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Abstract

In this paper, we use some properties of Chebyshev polynomials and trigonometric
functions to study four classes of sums of products of two arctangents involving these
polynomials. We also give some infinite series identities concerning Fibonacci and
Lucas numbers.

1 Introduction

For all integers n > 1 and all real x, the Chebyshev polynomials of the first and second kind,
T, (z) and U, (x), are defined by the second-order linear recurrences

Thi1(z) = 22T, (x) — Tho1(z) and Upy(x) = 22U, (x) — Up—1(x),

where the first two terms are Ty(z) = 1, Ti(x) = x, Up(z) = 1 and Uy (z) = 2.
Explicit formulae for 7,,(z) and U, (z) can be expressed as follows:

To(z) = (@ + ") /2 and U, (z) = (™ = ") /2va? — 1,
where a = a(z) =z + Va2 -1, f=0(x) =2 — Va? — 1.

It is common knowledge that the Chebyshev polynomials 7),(z) and U, (z) play an im-
portant role in approximation theory, and so many scholars have studied their properties
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and obtained many interesting conclusions. In particular, Kim and his team [4-9] have done
a lot of important research work. You can also find many papers on Chebyshev polynomials
in the literature [10-17]. For example, Ma and Lv [10] computed the reciprocal sums of
Chebyshev polynomials. For £k = 1, 2 and 3, they considered the summations

q—1 q—1
Z T, **(cosmh/q) and Z U, ¥ (cosmh/q),
a=1 a=1

where ¢ is an odd number and A is an integer co-prime to q.
Zhang [12] studied convolution sums involving 7T},(x), and proved the following identities:

k+1 k+1 k + 1
k
Z HT = (1/2" - K!) - Z(_x)h‘ ( 3 ) 'Uv(z—l—)Zk-‘,—l—h(x)v
a14az+-Fapy1=n+k+1 =1 h=0

where UT(Lk)(a:) denotes the k-th derivative of U,(z) with respect to x, and the summation
is over all (k + 1)-dimension non-negative integer coordinates (al, as, . .. ,ak+1) such that

a+ay+ -+ ag =n+k+1.
Zhang and Chen [13] proved the following result:

Z Ua1 (x)Uaz (37) s Uah+1 (37)

a1+az2+-+apy1=n
h n

= (1/2" - h!) - ZC’(h,j)/x%_jZ(n—i+j)!/(n—i)!- (2h+ll J - 1) Upirj(x)/2,

j=1 =0

where C'(h,i) is the second order non-linear recurrence sequence defined by C(h,0) =
Clh,h)=1,C(h+1,1)=1-3-5---(2h — 1) = (2h — 1)! and

Ch+1,i+1)=2h—1—1i)-C(h,i+1)+ C(h,i)

foralll1 <i< h-—1.
Adegoke [14] studied sums of arctangents involving Fibonacci numbers and Lucas num-
bers and obtained the following result:

o0
Z arctan AFy; Lyjr o/ (F} b2k FQQJ + \?) = arctan A/ Fijp 06253
r=p

Z arctan )\FQjF4jr+2k—1/(L8j'r+4k—2 - L4j + /\2) = arctan )\/L4jp+2k—2j—17

r=p

where A € R, j, k, p € Z and j # 0.



Mahon and Horadam [15] studied sums of arctangents involving Pell and Pell-Lucas
polynomials and obtained the following result:

Z arctan 2z / Po,_1(z) = m/2 — arctan 1/ Py, (2);

r=1

> arctan(—1)""!/ Py, (z) = arctan B, (x)/Posi (),

where x e R, n € Z and n > 1.

We observe that Chebyshev polynomials have similar properties to Pell and Pell-Lucas
polynomials,; so it is natural to wonder whether Chebyshev polynomials have similar identi-
ties. Inspired by [14] and [15], in this paper, we use the properties of Chebyshev polynomials
and trigonometric functions to study the sums of products of two arctangents involving
Chebyshev polynomials, and give some infinite series identities for Fibonacci and Lucas
numbers. We prove the following results:

Theorem 1. Let n, k be positive integers. Then for all real x > 1, we have the identities

Z arctan 2To; (2)/ (T3, () + 2° — 2) arctan 2(2” — 1) Ugy—1 () / (T5;,(z) + 2°)
k=1
= arctan’ 1/x — arctan® 1/Ty,, 1 (z);

Z arctan 20Ty, () / (Ta,_1 (x) + 2* — 2) arctan 2(z” — 1) Usp—2(2) / (T (z) + 27)
k=1
= 7%/16 — arctan® 1/Ty, ().

Theorem 2. Let n, k be positive integers. Then for all real x > 1, we have the identities

n

Z arctan 22Uy (2)/ (Usy,(z) — 2) arctan 2Toy41(2) /Us; ()

k=1
= arctan® 1/2z — arctan® 1 /Uy, 1();

> " arctan 20Uy (2)/ (U3, (z) — 2) arctan 2T (z) /U3, (x)
k=1

= 7%/16 — arctan® 1 /Uy, ().



Theorem 3. Let n, k be positive integers. Then for all real x > 1, we have the identities

Z arctan (1 — 2?) /2277 (z) arctan (2T} (z) + 2> — 1)/ (2” — 1) Us_1 ()
k=1
= arctan® T},(x) /T, 11 (7) — arctan® 1 /x;

Z arctan 2z*(1 — %) /(22” — 1) T¢ () arctan (T} (z) + 227 (2* — 1)) /z(2* — 1) Upp—1 ()

= arctan® T,,_1 () /Tt (@) + arctan® T, (x) /Tq2(x) — 7° /16 — arctan® 1/(22* — 1).

Theorem 4. Let n, k be positive integers. Then for all real x > 1, we have the identities

Z arctan 1/22U7 (z) arctan (2U7 (z) — 1) /Usgs1 ()
k=1
= arctan® U, (7) /U,41(z) — arctan® 1/2x;

Z arctan 22%/ (22% — 1)U (z) arctan (U} (z) — 227) /aUsi41(z)
k=1

= arctan® U, (2) /Up2(2) + arctan® U,_1 (z) /Upi1 (z) — arctan® 1/ (42% — 1).

In the above theorems, we only consider the case x > 1. If x < —1, we have —x > 1,
a(z) = —(—x) (—x)2—1=—-p(-x), B(z) = —(—x)—+/(—2)> = 1 = —a(—x). From the
definition of T),(x) and U, (x), we obtain T,,(z) = (—=1)" - T,(—x), Un(z) = (=1)" - Up(—2).
By observing the above theorems, we find that the results are the same in both cases, so we
do not discuss them here. Taking n — oo, from our theorems we can deduce the following:

Corollary 5. Let k be an integer. Then for all real x > 1, we have

Z arctan 22 To; (2)/ (T5, () + 2° — 2) arctan 2(2* — 1) Usy_1 () / (T3, (z) + 2°)

= arctan® 1 /x;

Z arctan 22To,_1(2)/ (T3, (z) + 2° — 2) arctan 2(2”® — 1) Usy—o () / (T, (z) + 2°)
k=1

= 7?/16.

Corollary 6. Let k be an integer. Then for all real x > 1, we have

Z arctan 2zUsy (z)/ (Usy,(z) — 2) arctan 2To441 (2) /Usy, (x) = arctan® 1/2z;
k=1

Z arctan 22Us_1(z)/ (U, (z) — 2) arctan 215 (z) /U, (z) = 7 /16.

k=1



Corollary 7. Let k be an integer. Then for all real x > 1, we have

Z arctan (1 — 2%) /2217 (z) arctan (277 (z) + 2* — 1) /(2% — 1) Uzp—1 ()
k=1
= arctan® 3 — arctan® 1/z;

Z arctan 2z%(1 — 2?) /(22* — 1) T¢ () arctan (T (z) + 22° (2* — 1))z (2® — 1) Up_1 ()
k=1
= 2arctan” 8° — 77/16 — arctan® 1/ (22% — 1),
where f = f(x) =x —Va? —1.

Corollary 8. Let k be an integer. Then for all real x > 1, we have

Z arctan 1/22U7 (z) arctan (2U; (z) — 1) /Usgs1(z) = arctan® 8 — arctan® 1/2a;

k=1

Z arctan 22%/(22% — 1)U (z) arctan (U} (z) — 227) /2Usps1(2)
k=1
= 2arctan® % — arctan® 1/ (42* — 1),

where = p(x) =x — Va2 —1.
Remark 9. Here we give several values of T,(z) and U, (z) as follows:
T0(3/2) = Lon/2;T,,(7/2) = Lun/2;  Un(3/2) = Fonso; Un(7/2) = Fanya/3.
if n is even;

L,/2 if n is even; Ly
Tn \/g 2) = ’ ’ Un \/g 2) = '
(V5/2) {\/BFn/Q, if n is odd. (V5/2) {\/anH, if n is odd.

L3, /2 if n is even; Lspyi3/4 if n is even;
Tn \/g = ’ ) Un \/5 — ? )
(v5) {\/San /2, if n is odd. (v5) {\/5F3n+3 /4, if n is odd.

where F,, and L,, denote the famous Fibonacci and Lucas numbers.
From the first formula of Corollary 5 and Corollary 6, we can also deduce the following

four Corollaries about Fibonacci and Lucas numbers.

Corollary 10. Let k be an integer. Then for x = \/5/2, we have the identities

Z arctan 2v/5 Loy, / (L3, — 3) arctan 2\/3F2k/(L§k +5) = arctan®2/v/5;
k=1
Z arctan \/BL%H/(Lng — 2) arctan VB Fy i1/ L2, = arctan® 1/V/5.
k=1
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Corollary 11. Let k be an integer. Then for x = 3/2, we have the identities

Z arctan 6Ly, / (L3, + 1) arctan 10Fy,/ (L, +9) = arctan®2/3;
k=1

Z arctan 3Fyy 2/ (Fj, o — 2) arctan Lygyo/Fi, 5 = arctan®1/3.
k=1

Corollary 12. Let k be an integer. Then for x = /5, we have the identities

Z arctan 4\/5L6k,/([,(25,~C + 12) arctan 8\/5F6k/([%k +20) = arctan® V5/5:

k=1

Z arctan 8\/5L6k+3/(L§k+3 — 32) arctan 16\/5F6k+3/L§k+3 — arctan®v/5/10.
k=1
Corollary 13. Let k be an integer. Then for x = 7/2, we have the identities

Z arctan 14L8k/(L§k + 41) arctan 30117816/([/2,c + 49) = arctan® 2/T;
k=1

Z arctan 21 Fyyya/ (Fg 4 — 18) arctan 9Lgy1a/Fy),, = arctan®1/7.

k=1

2 Lemmas

To complete the proofs of our theorems, we need several simple lemmas. The proof of these
lemmas requires the properties of the Chebyshev polynomials of the first and second kind,
T, (z) and U, (x). All these can be found in [2,3], and we do not repeat them. First, we have
the following:

Lemma 14. Let k, X be positive integers with k > X. Then for all real x, we have
Tk+)\<.’E> — Tk_)\(l') = 2(552 — 1)Uk_1(.’13')U)\_1<2§'),
Tiosa(2) + Tioa(z) = 2Tk (2) Tx (),
T () Tia(2) = T (2) + TR (2) — 1.
Proof. See [3, p. 393]. ]

Lemma 15. Let k, X be positive integers with k > X. Then for all real x, we have

Ukia(x) = Up-r(2) = 2T 1 (2)Ur -1 (),
UkJr)\(l') + ka,\(l') = ZUk(w)T,\(l'),
Ukir(2)U-a(z) = Ug(x) — U3, ().
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Proof. See [3, p. 388]. O

Apart from that, we also need to use the following properties of the arctangent (see [1, p.

80]):

arctan  + arctan y = arctan (x + y)/(l — xy) (acy > 1),
arctanz — arctany = arctan(z —y) /(1 + 2y) (2y < —1).

3 Proofs of the theorems

In this section, we use the two basic lemmas and the properties of arctangents to prove our
main results. First we prove Theorem 1. From Lemma 14 and the properties of arctangents,
we have

arctan 1/T,_(x) + arctan 1 /Ty \(z) = arctan 2Ty (2)Th (z)/ (T;: (z) + T (z) — 2), (1)

arctan 1/T,_(x) — arctan 1 /Ty (z) = arctan 2(2* — 1) Uy—1 (z)Us_1(x) /(T3 () + Tf(x)22)

Taking A = 1 in (1), (2) and replacing k by 2k, we have
arctan 1/Toy,_1 () + arctan 1/Toy41 (z) = arctan 22To(2)/ (T5,(z) + 2° — 2),

arctan 1/Tyy,_1 (z) — arctan1/To 1 (z) = arctan 2(2® — 1) Usy_s (z)/ (T3, (z) + 7).

Multiplying the two equations and summing for k£ from 1 to n, we may deduce the identity

n

Z arctan 2T, (2)/ (T3, () + 2* — 2) arctan 2(2”* — 1) Ugy—1 () / (T, () + 2°)
k=1
= arctan® 1 /o — arctan® 1/Ty,, 41 (z). (3)

This proves the first formula in Theorem 1. Similarly, replacing k by 2k — 1, from the method
of proving (3), we can deduce the second formula. This proves Theorem 1.

Now we prove Theorem 2. From Lemma 15 and the properties of arctangents, we have

arctan 1/Uy_y () + arctan 1/Uyyx(z) = arctan 20U, (z)Th(z)/ (UZ (z) — Ui_y(z) — 1), (4)

arctan 1/Uy_,(z) — arctan 1 /Uy x(z) = arctan 2Ty (2)Ur_1(2)/(Us (z) — U3_(z) + 1)( |
5)



Taking A = 1 in (4), (5) and replacing k by 2k, we have

arctan 1/Usy,_1(z) + arctan 1/Uspyq () = arctan 2aUs(z)/ (Ugy () — 2),
arctan 1/Us,_1(x) — arctan 1 /Uy, (x) = arctan 2To41(2) /Us, (1)

Multiplying the two identities and summing for k£ from 1 to n, we have
> " arctan 20Uy (x)/ (Us, (z) — 2) arctan 2Ty (2)/Us, (x)
k=1

= arctan® 1/2z — arctan® 1/Usp, 1 (). (6)

From Lemma 15 and (6), we can easily obtain the second formula. This proves Theorem
2.
Now we prove Theorem 3. From Lemma 14 and the properties of arctangents, we have

arctan Ty () /Tiyx(z) — arctan Ty, (z) /Ty (z) = arctan(1 — T () /2T (x)Th(x), (7)

arctan Ty (x) /Ty (z) 4+ arctan Ty, (x) / Tk (x)
= arctan (21} (z) + Ty (z) — 1) /(2* — 1) Usp—1 (2) U1 (). (8)

Taking A = 1 in (7) and (8), we have

arctan Ty () /Ty41
arctan Ty () /Ty41

(z) — arctan Tj,_ (z) /Tj,(z) = arctan (1 — 2*) /22T¢ (),

(z) + arctan Tj,_ (z) /Ti(z) = arctan (2T} (z) + 2* — 1) /(2* — 1) Usj_1(2).
Multiplying the above two formulae and summing for k£ from 1 to n, we have the following
identity

Z arctan (1 — 2?) /22T (z) arctan (2T, (z) + 2* — 1) /(2* — 1) U_1 ()
k=1
= arctan® T}, (x) /T 41 (z) — arctan® 1/z. 9)

This proves the first formula in Theorem 3. Taking A = 2 in (7) and (8), from the method
of proving (9), we can easily deduce the second formula. This proves Theorem 3.

Analogously, from Lemma 15 and the method of proving Theorem 3, we can easily obtain
Theorem 4. This completes the proofs of our all results.

4 Applications

To further illustrate the application of our results, we take some specific values to obtain
identities about Fibonacci and Lucas numbers.



e Taking = = v/5/2, from the first formula of Corollary 5 and Corollary 6, we have the
following identities

i arctan \/ngk(\/g/2)/(T22k(\/5/2) — 3/4) arctan Uy, (\/5/2)/(2T22k(\/5/2) +5/2)
i = arctan® 2/v/5;
i arctan v/5Usyy, (\/5/2)/(U22k (\/5/2) — 2) arctan 2Ty, (\/5/2)/U22k (\/5/2)

= arctan® 1/V/5.
Note that
Toe1(V5/2) = V5Fy-1/2, Tors1(V5/2) = VBFy1/2,  Ton(V5/2) = Loy /2,
Us—1 (\/5/2) = V5Fy, Usg—2 (\/5/2) = Loj—1, U2k(\/5/2> = Lojt1.

Substituting the values into the above two identities, respectively, we have

o0

Z arctan 2\/3L2k/(L§k — 3) arctan ZVgng/(Lgk +5) = arctan’ 2/V/5;

k=1
Z arctan \/EL%H/(Lng — 2) arctan V5Fy41 /L, = arctan® 1/v/5.
k=1
Similarly, using the above method, we also have
Z arctan 10Fy,_1/ (5F5,_, — 3) arctan 2Lyy_1 / (5F5,_, +5) = 7°/16;

k=1

Z arctan 5Fyy,/ (5Fy, — 2) arctan Loy, /5Fy;, = n°/16.
k=1

e Take x = 3/2 and note that

Tors1(3/2) = Lagi2/2,  Tor-1(3/2) = Lagp—2/2, To(3/2) = Luz/2,
Use1(3/2) = Fapya, Usk-1(3/2) = Fu, Uz (3/2) = Fapyo.

Substituting the values into the first formula of Corollary 5, Corollary 6, Corollary 7 and



Corollary 8, respectively, we have

Z arctan 6Ly, / (L3, + 1) arctan 10Fy, / (L3, +9) = arctan®2/3;

k=1

Z arctan 3Fy o/ (Fj, .o — 2) arctan Luyo/Fyy , = arctan®1/3;

k=1
Z arctan —5/3L3, arctan(2L3, + 5) /5Fy, = arctan® (2/\/5) /4 — arctan® 2/3;
k=1

Z arctan 1/3Fy, ,, arctan(2Fy, o — 1) /Fiyya = arctan® (2/\/3) /4 — arctan® 1/3.
k=1

Similarly, from the method above, we also have
Z arctan 6Lyy,_o/(L3,_y + 1) arctan 10Fy,_o/ (L3, _, +9) = 7°/16;
k=1

Z arctan 3Fy,/ (Fy, — 2) arctan Ly, / Fy, = 7 /16;
k=1

Z arctan —45/7L3, arctan(2L3, + 45) /15Fy, = 2arctan®(7 — 3\/5) /2 — 7*/16 — arctan®2/7;
k=1

Z arctan9/7Fy, ,, arctan(2Fy) o — 9) /3Fya = 2arctan®(7 — 3\/5) /2 — arctan®1/8.
k=1

e Take r = v/5 and note that

Tor—1(V5) = V5F5_3/2, Tor1 (V5) = V5Fsp3/2, T (V5) = Ley/2,
Usk—1 (\/g) = \/5F6k/47 U2k72(\/5) = Lei—3/4, UQk(\/g) = Lei+3/4.

Substituting the values into the first formula of Corollary 5 and Corollary 6, respectively, we
have the following identities

> arctan4v/5Lei/ (L), + 12) arctan 8V5Fg / (Lg, + 20) = arctan® V/5/5;
k=1

Z arctan 8\/5L6k+3/(L§k+3 — 32) arctan 16V5Fgp 13/ L2y, 5 = arctan® v/5/10.
k=1
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Analogously, from the above calculation method, we also obtain

Z arctan 20 Fg;_s/ (5F5,_5 + 36) arctan 8Lgr—_3/ (5 Fg,_5 + 20) = 7°/16;

k=1
oo

Z arctan 40Fg; / (5Fg, — 32) arctan 16Lgy, /5Fg, = °/16.
k=1

e Take = 7/2 and note that
Top1(7/2) = Lggra/2,  Top—1(7/2) = Lsi—a/2, Tox(7/2) = Lgi/2,
Usk—2(7/2) = Fyp-1/3, Un—1(7/2) = Fa/3, Uoi(7/2) = Fypya/3.

Substituting the values into the first formula of Corollary 5 and Corollary 6, respectively, we
have the identities

Z arctan 14L8k/(L§k + 41) arctan SOFSk/(Lgk + 49) = arctan® 2/T;
k=1

Z arctan 21 Fgpya/ (Fg 4 — 18) arctan 9Lgy1/Fg),, = arctan®1/7.
k=1

Analogously, from the above calculation method, we also have

Z arctan 14Lsj,_s/ (L3),_, + 41) arctan 30 Fyy,_a/ (L3;,_, +49) = 7°/16;
k=1

Z arctan 21Fy, / (Fg, — 18) arctan 9Lgy /Fyg, = m°/16.
k=1
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