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Abstract

We use exponential generating functions to study the relationship between Bernoulli
and Euler numbers with k-Jacobsthal numbers, k-Jacobsthal-Lucas numbers, and bi-
variate Fibonacci, Lucas, Pell and Pell-Lucas polynomials.

1 Introduction and preliminaries

Recently, there has been some study of special numbers and polynomials, especially the
Bernoulli numbers and Euler numbers, by virtue of their applications in almost all branches


mailto:meryembouzeraib@gmail.com
mailto:aboussayoud@yahoo.fr
mailto:Baghdadi.Aloui@fsg.rnu.tn

of mathematics, computer algorithms, engineering, and other areas. (For other numbers
see [5, 6, 8, 14, 15]).

Bernoulli and Euler polynomials are famous mathematical objects and are fairly well un-
derstood. They are, respectively, defined by the exponential generating functions as follows:
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The Euler and Bernoulli numbers have appeared in many important results. There has
been a growing interest in deriving new relations for these two pairs of sequences. In 1975,
Byrd [2] derived the following identity relating Lucas numbers to Euler numbers:
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Zhang and Ma [16] proved a relation between Fibonacci polynomials and Bernoulli num-
bers. The following identity is a special case of their result:
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or equivalently

Lnf (n) nL,_1
5 F, 9By = ——.
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Patel et al. [13] obtained similar identities when Fibonacci and Lucas numbers are re-
placed, respectively, by the Pell and Lucas polynomials (defined below in Egs. (6) and (7)):

n

Z (7) (QM)an_l(x)Bl — TL(:E _ \/TH)n_l,

=0

This can be stated as
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Still other relations are contained in the many articles (see [7, 8, 9]). The present paper
is devoted to developing further relations between Bernoulli and Euler numbers with famous
number sequences. To achieve this goal, we use elementary methods, including exponential
generating functions, to study the relationship between Bernoulli and Euler numbers and

2



between the k-Jacobsthal numbers k-Jacobsthal-Lucas numbers and bivariate Fibonacci,
Lucas, Pell, and Pell-Lucas polynomials.

For every positive real number k, the k-Jacobsthal numbers (.J,, x)nen are defined recur-
sively by the relation [11]

Jen = kJgn—1+ 2Jkpn-1, forn > 2,

with initial values Ji o = 0 and J; = 1.
Jhala et al. [12] defined the k-Jacobsthal-Lucas numbers as follows:

Tk = Kjkn—1 + 2Jpn—1, for n > 2, with jro =2, jr1 = k.

The well-known Binet formulas for k-Jacobsthal (J,, 4)nen and k-Jacobsthal-Lucas numbers
(Jn.k)nen are given as follows:

A A
RSP
Jng = A + A3,

Jn,k

where \; = EHvE+8 V2’“2+8 and \y = E=VE"£8 V2’“2+8 are the roots of the characteristic equation A\ — kX —
2=0.
If k =1, the classical Jacobsthal and Jacobsthal-Lucas numbers are

Jn = Jn,1 + 2Jn,1, for n > 2, with J(] = O, Jl = 1,
jn = jn—l + 2jn—17 for n Z 2, with jo = 2, jl =1.

The bivariate Fibonacci (£, (%, y))n>0 and bivariate Lucas (L, x(%,y))n>0 polynomial
sequences are, respectively, defined by the following recurrence relations [3, 4]:

Fu(w,y) = xFoa(2,y) + yFuo(z,y), forn =2, (4)
with initial values Fy(z,y) = 0 and Fi(z,y) = 1, and
Ln(xvy) = anfl(xay) + yLn*2<x7y)v for n > 27 (5>

with initial values Lo(x,y) = 2 and Ly(x,y) = x.
The bivariate Pell and Pell-Lucas polynomials are, respectively, as follows [10]:

Po(z,y) = 2zyPos(z,y) + yFusa(z,y), n > 2, (6)
with initial values Py(z,y) = 0 and P;(x,y) = 1, and
Qn(xa y) = 217an_1(.757 y) + an—Q(I7y)7 n 2 27 (7)

with initial values Qo(x,y) = 2 and Q1 (x,y) = 2zy.
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We present the Binet formulas of the bivariate Fibonacci, Lucas, Pell, and Pell-Lucas
polynomials in Table 1.

Bivariate polynomials Roots (A1, A1) Binet formula

. . . . . mi\/12+4y AL -\
Bivariate Fibonacci polynomials | A\; o = —5—— Fo(zy) = 352

. . i x:l:\/:(:2+4y n n
Bivariate Lucas polynomials Mg = —5— Qn(z,y) = AT + A}
Bivariate Pell polynomials Mo =yt /222 +y | Puz,y) = An :\\:
Bivariate Pell-Lucas polynomials | \j o = 2y & /222 + y | Qu(z,y) = )\” + b

Table 1: Binet’s formulas of the bivariate polynomials.

Putting y = 1 in the Eqgs (4), (5), (6) and (7) yields, respectively, the following four
polynomials:

e the Fibonacci polynomials defined by Fy(x) = 0, Fi(x) = 1, F,(z) = «F,_1(z) +
F, o(z), forn > 2,

e the Lucas polynomials defined by Lo(z) =2, Ly(z) = 2, L,(x) = xL,_1(x) + L,_o(z),
for n > 2,

e the Pell polynomials defined by Py(x) = 0, Pi(z) = 1, P,(z) = 22P,_1(x) + P,—2(x),
for n > 2,

e the Pell-Lucas polynomials defined by Qo(x) = 2, Q1(z) = 2z, Qn(z) = 22Q,—1(x) +
Qn—2(x), for n > 2.

Putting z =y = 1 in Egs. (4), (5), (6) and (7), we respectively get the Fibonacci, Lucas,
Pell, and Pell-Lucas numbers, which are given as follows:

o [, =F, 1+ F, 5, n>2 with initial values Fy =0, F; =1,
e L,=1L, 1+ L, 5, n>2, with initial values Ly =2, L; = 1,
e P,=2P, 1+ P, 5, n> 2, with initial values P, =0, P, =1,

o ), =2Qn 1+ Qn_2, n> 2, with initial values Qy(z) = 2, Q1 = 2.

2 New k-Jacobsthal-Bernoulli and k-Jacobsthal-Euler
relations

In this section, we present our first findings in three theorems, which provide some relations
involving Bernoulli and Euler numbers with k-Jacobsthal and k-Jacobsthal-Lucas numbers.



Theorem 1. Let n be a positive integer. We have

li: (D (\/W)le,n_lBl = n(k—#m)n_i

" (7) (M)l@l — D) jpnatBi = —nﬁ(#)n_l.
1=0

Proof. Using the change of variables z = v/k? + 8z in (1), we obtain

00 n n /—k2
n! exp(Vk2+82) —1

Multiplying (9) by the exponential generating function for (Jy ,)nen, we have

n=0

(502 (S (o5 0) - S5 () 22

8
3

n

= l n!
Therefore
exp<k+‘/2k +82> eXp<k—\/2kz+8z> ) VP TR
k2 +8 exp(vVk?+8z) — 1
k—vVk*>+38 z
= exp(#z)(exp(\/ k2 +82z)—1) x (VT8 1
k—Vk?+38
= zexp<fz>
=k JRTES \nia
S
2 n!

n=0

By comparing the coefficients of %, we obtain the desired result.
Similarly, we use the change of variables z = 2v/k2 4+ 8z in (1), we obtain

- noo2n 2Vk? + 8
> (2vE+8) B, = .
et n! exp(2vk? +8z) — 1
and multiplying (10), by the exponential generating function for (j, x)nen, we get
00 ' o 00 ~ I Zl 0o 00 ~ I ' Zl o
(o) (S (VR 38) By ) = 3232 (VB +5) By
n= 0

= n=0 [=0
oo

o

n=

(e
0

n I n
(Y
1=0 ’
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Then we obtain

JETE): CVETE TS
(o (G () e

(k — \/k2—|—8)z> 2Vk? + 8z
2 (mz) -1
k*+8

= exp(

- (oS ) () )
n [!

By comparing the coefficients of %, we get

3 ()2 () = 3 (1o (5

=0

n=

3 () () (T

which is equivalent to

3 ()2 (8 s =35 (1)) (e

=0 =0

Therefore

n

3 (1) (/73) @ o= VTS (1) (7)o

1=0
k — k% 4+ 8\n-1
= VR s(FG )
Hence the desired result.

Theorem 2. Let n be a positive integer. The following results hold:

[n/2] n I Nmt
2 8) Ty By = "L

Z <2l)< + kn—20D21 5

=0

[n/2]

n 2 Lol Y B (k2+8)njk’n_1
; (2[) <k: +8) <2 1)jk,n—QlBQZ = 2 '

Proof. We have

l; (7> (\/M)ljk,n_lBl - n(k:—#\/my_l
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This gives

n

e e 1 — V7 F 81
() (V)" oy = M VR S)

1=0
with the conditions By =1 and By = —3.
For [ > 0, we have By, 1 = 0 and then

[n/2]

n NIk n—
Z (21) (k* +8) Ty By = Jké L

=0

Similarly, from (8), we get

- l . —VEZ+ 8n(jpn1 — VE + 8
3 <7) (VIZF8) (2~ 1)jiniBi = it 5 ko)

with Bp =1 and B; = —%.
For [ > 0, we have By, = 0. Then we obtain

[n/2] 2 2
Z (Ql> (k% + 8)' (2% — 1)jpn_2 B = ( )2 ko1
1=0

Which complete the proof. O

e Putting £ = 1 in Theorem 1 and Theorem 2 we have the following Jacobsthal-Bernoulli
and Jacobsthal-Lucas-Bernoulli identities

n [n/2] .
n _ n N
2 (z)y‘]”‘lBl = (=1 or 3 <2z)9l‘]”‘”B” - ]2 -

=0 =0

= (™Mt —1)i B — (—1) S "Nl — 1) By —
Z 9] (2" = 1)jn l—(—)n,OfZ 9] (2 = 1)jp—2Bu = 5

=0 =0

Theorem 3. For every positive integer n, we have

/2] 20+1
S (”) 2(4)n-2-1 (\/k2 n 8> Tomo By = (2k + VEZ 1+ 8)" — (2k + VEZ + 8)",

=\
Lnf (;ll) (74722- 8>ljk,n21E21 = 2(%)1@

=0




Proof. Using the change of variables z = v/k? 4+ 8z in (2) and z = 4z in the exponential
generating function for (Jj ., )nen, We obtain

- Lot 2exp(Vk? + 8z)
VE2+8) E— = : 11
;}( ) I exp(2vk? 4+ 82) +1 (1)

(exp(2Vk? 4 8z) — 1)(exp(2Vk? + 8z) + 1).

=\ 2" exp(k —VE2+8)z)
D Ak =
n=0 '

VR
(12)
Multiplying (12) by (11), this gives
00 . o 0o ! Zl 0o n n o I o
(ZO4 Jen=) (lz (VI +8) B ) = ZO l (z)4 (VI +8) Juni B
n= =0 n=0 [=0
Then we get
exp(k — VK% + 8)z) 2exp(VEk? + 82)
exp(2Vk? + 8z) — 1)(exp(2Vk? +8z) + 1) X
i (OPEVEES) S DIen@VE 8+ ) xS T e 1
2
_ Ji2 _ _JR2
= \/m(exp(@k—i- k +8)z> exp<(2k k —1—8)2))
_ Li(zk VR 8)" — (2h— Vi 8)”2
Vk? +8 — n!

By comparing the coefficients of %, we obtain

i <7>2(4)”—l—1 (M) z+1Jk,n_lEl = (Qk; 4 \/m)" B <2k; B \/m)n.

For | > 0, we have Ey 1 = 0, which gives the desired result.
Similarly, we use the change of variables z = —Vk;*Sz in (2). We have

< P EEe o 2oV
Z< 2 ) Enﬁ exp(VEZ+82) 17 (13)

and multiplying (13) by the exponential generating function for (ji ,)nen, we get

n=0

n

() (SO m0) = 350 (1) (5 s

and
() VT8 —V/PTS N
I (M g (FETE) oSy



By comparing the coefficients of %, we get
"\ /n k2 4+ 8\ k\™
S () (45 ()’
— 2 2

For k > 0, we obtain Es;.1 = 0; hence the desired result. O

e By taking k = 1 in the Theorem 3, we can state the following identities involving Euler
numbers with Jacobsthal and Jacobsthal-Lucas numbers

[n/2]
n
E (2l>2(4)n2l132l+1Jn2lE2l _ 5n o (_1)117

=0
[n/2]
ny\ 9\, .
> (3) () seaa =2

=0

3 Bivariate polynomial identities

The aim of this section is to establish some new identities involving two variables x and y. We
start with three theorems involving Bernoulli and FEuler numbers with bivariate Fibonacci
and Lucas polynomials.

Theorem 4. For every positive integer n, we have

i @ <m>an—z<w,y>Bl = n(ﬂf—zﬂyﬂ "
(7) (\/M)l@l — 1)Ly, y)B; = —2/2%y2 + yn<@)n—l

n

=0

Proof. Using the change of variables z = /22 + 4yz in (1), we obtain

> n n 2+ 4yz
Vit ay) B, = e 15
nZ:o< ' ! nl exp(y/22? + 4yz) — 1 (15)

Multiplying (15) by the exponential generating function for (F,(x,y))nen, we get

(5 i) (ST 52) =5 (Vo m) s

[e.e] n n

()i

n=0 [=0



Then

x—/22+4y > (m—\/m2+4y )
exp(—z —exp| —5—=2 /72 1 4
2 2 y -+ 4dyz
Va2 +4y exp(y/a? +4yz) — 1
_ 214 © — 2 L Ay\n—1n
- sop(P T 5 (1T

By comparing the coefficients of %T!L, we obtain the desired result.
Similarly, by using the change of variables z = 2y/x% 4+ 4yz in (1), we obtain

= no_on 24/ 12 + 4yz
Z(Q x? + 4y> Bn—‘ = - Y ; (16)
nt o exp(2y/a2? +4yz) — 1

n=0
and multiplying (16) by the exponential generating function for (L, (z,y))nen, we get

L n

(fpn(x,y)g)(i"x x2+4y)13lj_j):§§(2 1) Bila(e.)

=0 n=0 [=0
= Z I 2 (\/ £L’2—|—4y> Ln—l(xvy)Blm-
n=0 =0 ’

Therefore

244 —\/z2+4 2 244
(exp<x+ x° + yz>+exp<x T+ yz>> ( e+ 4yz
exp

2\/x? +4yz) — 1

2\/2? + dyz

N exp( 2 Z> exp(y/22 + 4y2) — 1
BB (D) () e

2
By comparing the coefficients of %L, we obtain

> ()2 (V) totearn = 32 ()2 (v ) ()

=0 =0
We know that

(:v — %+ 4y>n—l _ Ln(x,y) — V2?2 + 4y F(x,y)

2 2 '
so we get
"\ (n ! T — \/x? + dy\n-!
Z <l) <\/:p2 + 4y) 2" =)L, y(z,y)B = —/22 + 4yn(fy> :
1=0
Hence the result. O
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Theorem 5. For every positive integer n, we have

Ln/2]

n— )
(;l) <x2 4y)ll nf2l($, y)BQl = %@y)’
=0
[n/2] 2
Z ’ — 1)1 n(z? + 4y)F,_, (x,
(25> (2% +49)' (2% = ) Ln-au(,y) Bu = : y)2 1(2,9) (17)

=0

Proof. From (14) and on account of the identity

(I Y 2 _|_4y)n—l o Ln—l<xvy) _ 72 +4yFn—l(‘ray)

2 2 ’

we get

(7)('/I2 4y) an l(17;y>Bl ”( 1<l7y) 21 Y 1(1:73/))7
=0

with BO =1 and Bl = —%
For [ > 0, we have Bg;,1 = 0, and then

Ln/2]

. nLn— Z,
Z (2l> (:1;'2 + 4y)an,21(x, y) By = %

=0

Similarly, from (17), we get

(7) (\/M)Z(ZZ_I)LnJ(SU, y)B, = —Va* +dyn(Lya(z,y) — Va* + 4yFo (2, y))

2 Y

n

=0

with BO = 1, Bl = —%
For [ > 0, we have By, = 0. Hence we obtain

[n/2] 2 2
4 F,_1(z,

=0

Hence the desired result is proved. O
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e By putting y = 1 in Theorem 4 and Theorem 5, we obtain the following identities

zn: "\ (VT T 1) By () By = n (ST (18)
2\ )

& (n 2 ! nLn_1(z)
> op ) (4 Foar(w) By = ===, (19)
1=0
n ! — /12 F 4\ n—1
2(7)< 77 1) (@2 - DL@)B = 2V T (TN )
1=0
[n/2] 2
n n(x®+4)F,_1(x
> (21>(x2+4)l(221_1)Lnm(x)le: ( 2) 1) (21)
1=0
e By setting + = y = 1 in Theorem 4 and Theorem 5 or x = 1 in the relation-

ships (18), (19), (20) and (21) we obtain the following identities involving Bernoulli
numbers with Fibonacci and Lucas numbers (see [1, 2]):

" l 1 —+/5\n-1
> (1) (V) Frr=(252)
1=0
[n/2]

n nl,_
Z <2l)5an—2z321= 5 -,

=0

(7) (\/E)l(zl —1)L,_B = _2\/5n<1 _2\/g>n_1’

n

l

—

0

n/2|

24 — 1)L,_9 By = )
2 (2l> 5( ) L—21Bay 5

Theorem 6. For every positive integer n, we have
Ln/2] n 20+1 n n
Z (2[) 2(4)n—2k—1 (\/ 2+ 4y> Fn_gl(.ilﬁ, y)Egl = (21’ + v x? + 4y> - (2.93 -V x? + 4y> s
Ln/2] 2
n\ /r°+ 4y\ 2 T\
Ly oi(z,y) By — 2(—) .
2 (2l) ( 1 > (s y) B = 2(5

=0

Proof. Using the change of variables z = /22 + 4yz in (2), we obtain

o 1 l 92 244
() - 2o @
0 I exp(2y/22 4+ 4yz) + 1
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By multiplying (22) by the exponential generating function for the sequence (4" F, (2, Y))nen,
we obtain

n

<;§o4nFn( )(i( 244 ) ) ZZ( )4"l<\/x2—|—4y)anl(x,y)El%.

1=0 n=0 1=0
Then we get
exp (2(37 + 2?2 + 4y)z> — exp(2(:p — 2+ 4y)z> 9 214
" exp(y/ a2 + 4yz)

V2 + 4y exp(2+/a2? +4yz) + 1

— (exp(4 2+ 4yz) — 1)
(exp< 2x+\/m >+exp< (2z — x2+4y) ))
Z(mm (20 /o ay))

2
B \/x2+4
m

By comparing the coefficients of %L, we get

> (7)ot (V) A= (24 VET ) - (20— V)

For | > 0, we have Ey 1 = 0, which gives the result.

+1

Similarly, using the change of variables z = _sz+4yz in (2), we obtain
i( = +4y)nE L ) (23)
2T ) T T eV )+ 1

and multiplying (23) by the exponential generating function for (L, (x,y)).en, we get

(e ) (P57 ) = X3 (4) (Y5 bt

and

2exp( v x2+4yz> T
= 2exp(=2
exp(v/2? +4yz) + 1 (2 )
. r\" 2"
DO
Z 2/ n!

n=0

2 4 _ < /r2 4

2 2
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Comparing the coefficients of %, we obtain

5 () (L e s =a(3)”

For k > 0, we have Fy;,1 = 0, and the result follows. O]

e Putting y = 1 in Theorem 6, we obtain the following identities linking Euler numbers
to Fibonacci and Lucas polynomials

Ln/2] n "
> (520 VT TP, o) = (204 V) (20— V)
=0

(24)

/2] N o
5 () (5 st =2(3)" 2

=0

e Putting y = 2 = 1 in Theorem 6 or z = 1 in the relationships (24) and (25), we obtain
the following identities linking Euler numbers to Fibonacci and Lucas numbers

[n/2]
Z (;)2(4)"211(\/3)2l+1Fn21E21 — 24 VB) — (2— VB,

=0
ln/2]
n 5\ !
Z) L, o Fy =217, 2
; (2l) (4) 2 (26)

Note that Eq. (26) is Byrd’s result (3).

Now we present the analogue results for the relation between Bernoulli numbers with
bivariate Pell and bivariate Pell-Lucas polynomials.

Theorem 7. For every positive integer n, we have

= (1) o) oo V) o

2 (7> <2 U y>l(21 = DQui(z,y) By = =2v/2?y? + yn (rcy - m)nl. (28)

Proof. The proof is similar to the proof of Theorem 4, by using the change of variables
z = 2y/2%y? + yz in (1) to prove Eq. (27) and z = 44/22y% 4+ yz in (1) to prove the relation-
ship (28). O
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Theorem 8. For every positive integer n, we have

X N\ 1/ 2 2 l nQn-1(x,y)
Z 9] A(z%y” +y) Po-a(z,y) By = 9
1=0

[n/2]
n
> ()46 )2 = D) B = 20+ ) Prr.0)
=0

Proof. We have
n l n—1
> (7) (2 w2y + y) P, _i(z,y)Bi = n(ﬂfy — Va2 + y) ,

which gives

n(Quarley) =20/ + yPoa(a.y))

> (3) (V) e - : 7

=0

with Bp =1 and B; = —%.
For [ > 0, we have By, 1 = 0. Then we get

iy N\ 1/ 2 2 ! nQn1(,y)
S (2)aas? + ) P, ) B = a0,
1=0

Similarly, from (28), we get

" —2y@?y? +yn(Qua(z,y) = 2/ 2% + y Lo (2,)
> (7) 2222 1) (2= 1) Qui(z, y) By = ( 2 ) |

=0

with B(] =1 and Bl = —%
For | > 0, we have By;,; = 0. Then we obtain

[n/2] .
Z ; 0 € + nFn_ x,

<2l) 4l(x2y2 + y>l(22l - 1) n—2l<x, y)Bgl = ( Y y)2 1( y)7
=0

and the result follows. O

e By putting y = 1 in Theorem 7 and Theorem 8, we start with the following results
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involving Bernoulli numbers and Pell, Pell-Lucas polynomials:

- !
Z (7) <2m> Pn_l(l')Bl = n(;p _ \/x27_|_1)n—1’ (29)
1=0
Ln/2]
Z (Z) 4l(.fl:2 —+ 1)an,2[(SE>B2l = TLC?TLT_I('I)y (30)
1=0
- !
1=0
2,
(5) 216+ 12 = 1)Qu-a(0) B = 20 + VP (0), (32
1=0
e By setting x = y = 1 in Theorem 7 and Theorem 8 or = 1 in the relation-

ships (29), (30), (31) and (32) we deduce the following Bernoulli-Pell and the Bernoulli-
Pell-Lucas identities:

n

> (})evarpas = na - vay

=0

[n/2]
n l - nanl

=0
n

Z (n) (2\/5)1(21 — 1)QuiB = —2nV2(1 — V2)" 1,

l
1=0

[n/2]
3 (;) 8'(2% —1)Qu-2Bxu = 2n(1 + 1) P
=0

Theorem 9. For every positive integer n, we have

[n/2] - ) )
3 (1) (VT et B = (e VTR - o0 V)
=0
()
[n/2] n .

=0

Proof. The proof is similar to the proof of Theorem 6, by using the change of variables
z = 2y/2%y? + yz in (2) to prove (33) and z = 4y/2%y? 4+ yz in (2) to prove (34). O
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4

e By putting y = 1 in Theorem 9, we obtain some relations between the Euler numbers
and the Pell and Pell-Lucas polynomials:

Ln/2] . ) )
Z (;l) 2%72l< /22 + 1) Poo(2) By = (295 + Va? + 1) — (23; Y 1) ’
=0

(35)
/2]

3 (Z) (3:2 + 1>1Qn_2l(:v)E21 — 2", (36)

=0

e By putting = y = 1 in Theorem 9 or = 1 in the relationships (35) and (36), we
can state the following Pell-Euler and Pell-Lucas-Euler identities:

[n/2]

3 (Z) (V2)2" Py = (24 \/5)" - (2- \/5)”

=0
/2,
> <2l)2an_2zE2l =2.

=0
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