< )5’%" YL E Fyoprgrt = 3 (L2 Frgn + L2 Fy_gn).  (27)

n+k n—k ptq pt+q
k=0

(_1)q+1qu , ( )
———~?r*tq and use (23) to obtain
4FpEpiq

Proof. In (10) set x = \/

- ke (MR ok 2k k@pro+t D™ o anee . (5D o pgne
S () e < e S
k=0

from which (24) and (25) follow. The proof of (26) and (27) is similar; in (10), set z =

—1)qt1 2
\/5< DE v O
4Ly Lpiq

13



Example 26. If n is a positive integer and ¢ is an integer, then we get

;(_Q)n_kn j_ 2 (Z i_ IZ) Lsjys = %(Lt_n + 4”Ln+t)7
;(—Q)n_kn Z 3 (Z i_ z) Fspqe = %(Ft_n + 4" Fopy),
é;(_zykkn:ik(zit2)5kL“¢::%QWL*%*‘LWH%
g(—%”"“n i z <Z f :) 5 Fpr = %(4”Ft_n + Fo).

3 Binomial Fibonacci and Lucas sums from identities
involving U, (x)

Using the fact that -£7,(z) = nU,_1(z), from (7) we get

St (M) as e =30, 29

py n+k

and from (9) and (10)

(n+ k:) (2 — 11 = Usn—1(z)

k=

and

Z — (”*Z)ﬁ’f:(—l)"w%_l(x). (20)

k=
From here, setting x = 3/2 in (28) and using U,,_1(3/2) = Fy,, we get

2”: ko (n+k\  Fon
n+k\n—k) 2

k=1

and

Sy () -

k=1

Also, with 2 = v/5/2 upon combining we produce

" ok (n+k 1 — (=1)"
Z k-1 I _ SV
(=1) n—+k (n — k) 3(k-1) 2 "

k=1

14



where we used the fact that

I (\/5> B Ly, if n is even;
"\2/) V5F,.1, otherwise.

In general, working with (8) we get the relations

1 k n -+ k 1 . U
;(_2)1@— n+k (n J—r k) (LF Tn(x))” = (£1) W_lg:ﬁi’

where we have used that
Umn—1($)
Un_l(l‘) '

Lemma 27. If n is a positive integer and p an integer, then we have the following identities
imwolving Chebyshev polynomials of the second kind:

Um_1 (Tn<l’>) =

L\ Fom
Un<7p> = LT peven, p £0,

p
il " Fysn
Un(_i’) — 2Pt o 0dd,
2 E,

I (\/SFP> ) Lyngry/ Ly, if p is odd and n is even;
"\ 2 B \/3Fp(n+1)/Lp, if p and n are odd;

U (i\/SFp) ) i"Lyms1)/ Ly, if p and n are even;
" 2 B z’”\/ng(nH)/Lp, if p is even and n is odd.

Theorem 28. If n is a positive integer and p is an integer, then we have

n

k k P,
S (- 1)k (Z ’ k) e B

P n+k - 2F,’
-~ o k? n -+ k? . o Fg
-1 p(n—k) 5k 1F2k 1 _ np'
;( ) n+k\n—k p 2L,

Proof. Evaluate (29) at x = L,/2, * = iL,/2, v = v/5F,/2, and x = iv/5F,/2, in turn, using
Lemma 27. [l

Lemma 29. If n is a positive integer, then



Theorem 30. If n is a positive integer and t is an integer, then we have

ko (n+k 1
E n—k o n
k:1(_2) n + kf (n o k> L5k+t - 5 (4 F;H-n—i—?» - Ft—n+3)7
& ko (n+k 1
> (=2 * Fypye = — (4"L — Ly_4-3).
k:1( ) n+ L (n N k’) 5k+t 10 ( t+n+3 n—t 3)
Proof. Set x = /f°/8 in (29) and use (30) to obtain
~ (DM ki EY e Ctgners , (510 g
— (—92)" n n
\/Ekz:; 28 n+k\n—k & (=278 +2"+1a

from which the results follow.

Theorem 31. If n is a non-negative integer and t is an integer, then we have

Z(—l)k 1 k (TL + k’) I _ %Lt+3Ln, if n is Odd7
— n+k\n—Fk) 3t —%FHan, otherwise;
i(—l)’“ Lk (n + k)F _ %Ft+3Ln, if n is odd;
! n+k\n—Fk) ¥t —5Li3F,, otherwise.
Proof. Set x = +va3/2 in (29) and use
vail,, ifnisodd;

2 VbadF,, otherwise;

(%) -

to obtain
k
1)1
Z( ) n+k

from which the results follow.

n +
n_

AP
)=

5t+3

2

L,
V5F,,

1

if n is odd;

otherwise;

Theorem 32. If n is a non-negative integer and t is an integer, then we have

k
n+k

k
n+k

16

n+k
(n_k>Lk+t:
n+k —1
<n_k'>Fk+t: {1

2

1
5
2

if n is odd;
otherwise;
if n is odd;

otherwise.

)



Proof. Set x = \/a in (29) and use

\/TaLgn, if n is odd;

V22 [y, otherwise,

Unr(15) = {

to obtain
—1 n+k\n—Fk 2 V5Fs,, otherwise,
from which the results follow. ]

Theorem 33. If n is a non-negative integer and p is a non-zero integer, then we have

S () () =
n+k\n—k) \\/5F, A(VBFy,)

k=1

Proof. Set @ = Lay,/(v/5Fy,) in (29) and use

Loy \  (—1P(E2 — 57 F2n)
Un_l(\/gﬂp)_ A(VBFy,)

(31)

]

Theorem 34. Ifn is a non-negative integer and p and q are non-zero integers, then we have

Zn:(—l)@a—q)(n—k) k (”+k) (FWFM)% (B F e
2(

Pt n+k\n—k F,F, F2 + (—1)p9F2)(F,F,)*
(_i)p_q+1Fp+qu—q ;
Proof. Set v = in (29) and use
2F,F,
U Z.piq+1Fp+qu_q — Fan + (_1)p_quQn (32)
! 2F,F, (F2 + (—1)p-aF2) (F,F,)nt
O

17



Lemma 35. We have

—1)at1 2
(—1)l D3/ + a2+ gpra/2 7y, - (1) By a2pta
4Fpr+q

R ™ = By 0+ R Rt g
- n—1/2 )
(FpFpvq) (Fprg + FpFpigLq + (—1)9F2)

p+q

1)+l 2
(_1)(q+1)(n+5/2)+Lq/2J+p5p+q/2 Usp1 <\/u52p+q> ,

AF,F,
— Fgﬁglﬁqnﬂ) F2nF ) p—f—FpﬁLq pBItrre — Fﬁnqtl(—a)qnfp*q
n 1/2 ,
(F, Fp+q / (F2+ + FyFypgLy + (—1)1F2)
+1 2
(e g \/ O o
ALpLpyq
— L?JTq_laanrp LQan—Fq B)qn P+ L aq”ﬂﬂrq - L§n+1(_ﬁ)q”*p*q

- 9

1/2
(LoLpta)" " (Lpsq + L Lp+qL +(=1)1L2)
+1F 2
(_1)(q+1)(n+3/2)+pﬁp+q/2 Usp 1 (=1) 5Fq [2p+a
4LpLpyq
LG — L2, (—a) P 4 L2, LB — [ (—q)in

(LPLP+Q) n—1/2 (L120+q + Lpr+qu + (_1)qL;27)

Theorem 36. If n is a positive integer, p, q, and t are integers, then we have the following
sum evaluations

u o k(RN B
Z(_l)q( k)n+ k (n . k)F ka+qu2k L(2p+q)k+t

k=1 (34>
_ Fp2-T-Lq (Fp+qu+t+qn + F Lq+p+t+qn) — F (Fp+qu+t—qn + Fqu+p+t—qn)

2(F2 4 FyFpiqLg + (—1)9F2) ’
- n— k n + k n— n —
Z(_l)q( k)n Tk <n _ k)F kaJquFQk F(2p+Q)k+t
h=1 (35)

p+q

_ an (ForaFprivan + FpFyiprivan) = F " (FpraFori—an + FpFprqri—an)

2(Fz?+q+Fpr+qu+(_1)qu2) ’
- n— k n + k n—krn
Z<_1)q( k)n +k (n _ k> L kLp+5FqQk 5" Foprgr+t
b=t (36)

_ L;zzﬁrq (Lp+qu+t+qn + L Lq+p+t+qn) _ LG (Lp+qu+t—qn + L;DLp+q+t—qn)

- 2(Lpyq + LyLysgLy + (=1)112)

?

18



and

n

e k n+k\ o kon
S (MY o o
k=1

_ L?JT—IL—q (LP+qF n+p+t + L F -‘rp-‘rt—i—qn) - LG (Lp-‘qup-i-t—qn + Lpr—i-q—i-t—qn)
Q(Lerq + Lpr+qu + (_1)qL]23)

(37)

iz |
Proof. In (29) set © = | ———=—"a?*4 and use (33) to obtain
AFpFyiq
n+k k pn—k 2k (2 L
2 Fn Fre F artak+t _ q
Z ntk ( k) o 2(Fpyg + FpFpiqLly + (—1)7F2)
( nq Fﬁﬁjl 20dn TP+t _ ( 1)p+t Fp2n Ferq ) Bqnfpft

+ ( 1)anp2quF 2aqn+q+l’+t ( 1)p+q+tFp21’L+1 2/6qn_p_q_t> :

from which (34) and (35) follow. The proof of (36) and (37) is similar; in (29), set z =

(—1)at15 F2
—a2p+q ]
4Lpr+q

4 Some binomial-coefficient weighted Fibonacci and
Lucas sums

In this section we present some Fibonacci and Lucas sums having binomial coefficients as
weights.

Theorem 37. If n is a positive integer and p is an integer, then we have the following
identities

n

ek (T por _ Flontup
I L

k=0 P
& _ +k Lont1)
_q)pn—k) [T gk ok _ Hentlp
kz:%( ) n—k P L,

Proof. Addition of each identity stated in Theorem 7 and its counterpart in Theorem 28
while making use of L, Fs + L,F, = 2F,, s and L.Ls + 5F,.F; = 2L, gives the proof. O

The identities stated below in Theorem 38 follow immediately upon addition of each
identity in Theorem 25 to the respective corresponding identity in Theorem 36.
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Theorem 38. Ifn is a non-negative integer and p, q and t are integers, then we have

n

1

k=0

n F, (Fﬁfq(Fp+qu+t+qn + FpLgiprivan) —

F (Fp

Z(_l)q( 5 (n o k) Fp ka+qu112kL(2p+q)k+t = 5 (F132+th+qn + sz Lt—qn)

aLprt-an + FyLatprt-an))

2(Fpv

k=0

n Fy(F3t o (FovqFyveran + FpFyrprivqn) =

+ FyFpiqLg + (—1)1F2) ’
n— n -+ k n— n— 1 n n
S (U Y B B Fpraies = 5 (FFosan — 2" Fi)

F2M(FpyqFiipqn + FyFyipit—qn))

2(F?2

p+q

k=0

4 Fq (Lzzq([’erquHJrqn + Lqu+p+t+qn) B

p+q

Syt () L LS Ry = 3 (1

+ F,Fyi gLy + (—1)ng) '

Ft+qn + L?,nthqn)

L;%n (Lerquthfqn + Lquerthfqn))

n

1

k=0
5Fq (L??iZl(LP-FqFP—i—t—Fqn + LPFQ+p+t+qn) -

Z(_l)q( g (n _ k) Lp kLp+5Fq2k5kL(2P+q)k+t = 5 (L2

p+q

2(L2 g+ LyLpygLq + (‘Ung) 7

Lt—i—qn + L]23n Lt—qn)

LG(Lp-I—qu-&-t—qn + Lqu+p+t—qn))

2(Litg

+ Lpr+qu + (_

1)2L2)

Example 39. If n is a non-negative integer and ¢ is an integer, then we have

k=0

k=0

In particular,

2Ly,
L3k -

2Ln+17
2Fn+17
2Fn7

B A L

Fn—l;

Fn+27

- ek (ntE ~J Liwn + L1 Ly,
E (1) L4t =
n—k Liyn +5F1 P,

FtJrn + Lt+1Fn7

i (—1)* (” + ]f) Fypss = {Ft-i-n + Fyp1 Ly,
n—k

if n is odd;
otherwise;
if n is odd;

otherwise.

if n is odd;
otherwise;
if n is odd;
otherwise;
if n is odd;
otherwise;
if n is odd;

otherwise.



Example 40. If n is a non-negative integer and ¢ is an integer, then we have

~ nk(ntk 0
Z <_2) F <TL . k?) L5k+t - 22 +1Ft+n+1 — Ft—n>
k=0

- wr(ntk 1,
5 24 (1) B = 5 (@ L L)
k=0

The identities in this section and many similar results can be obtained directly from
Lemma 41 which is a consequence of (6), (10), and (29).

Lemma 41. If n is a non-negative integer and x is a complex variable, then
- k(M HE\ ok n
> (-4) 2 = (=1)"Usn (). (38)
n—=k
k=0
Theorem 42. Ifn is a non-negative integer and p is a non-zero integer, then we have

n 2k In+2 _ =2n+1 pdn+2
Z (_1)n—k n+k 2L2p _ (_1)p Lp 5} Fp |
n—k) \V5F, 4. 5nFg

k=0

Proof. Set x = La,/(v/5Fy,) in (38) and use (31). O

Theorem 43. Ifn is a non-negative integer and p and q are non-zero integers, then we have

i(—l)(”‘”(”) R AN Y A S il Gy i S S
n—k F,F, (FyF)?n(F2 + (—1)raF2)

k=0

(=)~ T Py g Fpe

Proof. Set x = S E, P~% in (38) and use (32). O

5 Related combinatorial sums

This section does not deal with Fibonacci numbers but is inspired by a recent paper by Chu
n 7L+>\)
2k+3

and Guo [6]. In this paper the authors study combinatorial sums of the form >~ (—1)" ( AR
k=0 k
where A and n are nonnegative integers, 0 € {0;1}. We show how these sums are related to

the sums studied in this paper via Theorem 1.

Theorem 44. For 0 < n+m < 2n + 1, we have the relation

— (—2)F o) 1 ~ )
’;0 (n+m+k)(n—m+k+2) (" 2+ 1) (n+m) k:O(_l) B
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In particular,

" (-2 ey 1
; (n+Ek)(n+k+1)(n+k+2) (n:k) = on(nt 1) Z(_l)k

S (_2)k 2n + k B 1
; 2n+k)(k+1)(k+2) <2n — k) o m kzo(—l)k (n) )

Proof. From Theorem 1 upon replacing n by n + m we get
n-+m
n+m [(n+m+k
) LS U 1—2)% = Tppm(2).
kzzo( )n+m+k(n—|—m—k>( ?) +m ()

n—m+1

Multiplying through by x and integrating from 0 to 1 results in

n+m 1 1
n+m [(n+m+k - -
E (—Z)k—k( N k> / "1 — 2)kde = / " () da.
P n+m+k\n+m 0 0

The left-hand side evaluated using the beta function B(a,b) given by

1
B(a,b) = / 211 — x)" ",
0

and equals
n+m
k
Z(—Q)kﬂ(n+m+ )B(n—m+2,k+1)
— n+m-+k\n+m-—=k
with )
1 n—m+k+1\
B(n — 2, k+1)= )
(R—m+2k+1) n—m+k+2( k )

The right-hand side is evaluated similarly using the representation from (2). We have

1 L(n+m)/2] n4m 1
/ {En_m+1Tn+m<fL’)dl’ — Z (_1>k( o ) / xZn—2k+1(1 o x?)kdx
0 0

k=0
L(n+m)/2] 1
1 n-+m
_ - _1k: n—k 1 — kd — 2
;2 (o () [erasate e=a
L(n+m) /2]
1 n-+m
= — —1)k Bn—k+1.k+1
DV (S LIRS RER)
L(n+m)/2j n+m
1 ("52")
ST Y (U
2(n+1) kz:% (k)

The final expression follows as () = 0 if k > n.
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Keeping in mind that
n (n+k):(milﬂﬁ
_ 2k )
n+k\n—=k ( k)
Theorem 44 is actually an identity containing four binomial coefficients

S G A i 1 G0 B TR A )
Zn—m+k+2("—m+k+1) (*)  2(n+1) Z(_1> W

k=0 k k k=0

The special case m = 0 gives the combinatorial relation valid for all n > 1

53 (—2)F O 1 1 &
Rtk D+ k+2) () 2+ 1) A+ 172 5 ()

I
[e=]

as Chu and Guo have shown [6, Prop. 5] that

- _ k‘(;ﬁ)_n _ﬁni
P AR PP

k=0 k k=0 \k

We continue with some more examples based on Chu and Guo’s results.

Example 45. When m = 1,2, 3,4, then we can use the following evaluation from [6]

N NN
2 =2 Gy

k=0 k k=0 \k

- -1 kH@ — g’
A I

- k+1 (n2—l]-€3) 2(" - 3)
kz:%( 1) AECEDD

- k41 (nglrf) ~ 2(n* —Tn+16)
;} D T e

to get the following summation formulas:

"ZH( (-2 Ghto) _ 1 <2_"L>7 -

= (1R () 2120 =)

n+2 2k 1

S G v B .

—~(n+k)n+2+k) (") nn+1)(n+2) -
n—2+k n=2

L (n—1+k)(n+3+k)

—n?+7n—16
 (n=2)(n—Dn(n+1)(n+4)’ -

(124)

(1)
— (—2)F () 3—n
2 Gl

(i)

("5

N (=2)*
kZ:O (n—2+k)(n+4+Fk) (" 3F
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Working with the second part of Theorem 1, applying the same arguments but using the
elementary integral

bt Z’“ G)
n—m- _ J
/ox (1+2) dx_jzon—m—l—2—|—j

yields the next theorem involving a double sum.

Theorem 46. For m — 1 < n, we have the relation

”*Z’””*ij (—2)ktd (n+m+k+j)(k+j>
= = m+m+k+j)n—m+j+2)\n+m—-~k—j J

( 1)n+m ) zn:(—l)k (n;rkm) ]

2(n+1)(n+m) = ()
In particular,

n n—j 9)k+i n+k+7\(k+7\ ()" < (5%)
DR n+]+2>(n_k_j)( V) men X

7=0 k=0
j=0 k=0 2n+k—|—] G+2)\2n—k—3j J 4n(n+1)k:0 ()

Similar double sums involving ratios of binomial coefficients were studied recently by
Stenlund and Wan [20].

The analogous identities involving (

on +1) should follow from (28) in conjunction with (3).

6 Conclusion

In this paper, we have derived a huge number of new combinatorial identities involving the

binomial coefficients
n n-+k nd k n+k
n+k\n—~k A n+k\n—~k)’

and Fibonacci and Lucas numbers. The basic idea behind the proofs is to relate the sums
to certain relations involving the Chebyshev polynomials T, (z) and U,(z), respectively,
evaluated at specific arguments. Theorems 25, 36, and 38 offer additional appealing identities
not discussed here. In addition, we have shown a connection between the sums studied in
this paper and the combinatorial sums studied recently by Chu and Guo [6].

Extensions of the results presented in the first part of the paper to Fibonacci and Lucas
polynomials should be possible without many efforts.
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