Partition-Theoretic Interpretation

for Certain Truncated Series

D. S. Gireesh Department of Mathematics B. M. S. College of Engineering, Affiliated to VTU Bengaluru-560019 India

gireeshdap@gmail.com

B. Hemanthkumar^1 Department of Mathematics RV College of Engineering RV Vidyanikethan Post, Mysuru Road Bengaluru-560059 India

hemanthkumarb.30@gmail.com

Abstract

We obtain generating functions for two new partition functions and provide partitiontheoretic interpretations of the truncated pentagonal number theorem and two identities of Gauss.

1 Introduction

In 2012, Andrews and Merca [2] proved the truncated pentagonal number theorem 1 (q; q)_∞ ν−1∑

τ =0

(−1)^τ q^{τ (3τ +1)/2} ( 1 − q^{2τ +1} ) = 1 + (−1)^{ν−1} ∞∑ n=1 q(^{ν2})^{+(ν+1)n} (q; q)_n [ n − 1 ν − 1 ] , 1Corresponding author.

where (a; q)_∞ = ∞∏ n=0 (1 − aq^n), (a; q)_n =

(a; q)_∞ (aq^n; q)_∞ and [ M N ] = [ M N ] q = 0, if N < 0 or N > M;

(q; q)_M (q; q)_N (q; q)_{M−N}

, otherwise.

As a consequence of the above result, they have obtained a family of inequalities for the partition function p(n) [1]. Namely, for each ν ≥ 1, we have

(−1)^{ν−1} ν−1∑

τ =0

(−1)^τ ( p (n − τ(3τ + 1)/2) − p (n − τ(3τ + 5)/2 − 1) ) ≥ 0 (1)

with strict inequality if n ≥ ν(3ν + 1)/2. They have also given the partition interpretation for the truncated sum in (1) as

(−1)^{ν−1} ν−1∑

τ =0

(−1)^τ ( p (n − τ(3τ + 1)/2) − p (n − τ(3τ + 5)/2 − 1) ) = M_ν (n),

where M_ν (n) counts the number of partitions of n in which ν is the smallest integer that is not a part and there are more parts greater than ν than there are less than ν.

Inspired by the above work, Guo and Zeng [10] considered two identities of Gauss, namely

1 + 2 ∞∑ τ =1

(−1)^τ q^{τ 2} =

(q; q)_∞ (−q; q)_∞

= ϕ(−q) (2) and ∞∑ τ =0

(−1)^τ q^{τ (2τ +1)} ( 1 − q^{2τ +1} ) = (q^2; q^2)_∞ (−q; q^2)_∞

= ψ(−q) (3)

to derive the truncated identities

(−q; q)_∞ (q; q)_∞ ( 1 + 2 ν∑ τ =1

(−1)^τ q^{τ 2} ) = 1 + (−1)^ν ∞∑ n=ν+1

(−q; q)_ν (−1; q)_{n−ν}q^{(ν+1)n} (q; q)_n [ n − 1 ν ] (4) and (−q; q^2)_∞ (q^2; q^2)_∞ ν−1∑

τ =0

(−1)^τ q^{τ (2τ +1)} ( 1 − q^{2τ +1} )

= 1 + (−1)^{ν−1} ∞∑ n=ν (−q; q^2)_ν (−q; q^2)_{n−ν}q^{2(ν+1)n−ν} (q^2; q^2)_n [ n − 1 ν − 1 ] q^2

, (5) for all ν ≥ 1.

An overpartition of the nonnegative integer n is a partition of n in which the first occurrence of a part may be overlined (see Corteel and Lovejoy [7]). We denote the number of overpartitions of n by p(n). Let pod(n) be the number of partitions of n wherein odd parts are distinct (see Hirschhorn and Sellers [12]). The reciprocals of (2) and (3) gives the generating functions for p(n) and pod(n), respectively. Let p_{2,4}(n) be the number of partitions of n with parts ≢ 2 (mod 4) and note that the generating function for p_{2,4}(n) is same as that of pod(n).

Let us define pp(n) to be the number of bipartitions of n, and p_o(n) be the number of partitions of n into odd parts. The generating functions for pp(n) and p_o(n) are given by ∞∑ n=0 pp(n)q^n = 1 (q; q)^2_∞

and_∞ ∑ n=0 p_o(n)q^n = 1 (q; q^2)_∞ = (q^2; q^2) (q; q)_∞ , respectively.

From (4) and (5), Guo and Zeng [10] obtained the following inequalities

(−1)^ν ( p(n) + 2 ν∑ τ =1

(−1)^τ p(n − τ^2) ) ≥ 0 (6)

with strict inequality if n ≥ (ν + 1)^2 and

(−1)^{ν−1} ν−1∑

τ =0

(−1)^τ ( pod (n − τ(2τ + 1)) − pod (n − (τ + 1)(2τ + 1)) ) ≥ 0 (7)

with strict inequality if n ≥ ν(2ν + 1).

Andrews and Merca [3] revised (4) and (5) as follows:

(−q; q)_∞ (q; q)_∞ ( 1 + 2 ν∑ τ =1

(−1)^τ q^{τ 2} ) = 1 + 2(−1)^ν

(−q; q)_ν (q; q)_ν ∞∑ τ =0

q^{(ν+1)(ν+τ +1)}(−q^{ν+τ +2}; q)_∞ (1 − q^{ν+τ +1})(q^{ν+τ +2}; q)_∞ and (−q; q^2)_∞ (q^2; q^2)_∞

2ν−1∑

τ =0

(−q)^{τ (τ +1)/2} = 1 − (−1)^ν

(−q; q^2)_ν (q^2; q^2)_{ν−1} ∞∑ τ =0

q^{ν(2τ +2ν+1)}(−q^{2τ +2ν+3}; q^2)_∞ (q^{2ν+2τ +2}; q^2)_∞ . From these two identities they deduced interpretations of the sums in the inequalities (6) and (7):

(−1)^ν ( p(n) + 2 ν∑ τ =1

(−1)^τ p(n − τ^2) ) = M_ν (n), where M_ν (n) counts the number of overpartitions of n in which the first part greater than ν appears at least ν + 1 times and

(−1)^{ν−1} ν−1∑

τ =0

(−1)^τ ( pod (n − τ(2τ + 1)) − pod (n − (τ + 1)(2τ + 1)) ) = MP_ν (n),

where MP_ν (n) is the number of partitions of n in which the first part greater than 2ν − 1 is odd and appears exactly ν times. All other odd parts appear at most once.

We have also provided another interpretations for the sums on the left-hand side of inequalities (6) and (7) in Theorem (9) and Theorem (8), respectively.

To know more about truncated identities one can read Burnette and Kolitsch [5], Chan et al. [6], He et al. [11], Kolitsch [13], Mao [14], Merca et al. [16], Wang and Yee [17, 18], Yee [19].

Furthermore, Andrews and Merca [3] conjectured that

Conjecture 1. For ν even or n odd,

(−1)^{ν−1} ν−1∑ i=0 (−1)^i ( p (n − i(2i + 1)) − p (n − (i + 1)(2i + 1)) ) ≤ M_ν (n). (8)

We provide a partition-theoretic interpretation for the truncated sum in inequality (8) and show that the sum is bounded above by p(n − ν(2ν + 1)).

In this article, we present several partition-theoretic interpretations of new truncated sums related to the pentagonal number theorem and two identities of Gauss, (2) and (3). Additionally, we derive inequalities for various partition functions. Before we state our main results, let us define modular partitions and Durfee rectangles.

MacMahon [1, p. 13] introduced the concept of modular partitions, which are a modification of Young diagrams used to represent partitions of integers. Given positive integers m and n, there exist unique integers b ≥ 0 and 1 ≤ r ≤ m such that n = mb + r. The m-modular partitions represent this decomposition of n by using a row of b boxes, each containing the number m, and a single box in the first column containing the number r.

The m-modular Young diagram of a partition π is a graphical representation of π whose jth row is m-modular partition of the jth part π_j . For example, Figure 1 below shows the 3-modular Young diagram for the partition 16 + 14 + 7 + 5 + 2 with shape 6 + 5 + 3 + 2 + 1.

For a Young diagram of partition π, define the ν-Durfee rectangle, ν being a nonnegative integer, to be the largest rectangle which fits in the graph whose width minus its height is ν. In Fig. 1, the 3-Durfee rectangle of the partition is the shaded rectangle of size 2 × 5.

For a fixed ν ≥ 0 and n ≥ 0, define M(a, m, ν; n) to be the number of partitions of n into the parts ≡ a (mod m) such that 0 ≤ a < m and all parts ≤ mν + a occur as a part at least once and the parts below the (ν + 2)-Durfee rectangle in the m-modular graph are strictly less than the width of the rectangle. For example, the partition 20 + 17 + 11 + 8 + 5 + 2 is counted by M(2, 3, 2; 63). Whereas, the partition 23 + 17 + 17 + 8 + 5 + 5 + 2 is not counted by M(2, 3, 2; 77).

1 3 3 3 3 3 2 3 3 3 3 1 3 3 2 3 2 Figure 1: The 3-modular Young diagram of 16+14+7+5+2

Theorem 2. For a fixed ν ≥ 0 and positive integers a, m such that a < m, we have ∞∑ n=0 M(a, m, ν; n)q^n = q^{a+ν(mν+m+2a)/2} ∞∑ τ =0

q^{τ (mν+mτ +m+a)} (q^m; q^m)_τ (q^a; q^m)_{ν+τ +1}

. (9)

The case m = 2, a = 1 of Theorem (2) can be found in Merca et al. [16]. For a fixed ν > 0 and n ≥ 0, define N_ν (n) to be the number of partitions of n such that all parts ≤ ν − 1 occur at least once and the parts below the ν-Durfee rectangle in the Young diagram are strictly less than the width of the rectangle. For example, the partition 6 + 5 + 3 + 3 + 2 + 1 is counted by N_3(20). Whereas, the partition 6 + 5 + 5 + 2 + 1 + 1 is not counted by N_3(20). The generating function for N_ν (n) as stated in Theorem (3) can be found in Ballantine and Merca [4]. Theorem 3. For a fixed ν ≥ 1, we have ∞∑ n=0 N_ν (n)q^n = q^{ν(ν−1)/2} ∞∑ τ =0

q^{τ (ν+τ )} (q; q)_τ (q; q)_{ν+τ −1}

. (10)

Let ν ≥ 0 and n ≥ 0 be fixed integers. Define p(a, m, ν; n) to be the number of partitions of n in which the parts that are congruent to a modulo m form a partition counted by M(a, m, ν; n − β), where β is the sum of the parts that are not congruent to a modulo m. Theorem 4. For ν ≥ 1 and n > ν(3ν + 5)/2, we have

(−1)^ν

(_ν ∑ τ =0

(−1)^τ p (n − τ(3τ + 1)/2) − ν−1∑

τ =0

(−1)^τ p (n − τ(3τ + 5)/2 − 1) )

= p(2, 3, ν; n) + p(1, 3, ν; n). (11) For example, let ν = 2 and n = 17.

Partitions counted Partitions counted by p(2, 3, 2; 17) by p(1, 3, 2; 17) 8 + 5 + 2 + 2 7 + 5 + 4 + 1 8 + 5 + 2 + 1 + 1 7 + 4 + 4 + 1 + 1 7 + 4 + 3 + 2 + 1 7 + 4 + 3 + 1 + 1 + 1 7 + 4 + 2 + 2 + 1 + 1 7 + 4 + 2 + 1 + 1 + 1 + 1 7 + 4 + 1 + 1 + 1 + 1 + 1 + 1

Hence, p(17) − p(15) + p(10) − p(16) + p(12) = 9 = p(2, 3, 2; 17) + p(1, 3, 2; 17). We can find alternative partition-theoretic interpretations of the sum on the left-hand side of equation (11) in [5] and [15].

Theorem 5. For ν ≥ 1 and n > ν(2ν + 3), we have

(−1)^ν

(_ν ∑ τ =0

(−1)^τ p (2n − τ(2τ + 1)) − ν−1∑

τ =0

(−1)^τ p (2n − (τ + 1)(2τ + 1)) )

= (−1)^ν p_o(n) + p(3, 4, ν; 2n) + p(1, 4, ν; 2n) (12) and (−1)^ν

(_ν ∑ τ =0

(−1)^τ p (2n + 1 − τ(2τ + 1)) − ν−1∑

τ =0

(−1)^τ p (2n + 1 − (τ + 1)(2τ + 1)) )

= p(3, 4, ν; 2n + 1) + p(1, 4, ν; 2n + 1). (13)

Theorem 6. For ν ≥ 1 and n > ν(2ν + 3), we have

(−1)^ν

(_ν ∑ τ =0

(−1)^τ p_o (2n + 1 − τ(2τ + 1)) − ν−1∑

τ =0

(−1)^τ p_o (2n + 1 − (τ + 1)(2τ + 1)) )

= p_o(3, 4, ν; 2n + 1) + p_o(1, 4, ν; 2n + 1), (14)

where p_o(a, 4, ν; n) (a ∈ {1, 3}), counts partitions of n into odd parts in which the parts ≡ a (mod 4) form a partition counted by M(a, 4, ν; n−α), α is the sum of parts ≢ a (mod 4).

The following corollary is an immediate consequence of Theorem (5) and Theorem (6).

Corollary 7. With strict inequality if n > ν(2ν + 3), we have 1. For n odd or ν even,

(−1)^{ν−1} ν−1∑

τ =0

(−1)^τ ( p (n − τ(2τ + 1)) − p (n − (τ + 1)(2τ + 1)) ) ≤ p(n − ν(2ν + 1)). (15)

2. For odd n,

(−1)^{ν−1} ν−1∑

τ =0

(−1)^τ ( p_o (n − τ(2τ + 1)) − p_o (n − (τ + 1)(2τ + 1)) ) ≤ p_o (n − ν(2k + 1)) . (16) Let ν ≥ 0 and n ≥ 0 be fixed integers. The notation p_{2,4}(a, 4, ν; n) denotes the number of partitions of n into parts that are not congruent to 2 modulo 4, and in which the parts that are congruent to a modulo 4 form a partition counted by M(a, 4, ν; n − α), where α is the sum of the parts that are not congruent to a modulo 4. Theorem 8. For ν ≥ 1 and n > ν(2ν + 3), we have

(−1)^ν

(_ν ∑ τ =0

(−1)^τ p_{2,4} (n − τ(2τ + 1)) − ν−1∑

τ =0

(−1)^τ p_{2,4} (n − (τ + 1)(2τ + 1)) )

= p_{2,4}(3, 4, ν; n) + p_{2,4}(1, 4, ν; n). (17) Theorem 9. For ν ≥ 1 and n ≥ (ν + 1)^2, we have

(−1)^ν ( p(n) + 2 ν∑ τ =1

(−1)^τ p(n − τ^2) ) = 2p(1, 2, ν; n), (18)

where p(1, 2, ν; n) counts overpartitions of n in which the non-overlined odd parts form a partition counted by M(1, 2, ν; n − α), α is the sum of parts other than non-overlined odd parts.

Theorem 10. For ν ≥ 1 and n ≥ (ν + 1)^2, we have

(−1)^ν ( pp(2n) + 2 ν∑ τ =1

(−1)^τ pp(2n − τ^2) ) = (−1)^ν p(n) + 2 pp_e(2n) (19) and (−1)^ν ( pp(2n + 1) + 2 ν∑ τ =1

(−1)^τ pp(2n + 1 − τ^2) ) = 2 pp_e(2n + 1), (20)

where pp_e(n) counts bipartitions (π_1, π_2) such that π_1 is a unrestricted partition and π_2 is a partition in which odd parts are counted by M(1, 2, ν; n − |π_1| − α), |π_1| is the sum of parts of π_1 and α is the sum of even parts of π_2.

The following corollary immediately follows from Theorem (10). Corollary 11. For n odd or ν even,

(−1)^ν ( pp(n) + 2 ν∑ τ =1

(−1)^τ pp(n − τ^2) ) ≥ 0, (21)

with strict inequality if n ≥ (ν + 1)^2.

Theorem 12. For each n ≥ 1, we have

p(n) = p(2, 3, 0; n) + p(1, 3, 0; n) (22) and p_{2,4}(n) = p_{2,4}(3, 4, 0; n) + p_{2,4}(1, 4, 0; n). (23)

Theorem 13. For ν ≥ 1 and n ≥ 0, we have ∞∑ τ =0

(−1)^τ p ( n − (ν + τ)(ν + τ − 1) 2 ) = N_ν (n). (24)

For example, let ν = 2 and n = 10. Partitions counted by N_2(10) are 1 + 1 + 1 + 1 + 1 + 1+1+1+1+1, 9+1, 8+1+1, 7+2+1, 7+1+1+1, 6+2+1+1, 6+1+1+1+1, 5+2+2+1, 5+2+1+1+1, 5+1+1+1+1+1, 4+2+2+1+1, 4+2+1+1+1+1, 4+1+1+1+1+1+1, 3 + 2 + 2 + 2 + 1, 3 + 2 + 2 + 1 + 1 + 1, 3 + 2 + 1 + 1 + 1 + 1 + 1, 3 + 1 + 1 + 1 + 1 + 1 + 1 + 1, 5 + 4 + 1, 4 + 4 + 1 + 1. Hence, p(9) − p(7) + p(4) − p(0) = 19 = N_2(10).

The following inequality is obvious from a previous Theorem.

Corollary 14. For ν ≥ 1 and n ≥ 0, ∞∑ τ =0

(−1)^τ p ( n − (ν + τ)(ν + τ − 1) 2 ) ≥ 0, (25)

where p(x) = 0 if x is a negative integer.

To prove our theorems, we rely on Gauss hypergeometric series [8, Eqn. 1.2.14]

2ϕ_1 ( α, β γ ; q, z ) = ∞∑ n=0 (α; q)_n(β; q)_n (q; q)_n(γ; q)_n z^n

and Heine’s transformation of_2ϕ_1 series [8, Eqn. 1.4.5],

2ϕ_1 ( α, β γ ; q, z ) = (γ/β; q)_∞(βz; q)_∞ (γ; q)_∞(z; q)_∞^2 ϕ_1 ( αβz/γ, β βz ; q, γ/β ) . Without explicitly mentioning them, we frequently use these two identities in our proofs.

2 Proofs of main theorems

In this section, we prove Theorems 2–13.

Proof of Theorem 2. For a fixed ν ≥ 0, the partitions counted by M(a, m, ν; n) with (ν + 2)- Durfee rectangle, in a m-modular Young diagram, of size τ × (ν + τ + 2) are composed of three pieces. The first piece is the Durfee rectangle with an enumerator of q^{τ (mν+mτ +m+a)}. Another piece is the one to the right of the Durfee rectangle, which consists of partitions with at most τ parts. The last piece is located under the Durfee rectangle, and contains partitions into parts ≤ ν + τ + 1. It is clear from the definition of M(a, m, ν; n) that the parts below and to the right of the Durfee rectangle are generated by q^{a+ν(mν+m+2a)/2} /(q^a; q^m)_{ν+τ +1} and 1/(q^m; q^m)_τ , respectively. Here, q^{a+ν(mν+m+2a)/2} accounts for all parts ≡ a (mod m) that are ≤ mν + a.

Proof of Theorem 3. Proof of Theorem 3 is similar to that of 2, so we omit the details.

Proof of Theorem 4. For |q| < 1 and ν ≥ 1, Merca [15, Theorem 1.2] showed that 1 (q; q)_∞ ν−1∑

τ =0

(−1)^τ q^{τ (3τ +1)/2}

= 1 + ∞∑ τ =1

q^τ [ 2τ − 1 τ − 1 ] + (−1)^{ν−1} q^{ν(3ν+1)/2} (q, q^3; q^3)_∞ ∞∑ τ =0

q^{τ (3τ +3ν+2)} (q^3; q^3)_τ (q^2; q^3)_{ν+τ}

(26) and 1 (q; q)_∞ ν−1∑

τ =0

(−1)^τ q^{τ (3τ +5)/2+1}

= ∞∑ τ =1

q^τ [ 2τ − 1 τ − 1 ] + (−1)^{ν−1} q^{ν(3ν+5)/2+1} (q^2, q^3; q^3)_∞ ∞∑ τ =0

q^{τ (3τ +3ν+4)} (q^3; q^3)_τ (q; q^3)_{ν+τ +1}

. (27)

From (26) and (27), we have 1 (q; q)_∞

(_ν ∑ τ =0

(−1)^τ q^{τ (3τ +1)/2} − ν−1∑

τ =0

(−1)^τ q^{τ (3τ +5)/2+1} )

= 1 + (−1)^ν q^{2+ν(3ν+7)/2}

(q^2; q^3)_∞ (q; q)_∞ ∞∑ τ =0

q^{τ (3ν+3τ +5)} (q^3; q^3)_τ (q^2; q^3)_{ν+τ +1}

+ (−1)^ν q^{1+ν(3ν+5)/2}

(q; q^3)_∞ (q; q)_∞ ∞∑ τ =0

q^{τ (3ν+3τ +4)} (q^3; q^3)_τ (q; q^3)_{ν+τ +1}

. (28)

Using Theorem 2 and Eq. (28), we arrive at (11).

Proof of Theorem 5. From the Gauss second identity (3), we have 1 ψ(−q)

(_ν ∑ τ =0

(−1)^τ q^{τ (2τ +1)} − ν−1∑

τ =0

(−1)^τ q^{(τ +1)(2τ +1)} )

= 1 − 1 ψ(−q) ∞∑ τ =ν+1

(−1)^τ q^{τ (2τ +1)} + 1 ψ(−q) ∞∑ τ =ν

(−1)^τ q^{(τ +1)(2τ +1)}

= 1 + (−1)^ν q^{3+ν(2ν+5)} ψ(−q) ∞∑ τ =0

(−1)^τ q^{τ (4ν+2τ +5)} + (−1)^ν q^{1+ν(2ν+3)} ψ(−q) ∞∑ τ =0

(−1)^τ q^{τ (4ν+2τ +3)}

= 1 + (−1)^ν q^{3+ν(2ν+5)} ψ(−q) lim_{δ→0 2}ϕ_1 q^4, q^{4ν+7} δ 0 ; q^4, δ

+ (−1)^ν q^{1+ν(2ν+3)} ψ(−q) lim_{δ→0 2}ϕ_1 q^4, q^{4ν+5} δ 0 ; q^4, δ

= 1 + (−1)^ν q^{3+ν(2ν+5)} ψ(−q) lim_{δ→0}

(q^{4ν+7}; q^4)_∞

(δ; q^4)_∞ ∞∑ τ =0

(−1)^τ δ^τ q^{2τ (τ +1)}(q^{4ν+7}/δ; q^4)_τ (q^4; q^4)_τ (q^{4ν+7}; q)_τ

+ (−1)^ν q^{1+ν(2ν+3)} ψ(−q) lim_{δ→0}

(q^{4ν+5}; q^4)_∞

(δ; q^4)_∞ ∞∑ τ =0

(−1)^τ δ^τ q^{2τ (τ +1)}(q^{4ν+5}/δ; q^4)_τ (q^4; q^4)_τ (q^{4ν+5}; q)_τ

= 1 + (−1)^ν q^{3+ν(2ν+5)}

(q^3; q^4)_∞ ψ(−q) ∞∑ τ =0

q^{τ (4ν+4τ +7)} (q^4; q^4)_τ (q^3; q^4)_{ν+τ +1}

+ (−1)^ν q^{1+ν(2ν+3)}

(q; q^4)_∞ ψ(−q) ∞∑ τ =0

q^{τ (4ν+4τ +5)} (q^4; q^4)_τ (q; q^4)_{ν+τ +1}

. (29)

Multiplying equation (29) by (q^4; q^4)_∞/(q^2; q^2)_∞ and using ψ(−q) =^{(q;q)∞(q4;q4)∞}_{(q2;q2)∞} , we obtain 1 (q; q)_∞

(_ν ∑ τ =0

(−1)^τ q^{τ (2τ +1)} − ν−1∑

τ =0

(−1)^τ q^{(τ +1)(2τ +1)} )

= (q^4; q^4)_∞ (q^2; q^2)_∞

+ (−1)^ν q^{3+ν(2ν+5)}

(q^3; q^4)_∞ (q; q)_∞ ∞∑ τ =0

q^{τ (4ν+4τ +7)} (q^4; q^4)_τ (q^3; q^4)_{ν+τ +1}

+ (−1)^ν q^{1+ν(2ν+3)}

(q; q^4)_∞ (q; q)_∞ ∞∑ τ =0

q^{τ (4ν+4τ +5)} (q^4; q^4)_τ (q; q^4)_{ν+τ +1} , which implies that

(−1)^ν ∞∑ n=0 p(n)q^n

(_ν ∑ τ =0

(−1)^τ q^{τ (2τ +1)} − ν−1∑

τ =0

(−1)^τ q^{(τ +1)(2τ +1)} )

= (−1)^ν ∞∑ n=0 p_o(n)q^{2n} + ∞∑ n=0 p(3, 4, ν; n)q^n + ∞∑ n=0 p(1, 4, ν; n)q^n. (30)

Equating coefficients of q^{2n} and q^{2n+1} on both sides of (30), we arrive at (12) and (13), respectively.

Proof of Theorem 6. Proof of (14) is similar to that of (13) but instead of multiplying by (q^4; q^4)_∞/(q^2; q^2)_∞, we multiply by (q^4; q^4)_∞.

Proof of Theorem 8. Equation (17) follows from Eq. (29) and Theorem 2.

Proof of Theorem 9. From the Gauss identity (2), we have 1 ϕ(−q) ( 1 + 2 ν∑ τ =1

(−1)^τ q^{τ 2} )

= 1 − 2 ϕ(−q) ∞∑ τ =ν+1

(−1)^τ q^{τ 2}

= 1 +

2(−1)^ν q^{(ν+1)2} ϕ(−q) ∞∑ τ =0

(−1)^τ q^{τ 2+2τ (ν+1)}

= 1 +

2(−1)^ν q^{(ν+1)2} ϕ(−q) lim_{δ→0 2}ϕ_1 q^2, q^{2ν+3} δ 0 ; q^2, δ

= 1 +

2(−1)^ν q^{(ν+1)2} ϕ(−q) lim_{δ→0}

(q^{2ν+3}; q^2)_∞

(δ; q^2)_∞ ∞∑ τ =0

(−1)^τ δ^τ q^{τ (τ +1)}(q^{2ν+3}/δ; q^2)_τ (q^2; q^2)_τ (q^{2ν+3}; q^2)_τ

= 1 +

2(−1)^ν q^{(ν+1)2} ϕ(−q)

(q^{2ν+3}; q^2)_∞ ∞∑ τ =0

q^{2τ 2+(2ν+3)τ} (q^2; q^2)_τ (q^{2ν+3}; q^2)_τ

= 1 +

2(−1)^ν q^{(ν+1)2} (q; q)_∞(q; q^2)_∞

(q^{2ν+3}; q^2)_∞ ∞∑ τ =0

q^{τ (2ν+2τ +3)} (q^2; q^2)_τ (q^{2ν+3}; q^2)_τ

= 1 +

2(−1)^ν q^{(ν+1)2} (q; q)_∞ ∞∑ τ =0

q^{τ (2ν+2τ +3)} (q^2; q^2)_τ (q; q^2)_{ν+τ +1}

= 1 +

2(−1)^ν (−q; q)_∞ (q^2; q^2)_∞ q^{(ν+1)2} ∞∑ τ =0

q^{τ (2ν+2τ +3)} (q^2; q^2)_τ (q; q^2)_{ν+τ +1}

. (31)

Equation (18) follows from Eq. (31) and Theorem 2.

Proof of Theorem 10. Multiplying equation (31) by^1_{(q2;q2)∞} and using ϕ(−q) =^{(q;q)2∞}_{(q2;q2)∞} , we obtain 1 (q; q)^2_∞ ( 1 + 2 ν∑ τ =1

(−1)^τ q^{τ 2} ) = 1 (q^2; q^2)_∞

+ 2(−1)^ν q^{(ν+1)2} (q; q)_∞(q^2; q^2)_∞ ∞∑ τ =0

q^{τ (2ν+2τ +3)} (q^2; q^2)_τ (q; q^2)_{ν+τ +1}

and the statements follow easily from Theorem 2 and the above equation.

Proof of Theorem 12. From the pentagonal number theorem, we have

(q; q)_∞ = ∞∑ τ =0

(−1)^τ q^{τ (3τ +1)/2} + −∞∑ τ =−1

(−1)^τ q^{τ (3τ +1)/2}

= ∞∑ τ =0

(−1)^τ q^{τ (3τ +1)/2} − ∞∑ τ =0

(−1)^τ q^{τ (3τ +5)/2+1}. (32)

Rewriting, we obtain 1 (q; q)_∞

= 1 − 1 (q; q)_∞ ∞∑ τ =1

(−1)^τ q^{τ (3τ +1)/2} + 1 (q; q)_∞ ∞∑ τ =0

(−1)^τ q^{τ (3τ +5)/2+1}

= 1 + q^2 (q; q)_∞ ∞∑ τ =0

(−1)^τ q^{τ (3τ +7)/2} + q (q; q)_∞ ∞∑ τ =0

(−1)^τ q^{τ (3τ +5)/2}

= 1 + q^2 (q; q)_∞ lim_{δ→0 2}ϕ_1 q^3, q^5 δ 0 ; q^3, δ + q (q; q)_∞ lim_{δ→0 2}ϕ_1 q^3, q^4 δ 0 ; q^3, δ

= 1 + q^2 (q; q)_∞ lim_{δ→0}

(q^5; q^3)_∞ (δ; q^3)_∞ ∞∑ τ =0

(−1)^τ δ^τ q^{3τ (τ +1)/2} (q^5/δ; q^3)_τ (q^3; q^3)_τ (q^5; q^3)_τ + q (q; q)_∞ lim_{δ→0}

(q^4; q^3)_∞ (δ; q^3)_∞ ∞∑ τ =0

(−1)^τ δ^τ q^{3τ (τ +1)/2} (q^4/δ; q^3)_τ (q^3; q^3)_τ (q^4; q^3)_τ

= 1 + q^2

(q^5; q^3)_∞ (q; q)_∞ ∞∑ τ =0

q^{τ (3τ +5)} (q^3; q^3)_τ (q^5; q^3)_τ + q (q^4; q^3)_∞ (q; q)_∞ ∞∑ τ =0

q^{τ (3τ +4)} (q^3; q^3)_τ (q^4; q^3)_τ

= 1 + q^2

(q^2; q^3)_∞ (q; q)_∞ ∞∑ τ =0

q^{τ (3τ +5)} (q^3; q^3)_τ (q^2; q^3)_{τ +1} + q (q; q^3)_∞ (q; q)_∞ ∞∑ τ =0

q^{τ (3τ +4)} (q^3; q^3)_τ (q; q^3)_{τ +1}

. (33)

Using Eq. (33) and Theorem 2, we arrive at (22). Similarly one can prove (23) by using Gauss second identity (3).

Proof of Theorem 13. First, we will prove the following lemma:

Lemma 15. For ν ≥ 1 and m ≥ 0, we have ∞∑ n=0 N_ν (n)q^n = ∞∑ n=0 p(n)q^n m∑ τ =0

(−1)^τ q^{(ν+τ )(ν+τ −1)/2} + (−1)^{m+1} ∞∑ n=0 N_{ν+m+1}(n)q^n. (34)

Proof. From Theorem 3, we have ∞∑ n=0 N_ν (n)q^n = q^{ν(ν−1)/2} ∞∑ τ =0

q^{τ (ν+τ )} (q; q)_τ (q; q)_{ν+τ −1} = q^{ν(ν−1)/2} ∞∑ τ =0

(1 − q^{ν+τ} )q^{τ (ν+τ )} (q; q)_τ (q; q)_{ν+τ}

= q^{ν(ν−1)/2} ∞∑ τ =0

q^{τ (ν+τ )} (q; q)_τ (q; q)_{ν+τ}

− q^{ν(ν+1)/2} ∞∑ τ =0

q^{τ (ν+τ +1)} (q; q)_τ (q; q)_{ν+τ}

= q^{ν(ν−1)/2} ∞∑ n=0 p(n)q^n − ∞∑ n=0 N_{ν+1}(n)q^n, (from [9, p. 91] and (10)) (35)

which is m = 0 case of (34). Now assume that (34) holds for some m ≥ 0, then, from (34) and (35), we have ∞∑ n=0 N_ν (n)q^n = ∞∑ n=0 p(n)q^n m∑ τ =0

(−1)^τ q^{(ν+τ )(ν+τ −1)/2}

+ (−1)^{m+1} ( q^{(ν+m)(ν+m+1)/2} ∞∑ n=0 p(n)q^n − ∞∑ n=0 N_{ν+m+2}(n)q^n )

= ∞∑ n=0 p(n)q^n m+1∑

τ =0

(−1)^τ q^{(ν+τ )(ν+τ −1)/2} + (−1)^{m+2} ∞∑ n=0 N_{ν+m+2}(n)q^n,

which is the m + 1 case of (34).

For n ≤ (ν + m)(ν + m + 1)/2, equating coefficients of q^n on both sides of (34), m∑ τ =0

(−1)^τ p ( n − (ν + τ)(ν + τ − 1) 2 ) = N_ν (n). (36)

Now the statement (24) is obvious from (36) for sufficiently large m.

3 Acknowledgment

We would like to thank the anonymous referee for their valuable comments and insightful suggestions on this article.

References

[1] G. E. Andrews, The Theory of Partitions, Cambridge University Press, Cambridge, 1998.

[2] G. E. Andrews and M. Merca, The truncated pentagonal number theorem, J. Comb.

Theory Ser. A 119 (2012), 1639–1643.

[3] G. E. Andrews and M. Merca, Truncated theta series and a problem of Guo and Zeng, J. Comb. Theory Ser. A 154 (2018), 610–619.

[4] C. Ballantine and M. Merca, Generalizations of Stanley’s theorem: Combinatorial proofs and related inequalities, Mediterr. J. Math. 19 (2022), 20.

[5] M. Burnette and L. W. Kolitsch, Interpreting the truncated pentagonal number theorem using partition pairs, Electron. J. Comb. 22 (2015), #P2.55.

[6] S. H. Chan, T. P. N. Ho, and R. Mao, Truncated series from the quintuple product identity, J. Number Theory 169 (2016), 420–438.

[7] S. Corteel and J. Lovejoy, Overpartitions, Trans. Amer. Math. Soc. 356 (2004), 1623– 1635.

[8] G. Gasper and M. Rahman, Basic Hypergeometric Series, Encycl. Math. Appl., Cambridge University Press, Cambridge, 2004.

[9] B. Gordon and L. Houten, Notes on plane partitions. II, J. Comb. Theory 4 (1968), 81–99.

[10] V. J. W. Guo and J. Zeng, Two truncated identities of Gauss, J. Comb. Theory Ser. A 120 (2013), 700–707.

[11] T. Y. He, K. Q. Ji, and W. J. T. Zang, Bilateral truncated Jacobi’s identity, European J. Combin. 51 (2016), 255–267.

[12] M. D. Hirschhorn and J. A. Sellers, Arithmetic properties of partitions with odd parts distinct, Ramanujan J. 22 (2010), 273–284.

[13] L. Kolitsch, Another approach to the truncated pentagonal number theorem, Int. J.

Number Theory 11 (2015), 1563–1569.

[14] R. Mao, Proofs of two conjectures on truncated series, J. Combin. Theory Ser. A 130 (2015), 15–25.

[15] M. Merca, Rank partition functions and truncated theta identities, Appl. Anal. Discrete Math. doi:10.2298/AADM190401023M.

[16] M. Merca, C. Wang, and A. J. Yee, A truncated theta identity of Gauss and overpartitions into odd parts, Ann. Comb. 23 (2019), 907–915.

[17] C. Wang and A. J. Yee, Truncated Jacobi triple product series, J. Comb. Theory, Ser.

A 166 (2019), 382–392.

[18] C. Wang and A. J. Yee, Truncated Hecke–Rogers type series, Adv. Math. 365 (2020), 107051.

[19] A. J. Yee, Truncated Jacobi triple product theorems, J. Combin. Theory Ser. A 130 (2015), 1–14.

2020 Mathematics Subject Classification: Primary 11P81; Secondary 05A17, 11P83, 11P84. Keywords: partition, theta function, truncated series.

(Concerned with sequences A000009, A000041, and A015128.)

Received April 11 2023; revised versions received April 14 2023; July 11 2023. Published in Journal of Integer Sequences, July 21 2023.

Return to Journal of Integer Sequences home page.