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Abstract
Given a polynomial f(z1,z2,...,2;) in ¢ variables with integer coefficients and a
positive integer n, we define a(n) as the number of integers 0 < a < n such that the
congruence f(z1,z2,...,2¢) = a (mod n) is solvable.
We improve some known results for computing «(p™), where p is prime and n > 1,
for polynomials of the form clmlf + 0233]2“ +-- -—|—cta:f. We apply these results to calculate
a(p") for polynomials of the form z* 4 3* and to study the modular Waring problem.

1 Introduction

Additive number theory focuses on estimating the size of sumsets or characterizing the
elements that can be expressed as sums of elements from a given set. One of the earliest
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problems in this context concerns the characterization of integers that can be expressed as
sums of squares. Fermat’s theorem states that an odd prime number p can be written as a
sum of two squares if and only if p is of the form 4k + 1. Euler characterized the integers that
can be represented as a sum of two squares. The Gauss-Legendre theorem gives a criterion
for an integer n to be represented as a sum of three squares. Finally, Lagrange’s theorem
asserts that every nonnegative integer can be expressed as the sum of four squares. These
results completely solve the problem of representing integers as sums of squares.

A natural question that arises when we consider a polynomial f(x1,...,x;) with integer
coefficients is to characterize the integers that can be expressed in the form f(kq,..., k),
where ky, ..., k; are integers. We know the answer to this question for certain polynomials,
such as 2% + 92, 22 +y? + 22, and 2 + ¢ + 22 + w?

Another well known problem in additive number theory is the Waring problem. It states
that for every positive integer k, there exists a positive integer ¢ such that every nonnegative
integer can be written as a sum of ¢ k-th powers. The Waring-Hilbert theorem establishes
the existence of ¢ for every k. The minimum value of such ¢ is denoted by g(k). For instance,
9(2) =4, g(3) =9, g(4) = 15.

It is interesting to consider modular versions of the above problems. Specifically, let
f(x1,...,2;) be a polynomial with integer coefficients, n € Z*, and let A, be the set of all
elements a € {0,1,...,n — 1} such that the congruence f(z1,z,...,2;) = a (mod n) has a
solution. Let a(n) denote the size of A,. In these terms, we consider the following questions:

1. Determine «(n) in terms of n.
2. Characterize all n such that a(n) = n.

Harrington, Jones, and Lamarche [5] characterized the integers in Z, that can be ex-
pressed as a sum of two nonzero squares in Z,, and they also determined the integers n such
that a(n) = n, for the function « associated with x* + y?. Broughan [4] provided explicit
calculations of a(n) for the polynomial z3+y3. Arias, Borja, and Rubio [3] found explicit for-
mulas for a(n) in terms of the prime decomposition of n for the polynomials z* +y?, 2% —y?,
and 2? 4+ y* + 2%

In this work, we study the aforementioned problems for polynomials of the form c;z% +
-+ +cx¥. We focus our attention on polynomials of the form z* 4+ ¢* and 2% —y*. In Section
2, we give slightly improvements of some results by Arias et al. [3] about polynomials of the
form cjzh + -+ + ¢, One of these results is Proposition 4, which provides a method to
compute «a(p"™) for such polynomials. Then we apply these results to the computation of
a(p™) for polynomials of the form z* + y* and z* — ¢/*.

Finally, we consider the modular version of the Waring problem. It consists in determin-
ing the minimum positive integer v(k,n) such that every element in Z, can be expressed
as a sum of vy(k,n) k-th powers in Z,. Small [8] showed a method to solve the modular
Waring problem. Waring problem for diagonal forms has been treated recently, for instance
by Alnaser and Cochrane [2]. We apply our techniques to compute «(p™) for polynomials



of the form 2% + a5 + .- + aF, for t < v(k,n), and to determine the value max, v(k,n) for
small values of k.

2 General results
We will follow the notation of [3]. For a prime p and n > 1 we define sets
Ap ={a€{0,1,....p" =1} : f(x1,...,2¢) = a (mod p") is solvable},

and
Ap(p" ) ={a+jp" ' ia € Apr,0<j < p}.

The inclusion Ayn € Aye(p"~1) holds and we set Ny = Ay (p" 1) \ Apn.

We say that a nonnegative integer e is an exponent of p in f(x1,...,x;), if whenever p°
divides an integer of the form f(mg,...,m;), then the quotient f(my,..., m;)/p® is also of
the form f(qi,...,q), for some integers q, ..., q.

Now we show some results related to the function o associated with a polynomial of the
form f(xq,29,...,24) = clx’f + cgzc'; 4+ -+ ctxf, where cq, ..., ¢ are integers and k& > 1.

Proposition 1. Let p be a prime number that does not divide cq,co,...,c;, and let s be
the highest nonnegative integer such that p® divides k. Let a € Apn and suppose that the
congruence

@k + eprh + -+ ¢ = a (mod p”)

has a solution, where at least one of the x;’s is not divisible by p. If at least one of the
following conditions holds:

1. p s odd andn > s+ 1, or
2. p=2andn>min(s+2,2s+ 1),

then a + jp" € Apynir, for all 0 < j < p. Moreover, for all 0 < j < p, the congruence

k

cah + ek + -+ Cti'ff = a+jp" (mod p"*")

has a solution, where at least one of the x;’s is not divisible by p.

Proof. The proof of this proposition, in the case s > 1, is similar to that of [1, Lemma 1].
In the case s = 0, the result follows from [3, Lemma 2.6]. O

Remark 2. Assume ng > s + 1, if p is an odd prime, or ng > min(s + 2,2s + 1), if p = 2.
If a € Ayno, then there are integers my, ..., m; such that cymf + -+ + ¢ymf = a (mod p™).
If p t a, then at least one of the m;’s is not divisible by p. Thus, from Proposition 1 we

conclude that a + jp™ € A no+1 for all 0 < j < p. Hence, the only elements that might not



belong to A, n+1 are those of the form a+ jp"™, where p | @ and 0 < j < p. Therefore, under
the assumption that the congruence

C1I]f + Cng +---+ Ctmf = a (mod p")

has a solution, where some z; is not divisible by p, for every a € Ay such that p | a,
then we get Ajngrr = {a +jp™ : a € Ay, 0 < j < p}. So a(p™™) = pa(p™), and an
induction argument shows that a(p™) = p" ™ a(p™), for all n > ny. We can now formulate
the following result.

Proposition 3. Let p be a prime number that does not divide cqi,ca,...,c, let s be the
highest nonnegative integer such that p* divides k, and ng be a positive integer. Assume that
no > s+ 1, if p is an odd prime, or ng > min(s +2,2s+ 1), if p = 2. Suppose that for every
a € Apno such that p | a, the congruence

1@k + corh + -+ 2t = a (mod p™)
has a solution, where some x; is not divisible by p. Then a(p™) = p" " a(p™) for alln > ny.

Proposition 4. Let p be a prime number that does not divide cq,cs, ..., c;, and let s be the
highest nonnegative integer such that p® divides k. If p is odd, assume that the congruence

arh + el + -+ b =0 (mod p*tt)
has a solution, where some x; is not divisible by p. Then a(p”) = p"*ta(p*t) for all
n>s+1. Ifp=2andk # 2, define f = min(s+2,2s+ 1) and assume that the congruence

ek + cork + -+ 2t =0 (mod 2°)
has a solution, where some x; is not divisible by 2. Then a(2") = 2" Pa(2%) for all n > B.

Proof. Assume p is an odd prime number. Write k = p°kqy, where p 1 kg and s > 0. Given
a € Ays+1, let us consider the congruence

a1y + el + -+ ¢y = 0 (mod p™th). .

By hypothesis, if a = 0, then (1) has a solution where, some x; is not divisible by p. The
same conclusion is true, if p 1 a.

Now assume p | @ and a # 0. Since a € A,s+1, there are integers my, ..., my, w such that
crmb 4+ comb 4+ -+ ¢mF = a+wp*tt. We want to prove that some m; is not divisible by p.
On the contrary, if all m;’s are divisible by p, then there exist integers ny, ns, ..., n; such that
m; = pn;, for all i € {1,...,t}. Therefore, p*(cin¥ + conk + -+ + ¢ynf) = a + wp*™!, which
shows that p**! divides a, since k > s + 1. It follows that a = 0, which is a contradiction.

We have proved that for every a € A1, the congruence (1) has a solution, where at
least one z; is not divisible by p. By Proposition 3, we have a(p") = p"*la(p*™!), for all
n>s+ 1.

The proof for the case p = 2 is similar. O



Corollary 5. Let p be a prime number that does not divide k, ¢y, ca, ..., ci. If the congruence
a2y + coxh + -+ qap =0 (mod p)
has a nontrivial solution, then a(p™) = p"ta(p), for alln > 1.

The hypothesis of Corollary 5 holds when ¢; + co + - - - + ¢; is divisible by p. Clearly, this
occurs for a difference of k-th powers % — y*.

Recall that N, is the set of all elements of the form a + jp"~ ', a € {0,1,...,p" 1 — 1},
0 < j < p such that the congruence c;z% + coxh + -+ + c;2F = a (mod p™~1) is solvable, but
the congruence c;a% + cpxk + -+ + ¢z = a + jp"~! (mod p") is not solvable.
Proposition 6. Let p be a prime number that does not divide cq,co,...,c;, and s be the
highest nonnegative integer such that p® divides k. Then

Ny C{ip "0 <5 <p},

fors+2<r <k, and
Nyt C{jp* 15 ¢ A, 0<j <p}.

Moreover, if some exponent of p in cyxh + cox + -+ + ciak divides k, then
Nyt = {jp" 1 j & Ay, 0<j <p}.

Proof. Assume s+ 2 <1 < k+ 1. Let us show that a + jp"~! € A, for all a € A,—1 with
a# 0and 0 < j < p. Indeed, if a € A1 and a # 0, then there exist integers my,...,my
such that

cm¥ 4+ comb 4+ -+ eymf = a (mod pt).

If p divides all the m,’s, then p"~! divides a because s +1 <r —1 < k. Since 0 < a < p" !,
it follows that a = 0, which is a contradiction. So, at least one m; is not divisible by p. By
Proposition 1, we have a + jp"' € A, for all 0 < j < p. Therefore, every element in N,
has the form jp™~!, where 0 < j < p. Since 0 ¢ N, we have N, C {jp"': 0 < j < p}.

Now, if r =k +1 and j € A, where 0 < j < p, then there are integers my,...,m; such
that

cvmy + camy + -+ cmy = j (mod p),

from which
c1(pma)* + ea(pma)® + - + ¢, (pmy)* = jp* (mod pF*t).

This implies that jp* € A 1. Consequently, N+t C {jp* : j ¢ A,,0 < j < p}.
Finally, we assume that some exponent of p in cjz¥ + coxh + -+ + ¥ divides k. If

Jp* € Ay, then cymy+comh+- - -+ ¢mf = jp* (mod p**) for some integers my, mo, ..., my.
Since (cymh + comb +- -+ c;mP) /p* = c1qf + gk + - - -+ ¢qF for some integers q1, g, . . ., g,
we obtain the congruence c1qf + cagh 4+ -+ + ¢,qf = j (mod p), which shows that j € A,.
Thus, Ny = {jp*:j ¢ A, 0<j <p}. O



The following two results can be found in [3].

Proposition 7. Let p be a prime and k > 1. Suppose that some exponent e of p in the
polynomial ¢,z + -+ - + ¢, divides k. Then

a(p”) = pa(p"t) — [Ny,
for allmn > 1 such that n = r (mod k).

Proposition 8. Let p be a prime and k be a positive integer. Suppose that some exponent
e of p in the polynomial ciz® + - - + ¢,a¥ divides k, and p does not divide c1,...,c;. Let n
be a positive integer. Then

(7) If n =1 (mod k), then

pnfl -1 k+1
a<pn) — pn_la(p) — pk——]_ Z |ij |pk—]+1;
j=2

(17) If n =r (mod k), where 2 <r <k, then

n—1 r—1 kt1 r
n n— p —-p —j r—j
a(p”) = p"talp) - T D NG [T =Y TN
= =2

3 Some results from additive number theory

The following results from additive number theory can be consulted in [7].

Theorem 9 (Cauchy-Davenport). Let p be a prime number, and let A and B be nonempty
subsets of Z/pZ. Then
A+ B| > min(p, | 4] + |B] - 1).

By an induction argument, we see that if By, Bs, ..., By, are nonempty subsets of Z/pZ,
then

h
By + By + -+ By| > min (p,Z|Bi|—h+1>.

i=1
The following theorem gives us conditions to get equality in the Cauchy-Davenport the-
orem.

Theorem 10 (Vosper). Let p be a prime number, and let A and B be nonempty subsets of
the group G = 7Z/pZ such that A+ B # G. Then

|A+ B| =|A|+|B| -1

if and only if at least one of the following three conditions holds:
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(i) min(|A[, |B]) =1,
(ii)) |[A+B|=p—1and B=c— A (the complement of c — A), where {c} = G\ (A+ B),
(i1i) A and B are arithmetic progressions with the same common difference.

Proposition 11. Let p > 3 be a prime number, and let p = 1 (mod k), where 1 < k <
(p—1)/2. If By, = {xk ST € Z/pZ}, then By, is not an arithmetic progression in Z/pZ.

Following the terminology of Nathanson [7, Section 2.6], the polynomial f(xy,...,z;) =

c1zh + -+ cx¥ with coefficients in the finite field Z/pZ is called a diagonal form of degree

k. The range of f is the set
R(f)={f(z1,...,;2¢) s 21,..., 20, EZ/PL} .
Note that |[R(f)| = a(p), where « is the function associated with c;z¥ + - -+ + ¢,k

Theorem 12. Let p > 3 be a prime number, and let k be a positive integer such that

-1
1 <ged(p—1,k) < pT

Letcy, ¢y, ..., c; be nonzero elements of the field Z/pZ, and let f(xy, ..., x:) = craf+- - +cuk.

Then
NACERE
ROHI 2 min (p O D 0.

The following theorem is an application of the above results.

Theorem 13. Let p be a prime number and cq,...,c; be integers numbers not divisible by
p. Assume that 1 < ged(k,p—1) < (p—1)/2 and t > (k+2)/2. Then the congruence

izt 4 -+ caf = 0 (mod p)
has a nontrivial solution.

Proof. Let A= {ciz% + -+ ¢z (mod p):@1,..., 24 € Z,pt a1} and d = ged(p — 1, k). It
is easy to check that

A={ca?+ - +cad (mod p):ay,...,x € Z,ptuw}.

We want to show that 0 € A. Assume that 0 ¢ A. Let B = {c;z{ (mod p) : vy € Z,p{ a1}
and C = {cord + -+ + ¢! (mod p) : @9,..., 2, € Z}. Thus, A = B+ C. It is clear that

B| = (p—1)/d and it follows from Theorem 12 that |C'| > min ,w + 1 ). Now,
| p p d

from the Cauchy-Davenport theorem, we obtain

|A| = |B + C| > min(p, |B| + |C] — 1) = min <p7 (2t — zc)l(p_ 1)) |

Note that |A] < p. If we assume that |A| = %, then by Vosper’s theorem we have

three cases:



1. |B] =1 or |C| = 1. This is impossible because (p — 1)/d > 1.

2. |B+ C| =p—1. This implies that p — 1 = (2t — 2)(p — 1)/d, so t = (d + 2)/2. Now,
since d < k, we obtain that ¢t < (k + 2)/2, which contradicts the hypothesis.

3. B and C' are arithmetic progressions with the same common difference. This is impos-
sible by Proposition 11.

We conclude that
(2t —=2)(p—1)
yi )

Now the set A is a disjoint union of sets of the form {cxd (mod p) :x € Z,pt x}, where p 1 ¢,
see [7, Lemma 2.9]. Therefore, we have |A| =0 (mod (p — 1)/d). If follows that

(2t—2)(p—1) p—1_ (2t—1)(p—1)
|A] > i + = y .

Al >

Since |A] < p, we have W < p. Hence, t < (k+1)/2, which contradicts the hypothesis.

This finishes the proof. O

4 Polynomials of the form z* + y*

In this section, « is the function associated with a polynomial of the form z* + y*. We want
to determine explicit formulas for a(p™), where p is prime and n > 1. Since the cases k = 2
and k = 3 were solved by Arias et al. [3], and Broughan [4], respectively, we will focus on
k> 4.

4.1 General results on the computation of a(p")

We start with p = 2. The following proposition will help us to find «(2"), when k is even.

Proposition 14. Let k be an even positive integer. Then k is an exponent of the prime
number p = 2 in the polynomial z* + y*.

Proof. Assume 2 divides an integer of the form 2% 4 y*. Clearly,  and y have the same
parity. If x and y are even, then x = 2z and y = 2y, for some integers xy and yy. So, we
have 2% + y* = 2% (2k + yF), which implies that (2% + ¢*)/2% = 2f 4 y¥. Now, if 2 and y are
odd, then © = 2x¢ + 1 and y = 2y, + 1, for some integers xg and yy. Using the binomial
theorem, we find that 2% = 42, + 1 and y* = 4y, + 1, for some positive integers z; and ;.
Therefore, 2% + y* = 4(xy + y1) + 2, which is not divisible by 2*. We conclude that k is an
exponent of the prime 2 in the polynomial z* + 3/*. m

Now we consider the case where the prime p is odd. It is easy to check the following
result.



Lemma 15. Let p be an odd prime number and d be a positive divisor of p — 1. Then
p=1 (mod 2d) or p=d-+1 (mod 2d).

Proposition 16. Let p be an odd prime, d = ged(p — 1, k), and assume that p = d +
1 (mod 2d). Then k is an exponent of p in the polynomial x* + y*.

Proof. Suppose that p* divides a* 4+ b*, where a and b are integer. For the proof, it is
sufficient to show that p divides a and b. Assume that p does not divide a. Then there exists
an integer ¢ such that ca = 1 (mod p). Since a* + bv* = 0 (mod p), it follows that

14 (cb)* = (ca)® + (cb)* = F(a* +bF) = 0 (mod p).

Therefore, the congruence z¥ = —1 (mod p) has a solution, which implies (—1)% =
1 (mod p), so ’%1 is even. This contradicts the hypothesis that ’%1 is odd. Thus, we
conclude that p divides a. Similarly, p divides b.

We conclude that (a® + b¥)/p* = (a/p)* + (b/p)* is a sum of two k-th powers. This ends

the proof. 0

Proposition 17. Suppose p is an odd prime, p® is the highest power of p that divides k,
and let d = ged(p — 1,k). If p=d+1 (mod 2d), then Ny = {jp"' : 0 < j < p}, for
s+2<r<kand Npr ={jp": 0<j<p,jé A}

Proof. By Proposition 6, it only remains to prove that {jp" ™' : 0 < j < p} C N, for s+2 <
r < k. Let us suppose that there exists 0 < jo < p such that jop" ' ¢ N,-, that is, there are
integers x,y such that, 2% +y* = jop"~! (mod p"). Since 7 — 1 > 1, we have p divides x* + yF,
so p divides both x and y. Thus, from the congruence z* +3* = jop"! (mod p") and the fact
that r < k, it follows that p” divides jop"*, so p divides jo, which is a contradiction. O

In the following theorem, we find recursive formulas for computing a(p").

Theorem 18. Let p be an odd prime, d = ged(p — 1,k), and s be the highest nonnegative
integer such that p* divides k.

1. If k is even, s =0 and p =1 (mod 2d), then a(p") = p"'a(p), for alln > 1.

2. If k is even and p = d + 1 (mod 2d), then a(p™) = pa(p"') + a(p) — p, for all
n=1 (mod k).

3. If k is even and p = d+1 (mod 2d), then a(p™) = pa(p™~)—p+1, for alln = r (mod k),
where s +2 < r <k.

4. If k is odd and s = 0, then a(p"™) = p"‘a(p), for alln > s+ 1.

Proof. We first assume that k is even, s = 0 and p = 1 (mod 2d). Then 21 is even, so

d
(—1)% = 1 (mod p). It follows that the congruence ¥ = —1 (mod p) is solvable, which



implies that z* + y* = 0 (mod p) has a nontrivial solution. Therefore, from Corollary 5, it
follows that a(p™) = p"'a(p), for all n > 1.

Statements 2 and 3 follow from Propositions 7 and 17.

Finally, we prove statement 4. If k is odd, then d = ged(p—1, k) is odd, so p = 1 (mod 2d).
The rest of the proof is the same as the proof of statement 1. m

Corollary 19. Let p be an odd prime that does not divide k, where k is even, and let
d=ged(p—1,k). If n=r (mod k), where 1 <r <k, then

n+k—1 _ prfl
-1

p"la(p), if p=1 (mod 2d).

p .
. +1, ifp=d+1 (mod 2d);
o ) f (mod 24)

4.2 Calculation of a(p)

We have already formulas that express a(p™) in terms of «a(p), for an odd prime p. To
compute a(p), we will use the following result of Joly [6].

Proposition 20. Let K be a finite field with q elements, d; be positive integers and b, a; € K,
fori = 1,2,....t. If N(b,t) is the number of solutions of the diagonal equation given by
amrf + agrP + -+ ax = b in K, then

IN(b,t) — ¢ < Ag'T,
where A= (0, —1)--- (6 — 1), and §; = ged(q — 1,d;), fori=1,2,...,t.
A direct application of Proposition 20 is the following.

Corollary 21. Letp be a prime, b,¢; € Z/pZ fori=1,2,...,t, and k be a positive integer. If
N (b, t) is the number of solutions in (Z/pZ)' of the diagonal equation cyxh+coxl+- - -+cak =
b, then
N, 1) = p T < (k= 1)'p7
2t
=

Moreover, if p > (k — 1)1, then a(p) = p.

Proof. The first part is a direct consequence of Proposition 20. For the second part, if
K = Z/pZ, d; = k, for i = 1,2,...,t and §; = ged(k,p — 1), then §; < k and N(b,t) —
pt > —(k - 1)2%, which implies that N(b,t) > p'~t — (k —Qtl)tp%. The hypothesis
that p > (k — 1)#1 yields N(b,t) > 0. Hence, for p > (k — 1)1, the diagonal equation
c1zh + coxk + - + ca¥ = b has a solution, for all b € Z/pZ. 1t follows that a(p) =p. O

As an example, for polynomials of the form ¢;2* + coy*, we obtain a(p) = p, for every
prime p > (k —1)*.
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5 The polynomial z¥ — y* with k even

Throughout this section, let p be a prime and s be the highest nonnegative integer such that
p® divides k, where k is even. For the polynomial ¥ — ¢* we can apply Proposition 4 (take
x =y = 1), to obtain the following formula:

(2)

" 2052 (25T if p=2and n > s+ 2;
a(p") =

p S la(pt™), if pisodd and n > s+ 1.

We show the explicit calculation of «a(2"), for all n. Let o be the function associated with
the polynomial 2% — y%".

Lemma 22. For 1 < n < s+ 2, the congruence z* — y* = a (mod 2") has a solution if
and only if a =0,1,2" — 1. Then ap(2") =3 for2 <n < s+ 2.

Proof. Let 2<n <s+2. Ifae{0,1,2,...,2" — 1}, then the congruence 2*° = a (mod 2")
is solvable only for @ = 0 and @ = 1. Thus, the congruence > — y** = a (mod 2") has
solution only for a = 0,1, —1. Since —1 = 2" — 1 (mod 2"), we obtain the desired result. []

Theorem 23. Let a be the function associated with the polynomial z* — y*. If k = 2°m,
where s > 1 and m s odd, then

2, ifn=1;
a(2™) =< 3, ifl<n<s+2
3.9ms2 ifp s g4
Proof. 1f the congruence 2™ —y>™ = a (mod 2") is solvable, then the congruence 2% —y?* =
a (mod 2") is also solvable. Thus, a(2") < p(2"), for 2 <n < s+2. Since 0,1,2" — 1 € Agn

(for the polynomial z* — y*), we obtain a(2") = 3 for 2 < n < s+2. For n > s+2, it follows
from (2) that a(2") = 2”-8—2a(28+2) _ 3. 9n—s-2 -

6 Applications to particular polynomials

In this section, we will apply our results to find explicit formulas for a(p™), where « is the
function associated with the following polynomials: z* + y*, 2% — 4%, 2° +¢° and 2% + 4/°.

11



Theorem 24. Let a be the function associated with the polynomial x* + y*. Then

14—5(2”_1 —2r=1 43, ifp=2,n=r (mod 4), where r = 2,3,4;
At -1)+2, ifp=2and n=1 (mod 4);
", ifp=1(mod8), p#17, n > 1;
13-171, ifp=17,n>1;

a(p”) = n+3 p -1 if p# 1 (mod 8), p # 5,13,29, n = r (mod 4),
(p 71) +1 where 1 < r < 4;
312(5"*3 5" 1) +1, ifp=>5,n=r (mod 4), where 1 <r < 4;
3173(13”+3 13""H+1, ifp=13, n=r (mod 4), where 1 <r < 4;
3505 (29713 — 29" 1) + 1, if p=29, n=r (mod 4), where 1 <r < 4.

Proof. For p = 2, direct calculations show that |Noz2| = 1, [ Nos| = [Nasa| = 3, and |Nys| = 0.
Then from Proposition 8, we obtain the given formulas for «(2").

Now, from Corollary 21, it follows that a(p) = p, for all p > 81. For primes p < 81, we
have a(5) = 3, «(13) = 10, a(17) = 13, a(29) = 22, and «a(p) = p, for 31 < p < 81.

Odd primes divide into 4 types depending on their residue upon division by 8. Observe
that only those primes of the form 8m + 1 satisfy p = 1 (mod 2d), where d = ged(p — 1,4).
The rest of the proof follows from Theorem 18 and Corollary 19. m

Theorem 25. If « is the function associated with the polynomial x° + y°, p is prime and
n > 1, then
(5, ifp=>5andn =1,
13-5"2  ifp=>5andn>2;
5-11"1  ifp = 11;
a(p”) =1<19-31"° L, ifp = 31;

33417 if p =41,

49 - 61"t if p = 61;
(P" if p#5,11,31,41,61.

Proof. 1t follows, from Corollary 21 and direct computations, that a(p) = p for all p #
11,31,41,61, and a(11) = 5,«(31) = 19, a(41) = 33, a(61) = 49. Now we apply part 4 of
Theorem 18 to obtain a(p™) = p" *a(p), for all odd primes p # 5, and n > 1. This gives us
the desired formulas for a(p™), for all primes p # 2, 5.

On the other hand, it is clear that the congruence z° + 3® = 0 (mod 5?) has a nontrivial
solution. From Proposition 4, it follows that a(5") = 5" 2a(5?%), for all n > 2. An easy
computation shows that a(5) =5 and «a(5%) = 13.

Finally, we apply Proposition 4 to obtain a(2") = 2" 1a(2) = 2". O

The following proposition shows us formulas for «/(2") and «(3"), where « is the function
associated with 2% +9°. These formulas are obtained by using the fact that 6 is an exponent
of p=2and p = 3 in 2% + y% by Propositions 14 and 16. Then we finish the proof by
applying Proposition 8.

12



Proposition 26. Let a be the function associated with the polynomial 2°+y°. Then a/(2") =

(162" 4 ;) and «(3") = 5(81-3" 4 ;), where n =i (mod 6), i = 0,1,2,3,4,5, and the

values B; and ~y; are shown in Table 1.

i| B Vi
0] 47 | 283
1] 94 | 849
21125 | 363
31 61 | 361
41 59 | 355
5| 55 | 337

Table 1: The values ; and ;.

Before computing «(p™) for primes p > 3 and n > 1, we compute a(p). By Corollary 21
and direct computations, we obtain the following result.

Proposition 27. Let « be the function associated with the polynomial z5+y°. Then a(p) = p
for all primes p, where p ¢ {7, 13, 19, 31, 37, 43, 61, 67, 73, 79, 109, 139, 223}.

For p € {7, 13, 19, 31, 37, 43, 61, 67, 73, 79, 109, 139, 223}, Table 2 shows the values
a(p).

p | 7T|13[19]31 |37 |43 |61 |67 73|79 109 | 139 | 223
alp) |35 (10|16 [ 19]29 |51 |56|61|66| 91 |116 | 186

Table 2: The values a(p).

The following proposition shows us a formula for computing a(p™) in terms of «(p), where
p > 3 is prime. This result is a direct application of Corollary 19.

Proposition 28. Let p > 3 be a prime, and a be the function associated with the polynomial
28+ y5. If n=r (mod 6), where 1 <r <6, then
n+5 r—1
p — P
B
(a(p) ) 1

p"a(p), if p=1 (mod 4).

a(p") = +1, if p=3 (mod 4);

The following result shows a formula for a(p"), where « is the function associated with
2t —y*. To obtain this formula, we apply Equation (2), Corollary 21, Theorem 23, and direct
computations.

13



Theorem 29. Let o be the function associated with the polynomial x* — y*. If p is a prime
andn > 1, then
(2, ifp=2,n=1;

3, ifp=2,n=273;

3-2n 4 ifp=2,n>4;

3571 if p=0>;

13-17"7Y ifp=17;
L p", if p is odd, p # 5,17.

7 Application to the modular Waring problem

Let ay, be the function associated with the polynomial % + --- + zf. Given n € Z*, we
define y(k,n) to be the least positive integer ¢ such that ay.(n) = n, and y(k) to be the
least positive integer ¢ such that ay.(n) = n, for all n € Z*. For every k, the integer (k)
exists by the Hilbert-Waring theorem. We clearly have

(k) = maxy(k,n).

nez*

Moreover, since oy, is multiplicative,
v(k) = max~y(k, p"),
p’n

where p runs over all primes and n > 1. The computation of v(k,n) is called the modular
Waring problem.

We are interested in comparing (k) and g(k), where g(k) is the least positive integer
t such that every positive integer can be expressed as a sum of at most ¢ k-th powers (see
sequence A002804 in the On-Line Encylopedia of Integer Sequences).

The following three results, concerning the functions oy ;, for j € {1,2, 3}, can be inferred
from [3]:

i) agi(n) =nif and only if n =1 or n = 2,

i

ii) ag2(n) = n if and only if 4 { n and n is not divisible by the square of any prime
p =3 (mod 4),

iii) as3(n) = n if and only if 8 does not divide n.

Lagrange four-square theorem implies that as4(n) = n, for all n. Hence,

ifn=1,2;

if n#1,2; 44 n and p*{ n for all primes p = 3 (mod 4);

if 4| n and 8t n;

if 8| n.

7(27n)::

=~ W N
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It follows that v(2) = 4.
Now let us consider the modular Waring problem for cubic powers. Let as,; be the
function associated with a3 + - - - + 3. Broughan [4] proved that

n, if 7{nand 91n;
2n, if7|nand 9¢fn;
2n, if T{nand9|n;
2
6

2, if 7|nand9|n.

Oégg(ﬂ) =

Proposition 30. Let p be a prime and n be a positive integer. Then

3, ifp=3andn=1;
asz(p") =< 7-3"2 ifp=3andn>2;
P, if p# 3.

Proof. The triple (1, —1,0) is a nontrivial solution of the congruence x> +y>+2% = 0 (mod p).
It follows, from Corollary 5, that if p # 3, then as3(p™) = p" 'ass(p), for all n. Note that
ged(3,p—1) =1 or 3. If ged(3,p — 1) = 1, then there are p — 1 cubic residues modulo p, so
as3(p) = p. On the other hand, if ged(3,p — 1) = 3 and p > 11, then, from Theorem 12 we

have
(2'3—1)(29—1)) _
_p.

Oé373(p) Z min ( s

w

Therefore, g 3(p) = p. We conclude that ag3(p") =
we see that ag3(7) =7, so ag3(7") = 7", for all n >
Finally, from Proposition 4, it follows that

p", forall p#3,7,n>1. When p=17,
1.

as3(3") = 3" 2a(3%),

for all n > 3, and it is easily seen that a33(3) = 3 and a33(9) = 7. This finishes the
proof. O]

The formula in the above proposition can be simplified as follows:

n, if91n;
(1/373(71) = {7 )(

gn, if9[n.

It is not difficult to see that as4(n) = n, for all n € Z*, which implies that v(3) = 4.

Proposition 31. Lett be a positive integer, 1 <t < 15. If 16 diwvides an integer of the form
i+ x5+ -+ x}, then x; is even for all i. Consequently, 4 is an exponent of p = 2 in the
polynomial x7 + x5 + - - + .
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Proof. We proceed by induction on ¢. The result is clear for ¢ = 1. Let us assume that if 16
divides a sum of the form ] + 23 + - - + x}, where 1 <t < 15, then all z;’s are even.
Suppose that 16 divides a sum of the form xf + 3 + - -+ + 27,,. If all the z;’s are odd,
then 2} = 1 (mod 16) for all i, so 16 divides ¢ 4+ 1, which is absurd. Thus, we can assume
that x4, is even. It follows that 16 divides a + a3 + - - - + z}, and the induction hypothesis
implies that all the z;’s are even. O

With our techniques and the use of a computer program, it is not difficult to deduce the
following result.

Proposition 32. Let t be an integer, 3 <t < 15, and ay; be the function associated with
the polynomial x1 + x5 + -+ + . Then

(1—15t-2”—2t—|—30), ifn=1 (mod 4) and 3 <t < 15;
%525-2”—425—1—60), ifn=2 (mod 4) and 3 <t < 15;
g (2") = %

t-2" —8t+120), ifn=3 (mod 4) and 8 <t < 15;
t-2" —t+15), ifn=4 (mod 4) and 3 <t < 15.

( ( )
( ( )
(t-2"+T7t+15), ifn=3(mod4) and3 <t<T,;
( ( )
( ( )

Furthermore, if p is an odd prime and t > 5, then oy (p"™) = p", for all n > 5.

In particular, when ¢t = 15 in Proposition 32, we obtain ay4;(2") = 2", for all n > 1.
Thus, we see that v(4) = 15.

With the use of a computer program, we can compute (k) for small values of k. In
Table 3, we compare (k) and g(k), for 2 <k <9.

k| g(k) | v(k)
2 4 | 4
3] 9 | 4
419 | 15
5137 | 5
6] 73 9
7] 143 | 5
81279 | 32
0548 13

Table 3: Comparison of g(k) and v(k), 2 < k < 0.
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